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1 Introduction

In this report we propose some modifications of the BNS method (see [2]) for large scale
unconstrained optimization
min f(z) : z € RY,

where it is assumed that the problem function f : RY — R is differentiable.

Similarly as in the multi-step quasi-Newton methods (see e.g. [11]), we utilize informa-
tion from previous (or also subsequent) iterations to correct the used difference vectors
and change quasi-Newton conditions (see below) correspondingly. However, while the
multi-step methods derive the corrections of the difference vectors from various interpo-
lation methods, our approach is based on the idea of conjugate directions (see e.g. [4],
[13]). Note that some of these thoughts are presented in our report [14].

The BNS method belongs to the variable metric (VM) or quasi-Newton line search
iterative methods, see [4], [9]. They start with an initial point 2o € RY and generate
iterations x4, € RY by the process zpy1 = o1 + Sk, Sp = trdy, k > 0, where dj, is the
direction vector and t; > 0 is a stepsize, usually chosen in such a way that

Jrorr — fr < €1tk91{dka ngﬂdk > €2g£dk7 (1-1>

k>0, where 0 < 1 < 1/2, &1 < g3 < 1, fr, = f(z1), gr = Vf(zr) and d, = —Hygy
with a symmetric positive definite matrix Hy; usually Hj is a multiple of I and Hj; is
obtained from Hj by a VM update to satisfy quasi-Newton condition (QNC)

Hy 1y = s (1.2)

(see [4], [9]), where yx. = gr+1 — gk, k > 0. For k > 0 we denote
b, = Sk

(note that by > 0 for gx # 0 by (1.1)). To simplify the notation we frequently omit index
k and replace index k + 1 by symbol + and index k£ — 1 by symbol —.

Among VM methods, the BEGS method, see [4], [9], [13], belongs to the most efficient;
the BNS and L-BFGS (see [6], [12]) methods represent its well-known limited-memory
adaptations. In every iteration, we recurrently update matrix (I, (, > 0, by the BFGS
method, using m + 1 couples of vectors (Sk—_m, Yk—m), - - - » (Sk, Y ), Where

m = min(k, m—1) (1.3)

and m > 1 is a given parameter. Matrix H, can be explicitly expressed either in the
form, see [2],

H, =+ [S,CY} [ UT(D+ YY) u! —U_T] l ST ] 7

Ut 0 cyT
or in the form, which can be also found in [2],

H, =SU™DUST +¢(I - SUTY") (I -YU'ST), (1.4)



where Sk = [Sk,m, Cey Sk], Yk = [yk,m, R ,yk], Dk = diag[bk,m, ce ,bk] and (Uk)i,j =
(SY})i; for @ < j, (Ug)i; =0 otherwise (an upper triangular matrix), £ > 0. In both
of the methods, direction vectors can be efficiently calculated, without computing of
matrix Hy; e.g. from (1.4) we get

Hyge = Cor + S|UTT((D+ YTY)UT'STg, — (Vg )| - Y[UT'8T, |, (15)

where in brackets we have low-order matrices.
In this report we will investigate the more general form of update formula

Hy=SMST +¢(I-SK"Y")(I -YKST"), (1.6)
here K, M are (m+ 1) x (m + 1) matrices. From (1.6) we obtain
H,Y =SMSTY)+¢(Y — SKTYTY)(I - KSTY). (1.7)

We can see that if the last column of matrices KSTY — I, MSTY — I is null, then the
last QNC (1.2) is satisfied. For K = M = (S7Y)~! we get update formula

Hy =8(STY)' ST 4+ ¢ (1= S(8™Y)"y") (1-v(s"Y)'s") (1.8)

which satisfies H;Y = S by (1.7), i.e. QNC with all stored difference vectors are satisfied.
Although this simple choice does not guarantee that the corresponding direction vector
is descent, our new methods are based on this idea. Note that a similar approach is also
used in the method, described in [5], which however needs a higher in order number of
arithmetic operations than the BNS method.

From many possible variants, only two methods were implemented and tested. In
Section 2 we derive the first method, which attempts to approximate matrix STY by RL
with suitable matrices R, L, where R is upper triangular and L lower triangular. Matrices
R™T, L™ can be also understood as matrices of transformations S — S = SR, Y —
Y = YL~ '. These transformations use subsequent difference vectors, which means that
each column of S, Y is expressed by means of columns of S, Y with greater or equal
indices. If STY = RL, we obviously obtain STY = I.

The second method presented in Section 3 attempts to approximate matrix S7Y by
L'DR™!, where matrix R is upper triangular, L lower triangular and D diagonal (ma-
trices L, R have here another meaning than at the first method), therefore corresponding
transformations S — S = SLT. Y — Y = YR use previous difference vectors, which
means that each column of S, Y is expressed by means of columns of S, Y with smaller
or equal indices. If STY = L~ 'DR™!, we obtain STY = D. This method generalizes the
method in [14] in some sense and has also similar theoretical properties.

Numerical experiments are reported in Section 4.

2 Method that use subsequent difference vectors
In this section we propose a recursive process to construct transformation matrices L,
R with suitable properties, where R is upper triangular and L lower triangular, which

approximate solution to problem STY = R~Y(STY )L~ = I.
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In Section 2.1, a basic recursive step of the process is derived and some its properties
are given. In Section 2.2 we show how it can be used to obtain new VM updates. In
Section 2.3 we present a simple modification of the BNS method, which can be used for
transformed matrices S, Y to another efficiency improvement in case that matrix STY
is near to I. In Section 2.4, the situation when the recursive step cannot be performed
or has unsuitable properties is discussed. Finally, in Section 2.5 we describe a selected
implementation of the first testing method in detail.

2.1 Nonsymmetric decomposition

First we show how to replace problem to solve equation R~YSTY)L~'= I by a similar
problem with a smaller dimension. Let S = [S,s|, Y=[Y,y], L = L% \%}, R= [éiT \;B]
Then we can write

RYSTY)L = [R_l —R_lr/ﬁl [STY STyH L' 0 ]

07 1/vb sSTY b —I"LYVb 1/v/0b
RN(STY —S"yl" Vb —n"Y Vo 4+ ) LT RSy Vb —7)
(STX/\/E _ lT)Lfl 1 :
From this we can derive the recursive step of the decomposition. If we set

A =YTs/Vb—1, A, =58Ty/Nb—r, (2.1)

we obtain

(2.2)

—1( T T T T -1 -1
syt - | S-S aan L B0

ATL™! 1
For the choice
1=YT"s/Vb, r= STy /Vb (2.3)

we get

(2.4)

-1/QTy, _ QT,,.T -1

0r 1
Therefore, we converted the problem to find nonsingular matrices R, L satisfying
R™Y(STY)L™" = I to the problem to find nonsingular matrices R, L satisfying R (S7Y —
STysTY /b)L~" = I. If matrix STY — STys"Y /b has the last diagonal element positive,
we can repeat this recursive step, etc.

We show that in case of symmetric positive definite matrix STY, e.g. if objective
function f is strictly convex quadratic (see Lemma2.2), this recursive process is well
defined.

Lemma 2.1. Let matriz V' be symmetric positive definite, V = [UZT Z} Then also matrix

V. —wvl/v is symmetric positive definite.

Proof. Since w'Vw > 0 for any nonzero w of corresponding dimension, setting
w= [ul, p]*, p = —u'v/v , we obtain

w'Vw = v Vu+2uuv + v =u'Vu— (u)?/v=u (V- v /v)u>0

for any nonzero u, thus matrix V. — vv?/v is symmetric positive definite. a
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Lemma 2.2. Let f be quadratic function f(x) = 3(z —2z*)'G(x — z*), 2* € RN, with a
symmetric positive definite matriz G and suppose that columns of matriz S are linearly
independent. Then matriz STY is symmetric positive definite, the decomposition process

described above is well defined, STY = RL and LT = R .
Proof. This immediately follows from STY = STGS and Lemma 2.1. a

2.2 VM updates derived from the complete decomposition

We suppose here that the complete decomposition of STY was performed and that we
have matrices R, L satisfying STY = R STY)L™! =1, or STY = RL. From (1.8) we
get nonsymmetric update formula

HY = SLTRTST + (I - SRTTLTTYT)(I - YLT'R'ST) (2:5)

which satisfies H(f)}/ = S. Relation R™(S"Y)L~! = I can also be rewritten as STY = 1,
where S = SR™", Y =Y L~". Considering (1.8) with transformed matrices S, Y instead
of S, Y and supposing that STY = I, we obtain symmetric update formula

H, =S8ST +¢(I-8SY")(1-YS5"), (2.6)
which satisfies H+Y S by STY = I; it together means that columns of S are conjugate
with respect to H; . Setting S = SR™7, Y = YL~ into (2.6), we have

HP = SRTR'ST +¢(I - SRTL"Y")I - YL 'R'S7). (2.7)

In comparison to Hil), matrix HJ(FQ) is always symmetric positive definite.

Lemma 2.3. Matrix Hf) (if well defined) is always symmetric positive definite.
Proof. Let ¢ € RN, ¢ # 0. If STq # 0, then qTHf)q > |5Tq|? > 0 by (2.6), otherwise
¢"HP q=(q"q > 0. O

Theorem 2.1. Let the assumptions of Lemma 2.2 be satisfied, S = SR™T and Y =
YL™'. Then STGS =1 (con]ugacy of columns of S), matrices HJ(F) are well defined and

symmetric positive definite and H+ Y =25, HJ(: Y =8 hold, i = 1,2.

Proof. From Lemma 2 2 we have STY = RL, which yields I = STY = STGS, and
LT= R, thus H" = H® . Since HVY = 5, H+2)Y S, it suffices to use Lemma 2.3. O

Note that none of these results requires exact line searches and that formulas (2.5)
and (2.7) can be also used in situations when the decomposion mentioned above can be
performed only approximately, see Section 2.4.

2.3 A simple modification of the BNS method

Setting R=UD~/2, [ =D"?, we can express the BNS update formula (1.4) in the form
similar to (2.7)

HBNS = SRTTRST 4+ ¢(I = SRTTLTYTYI - YL 'R'ST). (2.8)



U ST
o *by}, we have

o[ L Su][R 0] LR S,

Since we can write D= diag[D,b], U= {

Writing L = [lT \/} R= [(?T \[} we have [= 0 and 7 = STy/v/b by (2.9). Using (2.2)
with R L instead of R, L, in view of = A;= 0 we obtain

R R 1/2r7-1/oT~, __ QT,,.T —1/2
R1<STy)L1_[D UN(8"Y - 8"ys"Y /b)D 01.

STY D2 )\/b 1 (2.10)

If we replace matrix L by L = D~V2V = } where V = STY — (U — D)= [ Ty 0},

[ZT\[ TSy b

we get
- Q*l/Q 0 K 0 B Q*l/ZK 0 (2 11)
of  1/Vb||s"Y b sTY /Vb Vb '
i.e. [ =Y7s/\/b, which together with 7 = STy /v/b implies
. 3 1277-1( Ty _ oT, T ~1/2 y1/2
Rl(STy)lelD u'(s'y Soiys Y/b)V-2D (” (2.12)

by (2.2) with R, L instead of R, L (i.e. with A; = A; = 0). We see that the replacement
of L by L causes that not only the last column, but also the last row of RY(STY)L ' -1
are null. These considerations lead us to formula

HMBNS — SR-TRST 4 ¢(I — SRTL-TYT)(I - YL 'R™'ST) (2.13)
= SUTDUST +¢(I - SUTDV-TYT)(I — YV-IDU-IST), '
ie (2.7) with L =L, R = R. Note that matrix HY MBNS ig always symmetric positive
definite by Lemma 2.3, that the choice [ = Y7s/v/b and # = STy /\/b is in fact the choice
(2.3) in the first step of decomposition (see Section 2.1) and that formula (2.13) can be
more efficient then the BNS method in case that matrix STY is near to I; this situation
can occur for transformed matrices when we get a good approximation of the complete
decomposition mentioned in Section 2.2.

2.4  Approximate decomposition

If the last diagonal element of matrix J = STY — ﬁTysTZ/ b in (2.4) is not positive
and the dimension of J is greater than one, the recursive step should not be performed,
since we could not divide in (2.3) by y/Jm.m to calculate vectors I, r in the next step.
This drawback can be eliminated by modifications of transformation matrices R, L or by
suitable corrections before or after construction of matrix J. Note that we consider here
only the first recursive step, but it can be easily generalized to other steps

Besides, H,Y = S implies H,Y = S(R"TL) by S = SR°T and Y = YL L
Therefore QNC with transformed matrices S, Y can be a good substitute for QNC with
S, Y only in case that R-TL ~ I, i.e. L ~ R". Thus we should not modify matrices R,
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L or suitably correct matrix J, whenever the corresponding elements of vectors STy, Y's
are too different.

Modifications of transformation matrices R, L can be realized in the following way -
we first set | =Y's/ Vb, = STy/ Vb and then replace some elements of [, r by zero if
corresponding elements of vectors STy, YTs are too different or if relevant diagonal element
of matrix J would be negative or too small. Subsequently, we define vectors A,., A; by
(2.1) with these new vectors [, 7. To obtain matrix S7Y — STysTY /b+ A AT = J+ A, A}
in (2.2), we then modify matrix J in such a way that we simply replace elements of
J + A, AT corresponding to zero elements of both [ and r by relevant elements (with the
same indices) of matrix STy.

We also got good results with various corrections of matrix J, e.g. increasing of some
diagonal elements of §TX, but the best results were obtained with the following simple
corrections - before each step of decomposition, we replace problematic elements of vector
Y7s by zero, while vector Sy is left unchanged.

Finally, a side effect of transformations is deterioration of stability; thus sometimes, if
a contribution of transformation would be too small, it is better to omit a corresponding
part of the decomposition, see Section 2.5 for details.

After the whole approximate decomposition, we can use transformation matrices R,
L and calculate matrix H,, using formula (2.5) or (2.7). We can also utilize the BNS
formula (1.4) or its variant (2.13) with transformed matrices S = SR™T, Y = YR, D,
U, V instead of S, Y, D, U, V, where D, ; = (STY),;; for i = j, D;; = 0 otherwise (the
diagonal of STY), U;; = (STY);; for i < j, U;; = 0 otherwise and V = STY — (U — D).
E.g. update formula (1.4) with transformed matrices has the form

H® — ST-TDI-15T + (I — ST-TYT)(I — YT57)

= SR_TU_TDU—lR—IST+ C(I _ SR—’IU—TL—TyT)(I . YL_IU_IR_IST>, (214)

We tested all these update methods and the results were comparable.

2.5 Implementation

In this section we describe only the first selected testing method. First we give a procedure
for updating of basic low-order matrices STY, Y7V, similar to the algorithm given in [2]
for updating of matrices D, U, YTY used in (1.5). Note that step (ii) requires mn extra
multiplications (to compute vector Y%s), compared with the corresponding algorithm in
[2] and that the number of operations can be reduced, but it is not implemented in this
testing version of the method).

Procedure 2.1 (Matriz Updating)
Given: s, Y, g4, matrices S_, Y_, STY_, YTY_ and vectors STg, Y1y.
(i): Set S =1[S_,s], Y =[Y_,y].
(ii): Compute STg, = [STgy, 579, ], YTgr = YTg1, 974 ], YTs = [Y's,4"s], y"y.
(iii): Compute STy = STg, — STg, Y1y =Yg, — Y7y
STY. STy } yTy — [ YTy, vy

) Ty _
(iv): Set S*Y = { STy 8Ty JTY. yly

] and return.
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To decompose matrix STY with simple corrections, mentioned in Section 2.4, we use
the following procedure. Conditions in steps (i) and (iii) were found empirically. Note
that condition o;,0,; >0.999990;;0,, in step(iii), which guarantees that new diagonal

form oy — 00w /Onn < 10;570& .
Procedure 2.2 (Decomposition)
Given: A dimension n of matrix STY.
(i): Set ip=1 (decomposition indicator), n=n and 0;;=(S7Y);;, 1<i <n,1<j <n.
0 ). — PR . .. =7 ) — 1 ) —
(71): Set Aiz{?ﬁ%ﬁl"’m Onil /\/TiiOnn - If A<107" set ip=0 and go to (vi). Set i=1.
(ZZZ) If OinOni <0 or 04,0,; >0.999990,,0,,, or |O'm—0'm'| >002(Uzz+ann> or 0y; <001S;r i
then set o,,; = 0.
(w): Set i:=1i+ 1. If i <n go to (7).
(v): Set [Uij]jill ,,,,, ne1 1= [O'z‘j]jill ..... ot — 001y Onm1)[O1ns - -+ On_1.n)7/Onn and then
n:=n—1 If n>1 goto (ii).

(vi): Set L; j = 04j/\/Onn for 1 < j < i < n, R;; = 04/\/Onn for 1 < i < j < mn,
L;; = R;; =0 otherwise. If ip =0 set L; ; =0 for 1 < j <i <n. Return.

We now state the method in details. To compute the direction vector in Step 5, we
use formula (2.5) or (2.7) and express H, g, similarly as in (1.5):

Hg = Cgy+ S|(L74 CRTE) RSy, — CRTLTY ) |- V[CLT'R™SY, |, (2.15)

HYg. = Cgit S[RT((I+ CE)RTS Y, — (LYY, )| - Y[CLTR Sy, ], (216)

where £ = L~T(YTY)L~! and in brackets we have low-order matrices. For simplicity, we
omit stopping criteria and contingent restarts when the direction vector is not descent.

Algorithm 2.3

Data: A number m > 1 of VM updates per iteration and line search parameters 1, &o,
0<€1<1/2, g1 <eqg<l.

Step 0: Initiation. Choose starting point zy € RY, define starting matrix Hy = I and
direction vector dy = —gp and initiate ¢p = 1 and iteration counter k to zero.

Step 1: Line search. Compute xp 1 = T +1trdy, where t, satisfies (1.1), grr1 = Vf(2r11),
Sk = trdy, Yo = o1 — gr and G = sLyn/yi ye- Ik = 0 set Sy, = [sx], Vi = [wal,
Si Vi = [s;,ux), Y3/ Yo = [yj yx], compute Sigrr1, Y3/ grv1 and go to Step 4.

Step 2: Matriz updating. If & > m delete the first column of Sy_1, Y;_1 and the first row
and column of S{ Y1, ;' ,Y;_. Using Procedure 2.1, form matrices Sy, Yz,
STy, V1Y,

Step 3: Decomposition. Using Procedure 2.2, find matrices Ly, Ry and value of ip.

Step 4: Direction vector. Compute dy+1 = —Hgi1gk+1 by (2.15) for ip = 0 or by (2.16)
forip =1, set k:=k+ 1 and go to Step 1.



3 Method that use previous difference vectors

In this section we propose a recursive process to construct diagonal matrix D with positive
elements and transformation matrices L, R with suitable properties, where R is upper
triangular and L lower triangular, which approximate solution to problem L(STY)R = D.
Then we give some properties of this process and show how it can be used to derive a
new VM update, which is the BNS method with transformed matrices S = SLT, Y= YR
instead of S,Y. We also discuss situation when some modifications of the decomposition
process are needful or suitable. Finally, we describe a selected implementation of the
second testing method in detail.

The use of previous difference vectors together with the BNS method with transformed
matrices has the additional advantage — we recurrently update matrix (31, x > 0, by
the BFGS method, using m + 1 couples of vectors, here columns of transformed matrices
S, Y. Therefore elements of transformation matrices LT, R in case of quadratic objec-
tive functions can be derived not only from the idea of conjugate directions, but also
variationally, see Section 3.2.

3.1 Nonsymmetric decomposition

Similarly as in Section 2.1, we first derive the recursive step of the decomposition. Let
S=1[8,s], Y =[Y,y], L= [ZLT ﬂ, R= [OET ﬂ Then we can write

S=SL"=1S,4] gf ”:[SLT,SHS] 2 18,3, (3.1)
V=YR =l g 1] =RYr+y 2 g (32)

which implies

% STg ] _ [L(STY)R L(s"j) ] |

L(STY)R = STY = [ = (3.3)

If we find vectors [, r in such a way that b2 575 > 0 (then the corresponding BFGS
update with transformed matrices preserves positive definiteness of the VM matrix) and
STj =Y7"s =0, we obtain

(3.4)

LSTY)R = §7F = [L(STY)R 2] _ [ST? o].

0" 0" b
Therefore, we converted the problem to find matrix [)N with positive elements and non-
singular matrices L, R satisfying STY = L(STY)R = D to the problem to find matrix D

. .. . . . . =T ~
with positive elements and nonsingular matrices L, R satisfying S° Y = L(ﬁTZ)E =D
and we can repeat this recursive step, etc.

Lemma 3.1. Let matriz STY be nonsingular and let

P =TS Y, = —(8TY) s, (3.5)



Then the unique solution (1,r) to STy=Y"5=0 is (I*,r*). Moreover, for any l,r it holds

b=(1—-1"STY(r—r)+b*, b =b-s"Y(STY)"5T. (3.6)

Proof. From S”TYr*=—S"y and Y'S I*=—Y", we obtain firstly STY (r—r*) = ST (Yr+
y) =57y and similarly Y’S(I—1*)=Y"3, which gives the first part, and secondly
(1 =1)S"Y(r =) = (1"S"Yr + 1"S"y + s"Yr) = sTYo,
which by (3.5) yields
b = (Sl+s) ' (Yr+y) = (lTﬁTKr + 175"y + STXT) +b
= (-1)"S"Y(r—r)+b-s"Y(STY) STy

and concludes the proof. a

We show that in case of symmetric positive definite matrix STY, e.g. if objective
function f is strictly convex quadratic (see Lemma 2.2), this recursive step is well defined.

Lemma 3.2. Let matriz STY be symmetric positive definite. Then the recursive step
described above is well defined, I* =r* and b* > 0. Moreover, b > b* for any I, r
satisfying l=r, i.e. b > 0 holds and this value is minimized by the choice | = I*, r = r*.

Proof. The recursive step is well defined by Lemma 3.1. Relations [* = r* and b > b*
for [=r immediately follow from (3.5), (3.6) and symmetry and positive definiteness of
STY. Let u= Sty =Y"1s, v = —(ﬁTx)*lu =0*=7r* w=[vT,1]T. Then

STY w

0 <wl(STY)w = ['UT,I]{ b HU} = (ST v +2u"v +b=b+u'v = b*

1
by (3.6) and positive definiteness of STY". O

Corollary 3.1. If matriz STY is symmetric positive definite then the decomposition pro-
cess described above is well defined and LT = R.

3.2 VM update derived from the complete decomposition

We suppose here that the complete decomposition of nonsingular S TY was performed and
that we have matrix D with positive elements and nonsingular matrices R, L satisfying

5"V = L(S"Y)R = D. (3.7)

Using the BNS formula (1.4) with transformed matrices S=SL"Y=YR D U=D
instead of S, Y, D, U, we get

vs) (3.8)



which yields o
Ay =8 (3.9)
by (3.7). For b > 0 we will consider matrix

R 2T AT
g, =5 +< 5Y )H( ys ) (3.10)
; b ;

satisfying ﬁ[+gj = §, and investigate its properties for various vectors [, r (recall that §, g
are given by (3.1), (3.2)). Since (3.10) represents the BFGS update of H with vectors 3,
g, from theory given in [2] we can deduce that matrix H_ can be obtained by the BNS
formula (1.4) with transformed matrices S, Y, i.e. by analogy with (3.8):

H, = §DST+¢(I—§DYT)(I—VDIST) s
= SLTDLST + ¢(I — SLTD'RTYT)(I — Y RD'LST) ‘

where D= } As we can expect, matrix H+ is always symmetric positive definite.

EX
Lemma 3.3. Matriz H, (if well defined) is always symmetric positive definite.

Proof. Let ¢ € RY, ¢ # 0. If STq # 0, then also D128Tq £ 0 and ¢"H,q >
|D=Y/25T¢|2 > 0 by (3.11), otherwise ¢" Hyq = ( ¢"q > 0. O

For the choice [ = I*, r = r*, QNC H.Y =S is satisfied and columns of SD~/2 are
conjugate with respect to H;'.

Lemma 3.4. Let matriz H+ be gzven by (3.11) and 1= 1*, r=1r* with b =b* > 0. Then
H+ =S and STH 1S = D, i.e. columns of SD~ 12 are conjugate with respect to
H L If, in addition, matriz STY is symmetric positive definite, then also H+ =9
and HY =S hold.

Proof. From (3.10) we get H,§ = § and also H.Y = S by (3.9) and Y5 = STy =0 in
view of = [*, r=r* by Lemma 3.1. Altogether, we have H,Y =S and from (3.7),
(3.1) and (3.2) we obtain

ST 718 _ 3Ty _ Si Sﬂ D L§ — D Q - D
SH+S—SY—[ ry ﬂ] [éTYR i o} =D.

st

 If matrix STY is symmetric positive definite, we have LT = R by Corollary 3.1, thus
H.Y = SLTR™' = S and similarly HY =S by (3.9). O

The following theorem shows that for a quadratic objective function and the choice [ =
[*, r = r*, improvement of convergence is the best in some sense for linearly independent
direction vectors (||.||r denotes the Frobenius matrix norm).

Theorem 3.1. Let matriz H, be given by (3.10) with | =r, matriz H by (3.8) and f
be quadratic function f(z)= %(ZC —2)TG(x — 2%, 2" € RY, with a symmetric positive
definite matrix G and suppose that columns of matriz S are linearly independent. Then
the recursive step described in Section 3.1 is well defined, I* = r* and the choice | = [*

implies H.Y =S and minimizes value |GY2H,GY? — I||p as a function of 1 (or ).
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Proof. Matrix STY is symmetrlc positive definite by Lemma 2.2, therefore the recursive
step is well defined, {*= r* and b > b* >0 by Lemma 3.2. Denoting Z= G'/25 = G~1/23,
W=G'V?HGY? W,=GY?H,_ G"? and T = W — I, we can rewrite (3.10) in the form

= (1/|2»)22" + PWP =1 + PTP, —(1/]2%)237, (3.12)

by |22 = b > 0 and P2 = P. As a special case, denoting by 3, 4, H, vectors §, § and
matrix H+ for [ = r= [* and subsequently, z = G1/25 =G Vg, W, = = G2 Gl/Q, we
can rewrite update (3.10) for this choice of [, r in the form

W, =1+ PTP, —(1/)3)%)227, (3.13)

by |2]2 = b* > 0 and P? = P.

Using Lemma 3.4, we get IELFY =S and HY = S, which implies WZ = Z, or
TZ =0, where Z = G'/2S = G~Y/2Y. Using (3.6) with = r* and arbitrary I, we get
575 = b*, which yields 272 = b* = 272, In view of Z — 2 = Z(I — I*) by (3.1), we obtain

PP:( 2 )P P f(T—Z’ZAT) Po(1-1)2", (3.14)
b ; b b

which yields PPT = PTA by TZ = 0, thus PPTPP = PTP. Using this together with
(3.12), (3.13) and P? = P, we obtain

Tr (W, = W,) (W, —I)| = Tt[(PTP—PTP)PTP| = Te(TPTP~TPPTPP)=0

by the fact that the trace of a product of two square matrices is independent of the order
of the multiplication. This immediately implies

Wy = W2+ [We = 1|7 = [|Ws — I3

Since W, = W, holds for [= 7= [*, value |W, — I||r is minimized by = 7= [*, O

3.3 Approximate decomposition

If the last diagonal element b of matrix STY in (3.4) is not positive, this recursive step
of decomposition is unusable, since then update (3.10) need not preserve positive defi-
niteness of the VM matrix. This drawback can be eliminated by modifications of trans-
formation matrices R, L. Note that we consider here only the first recursive step, but it
can be easily generalized to other steps.

Transformation matrices R, L can be modified in the following way. We first set
[ = [*, r = r*. If the resultant b = b* is too small or the corresponding elements of
vectors STy, YTs are too different (the reason why not to decompose in this case is
discussed in Section 2.4), we replace the first elements of I, r by zero and try to find
vectors [, r satisfying b > 0 with matrices S, Y without the first columns in the same
way. If this b is again too small or vectors ST . Y75 are too different, we try repeat this
process with matrices S, Y without the first and second columns, etc.

A side effect of transformations is deterioration of stability; thus sometimes, if a
contribution of transformation would be too small, it is better to omit a corresponding
part of the decomposition, see Section 3.4 for details.

11



After the whole decomposition, we can use the BNS formula (1.4) with transformed
matrices S = SL", Y = YR, D, U instead of S, Y, D, U, where U;; = (STY);; for
t < j, Ui; = 0 otherwise. This gives update formula

HY = SUTDU'ST +¢(I-SU-TYT) (I -YU1ST) (3.15)
= SLTU-TDU'LST + (I — SL"UTRTY")(I — YRU'LST). '

3.4 Implementation

In this section we describe only the second selected testing method. We use the same
procedure for updating of basic low-order matrices STY, Y7Y as in Section 2. To de-
compose matrix STY with modifications mentioned in Section 3.3, we use the following
procedure. Conditions in steps (iv) and (v) were found empirically.

Procedure 3.1 (Decomposition)
Given: A dimension 71 of matrix STY and o;;=(STY),;, 1<i <n, 1<j <n.

(i): Set n =1and for 1 <i <n, 1 <j <mset Ly; = Ry =1 dDZi_ Cii,
Li; =R,; = D;; =0 for i # j and further, U, ; = o;; for « < j, U;; = 0
otherwise.

(ii): Set n:=n+1. If n> i return, otherwise set ng:= 0.

(#i): Set ng:=np+1 (index of the first transformed column of S,Y"). If ng=n go to (i),
otherwise set i =n¢ and A=0.

(iv): Set A=A 44" 05, —0pnil //Ti1Omn - If 040, <0 set A:=10"A. Set i:= i+ 1.
If i<n go to (). If (A<107" and ng<n — 1) or A>10? then go to (iii).

(v): With matrix [0;]j=ng....n instead of STY" find vectors I* 2 [, r*2 7 and scalar b*,

BT

using Lemma 3.1. If b* <107 goto (444), otherwise form vectors [,r, ; = Zi_n0+1,
Ti = Ti—po+1 for ng<i <n, l; =r; =0 for 1 <7 <ny.

(vi): Set Upp = Dypp = b, Lpg = iy Ry = 14, 1<i <n, and [U,...,Up_10]" =
[Lili=tn-1 (([%L L ) [am, o na]T). Go to (ii).

i=1,...,n—1 1= 1m,n 1

We now state the method in details. To compute the direction vector in Step 5, we
use formula (3.15) and express H, g, similarly as in (1.5):

H(+4)9+ = (g++ S‘[U—T(([) +(YTY)U18Tg, — CY/T9+>} - Y/[CU_ISTQJ

— Cgy + S[LTOT(BO-1LSTg, — CRTY.)| = Y [CRO-'LSTg,] (3.16)

where E = D+ (RT(YTY)R and in brackets we have low-order matrices. For simplicity,
we omit stopping criteria and contingent restarts when the direction vector is not descent.

Algorithm 3.2

Data: A number m > 1 of VM updates per iteration and line search parameters €1, &»,
O<€1<1/2, e1<exr< 1.

Step 0: Initiation. Choose starting point zy € RY, define starting matrix Hy = I and
direction vector dy = —gp and initiate iteration counter k to zero.
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Step 1: Line search. Compute xy1 = g +1trdy, where t, satisfies (1.1), grr1 = Vf(2r11),

Sk = tedi, Yo = Gerr — gk and G = sLyr/ylyr. Ik =0 set Sy = [si], Yi = [wi],
SiYe = [sturl, Vil Ya = [yf yr], compute Sl grr1, Yy gry1 and go to Step 4.

Step 2: Matrix updating. If k > m delete the first column of Si_q, Yi_1 and the first row
and column of S¥ Vi 1, ;I Vi 1. Using Procedure 2.1, form matrices Sy, Yz,

Sy, V1Y,
Step 3: Decomposition. Using Procedure 3.1, form matrices Ly, Ry, Uk and [)k

Step 4: Direction vector. Compute dpi1 = —Hpy19k41 by (3.16), set k := k + 1 and
go to Step 1.

4 Numerical experiments

In this section, we demonstrate the influence of vectors corrections on the number of
evaluations and computational time, using the following collections of test problems:

8] - Test 11 without problems 42, 48, 50, i.e. 55 problems, which are modified problems
from CUTE collection [3]; used N are given in Table 1, where problems, modified

in some way, are marked with "',

[1] - termed Test 12 here, 73 problems, N = 1000,
[10] - Test 14, 22 problems, N = 1000,
[7] - Test 25 without problems 40, 45, 48, 57, 58, 60, 61, 67-70, 79, i.e. 70 problems,

N = 1000.
Problem N | Problem N | Problem N | Problem N
ARWHEAD 5000 | DIXMAANI 3000 | EXTROSNB 1000 | NONDIA 5000

BDQRTIC 5000 | DIXMAANJ 3000 | FLETCBV3* 1000 | NONDQUAR 5000
BROYDN7D 2000 | DIXMAANK 3000 | FLETCBV2 1000 | PENALTY3 1000

BRYBND 5000 | DIXMAANL 3000 | FLETCHCR 1000 | POWELLSG 5000
CHAINWOO 1000 | DIXMAANM 3000 | FMINSRF2 5625 | SCHMVETT 5000
COSINE 5000 | DIXMAANN 3000 | FREUROTH 5000 | SINQUAD 5000

CRAGGLVY 5000 | DIXMAANO 3000 | GENHUMPS 1000 | SPARSINE 1000
CURLY10 1000 | DIXMAANP 3000 | GENROSE 1000 | SPARSQUR 1000

CURLY20 1000 | DQRTIC 5000 | INDEF* 1000 | SPMSRTLS 4999
CURLY30 1000 | EDENSCH 5000 | LIARWHD 5000 | SROSENBR 5000
DIXMAANE 3000 | EG2 1000 | MOREBV* 5000 | TOINTGSS 5000
DIXMAANF 3000 | ENGVAL1 5000 | NCB20* 1010 | TQUARTIC* 5000
DIXMAANG 3000 | CHNROSNB* 1000 | NCB20B* 1000 | WOODS 4000

DIXMAANH 3000 | ERRINROS* 1000 | NONCVXU2 1000
Table 1. Dimensions for Test 11 — modified CUTE collection.

The source texts and reports can be downloaded from camo.ici.ro/neculai/ansoft.htm
(Test 12), from www.cs.cas.cz/"luksan/test.html (Test 11, Test 14 and Test 25).

For comparison, Table 2 contains results for the following limited-memory methods:
BNS - the BNS method, see [2], method from [14] based on conjugate directions (Algo-
rithm4.1) and our new Algorithm 2.3 and Algorithm 3.2. We have used m = 5 and the
final precision ||g(z*)]|o < 1076,
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Test 11 Test 12 Test 14 Test 25
Method NFE Time | NFE Time | NFE Time | NFE Time

BNS 81457 44.08 | 26615  4.60 | 25763  7.92 | 129951 30.91
Alg.4.1in [14] | 63107 40.36 | 16816  3.22 | 19010  5.91 | 118042 30.41
Algorithm 2.3 | 64842 31.19 | 24337  4.22 | 24316  7.23 | 105745 25.81
Algorithm 3.2 | 68557 36.64 | 25206  4.60 | 21781  6.53 | 113890 28.42

Table 2. Comparison of the selected methods.
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