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Abstract:

Limited-memory variable metric methods based on the well-known BFGS update are widely
used for large scale optimization. The block version of the BFGS update, derived by Schnabel
(1983), Hu and Storey (1991) and VI¢ek and Luk3an (2019), satisfies the quasi-Newton
equations with all used difference vectors and for quadratic objective functions gives the
best improvement of convergence in some sense, but the corresponding direction vectors
are not descent directions generally. To guarantee the descent property of direction vectors
and simultaneously violate the quasi-Newton equations as little as possible in some sense,
two methods based on the block BFGS update are proposed. They can be advantageously
combined with methods based on vector corrections for conjugacy (VI¢ek and Luk3an, 2015).
Global convergence of the proposed algorithm is established for convex and sufficiently smooth
functions. Numerical experiments demonstrate the efficiency of the new methods.
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1 Introduction

In this report we assume that the problem function f : RN — R is differentiable and
propose two new limited-memory variable metric (VM) or quasi-Newton (QN) methods
for large scale unconstrained optimization

min f(z): z € RN

which are based on a block version of the widely used BFGS update, see below.

The VM methods [7, 14] are iterative. They start with an initial point zo € RY and
generate iterations z,; € RY by the process .1 = T + Si, Sp = tpdy, k > 0, where dj,
is the direction vector, ¢, > 0 the stepsize, chosen regularly in such a way that

flay) = flz) Sertg'd,  gid>esg'd (1.1)
(the Wolfe line search conditions [17]), 0<e; <1/2, &1 <ey < 1 and g =V f(zx). Usually
dy = —Hyg, with a symmetric positive VM matrix Hy £ B, !; typically Hy is a multiple
of I and Hy,; is obtained from Hy to satisfy the QN (secant) equation (condition)

Hy 1Yk = Sk, (1.2)

with the difference vectors s, yr = grr1 — 9. Among VM methods, the BFGS method
[7, 14, 17] belongs to the most efficient ones and can be easily modified for large scale
optimization; the L-BFGS [10, 16] and BNS [3] methods represent its well-known limited-
memory adaptations. We refer to Section 2 for a brief description of these methods.

To incorporate more past information to the update formula, the block version of the
BFGS update was derived in [18] for symmetric positive definite VM matrices, using a
variational approach, in [8] for quadratic functions, using corrections for the exact line
search, and recently in [21] for general functions, using a block variant of the approach in
[4]. This update satisfies the QN equations with all used difference vectors and brings the
best improvement of convergence in some sense [20, 21] for quadratic objective functions.
Nevertheless, it does not guarantee that the corresponding direction vectors are descent
directions for general functions.

Using the block BFGS update in a generalized form [21], in Section 3 we derive
two new updates variationally with direction vectors that satisfy the descent property.
Naturally, some QN equations with the used difference vectors can be violated. To utilize
the advantageous properties of the block BFGS updates, we look for a solution to the
following constrained optimization problem: to find such an update which satisfies the
QN equations with several latest difference vectors and violates the QN equations from
previous iterations as little as possible in some sense. In Section 3.1 we show that this
problem can be converted equivalently to a problem without equality constraints and
with a smaller number of variables. We also derive an expression for the solution of this
simpler problem. Our first new update is based on this expression.

Besides, in such optimization problems we can use further constraints, derived from
properties of the block BNS method [21]. Then the resultant second new update has a
simple implementation and some interesting properties, see Section 3.2.

Our experiments indicate that the efficiency of the methods based on these two up-
dates is similar. Moreover, it can be significantly improved by combination with methods
based on vector corrections for conjugacy which use previous difference vectors and store



the corrected difference vectors [19, 20, 22]. A main reason for this improvement proba-
bly consists in the fact that these vectors commonly contain cumulative information from
previous iterations.

In Section 4 we combine these corrections with the corrections that use the subsequent
difference vectors (see Section 4.1) to satisfy the QN equations with both the corrected
and original, uncorrected latest difference vectors, see Section 4.2. For our new updates,
these special corrections appear to give slightly better numerical results than the others.

The application to the limited-memory VM methods and the corresponding algorithm
are described in Section 5. Global convergence of the algorithm is established in Section 6
and numerical results are reported in Section 7.

To simplify notation we frequently omit the index k£ and replace the index k£ + 1 by
the symbol + and the index k£ — 1 by the symbol —.

We will denote by || - || r the Frobenius matrix norm, by || - || the spectral matrix norm
and by | - | the size of both scalars and vectors (the Euclidean vector norm).

2 The L-BFGS and BNS methods

In this section we briefly describe the limited-memory VM methods L-BFGS [10, 16],
implemented as subroutine PLIS in [11], and BNS [3]. These methods are based on the
BFGS update formula, mentioned in Section 1, which preserves the positive definiteness
of H and can be written in the following quasi-product form

Hy = (1/b)ss” + (I = (1/b)sy™ ) H (I — (1/b)ys"), b= s"y (2.1)

(b > 0 for g # 0 by (1.1)). To modify the BEGS method for large scale optimization, we
choose Hl € RN*N in every iteration (usually H{ = (i1, (x >0) and recurrently update
H} (without forming an approximation of the inverse Hessian matrix explicitly) by the
BFGS formula, using m pairs of vectors (Sk—_m, Yk—m), - - - » (Sk, Yx) successively, where

m =minlk,m—1], m=m+1, k>0 (2.2)

and m > 1 is a given parameter. We use the BNS update to guarantee global convergence
of Algorithm 5.1 if some conditions for our new methods are not satisfied, see Section 5.
Instead of the famous compact form [3], we use it in the form (also given in [3])

H, =S8R 'DR'S" + (I - SRTTY")H'(I - YRS, (2.3)

where Sk = [Sk—m, -, Sk], Y& =Yk, - --» k), Di=diagbg_m, ..., b], (Re)ij = (SEYk)i;
for i <j, (Ry):; =0 otherwise (an upper triangular matrix), £ >0. We can see that for
HT= (I the direction vector —H g, (and subsequently an auxiliary vector YT H g, , see
Section 5) can be calculated efficiently (without computing of H, explicitly) by

—H,g, = —Cg — S[RTT(D+CYTY)RT'STg, — Y g, )|+ V[CR'STg, ], (2.4)
YTH. g = (Yl +Y S| RTI((D+YTY) RIS, — (Y, ) | =YY [CRTSTg |, (29)

where in the square brackets we multiply by low-order matrices.



3 Two variationally derived VM updates

The basic variant of the block BFGS update derived in [21] for general functions is
H,=SA ST+ (1 — SA—TYT) H' (1 ~ YA—lsT) . A=3Ty, (3.1)

where H! € RN is symmetric and A € R™*™ arbitrary nonsingular. The matrix H, is
the nearest matrix to H! in some sense that satisfies the QN equation H,Y = S, however
the direction vector d. = —H g, is not a descent direction generally.

Replacing S by SO, © € R™*™ nonsingular, in the same way as (3.1) we can derive
the generalized form

Hy=8XS"+ (I-SATY")H' (I-vA7'ST), X=e47", (3.2)

which satisfies the violated (for © # I) QN equations H,Y = S(XA) = SO. Note that
the infinitely many times repeated BNS update, investigated in [22], has the same form
(with a special symmetric positive definite matrix X).

To express the violation of the QN equations H,Y =S for H, nonsingular, we will
use the matrix

A=(HY-S)"By(HY-S)=(B,S-Y)'H.(B.S-Y), By=H."' (3.3)

Obviously, for H, symmetric positive definite we can write Tr A = HBJIF/ (HLY - 9)|2.
The following lemma gives another expression of A, which uses only low-order matrices.

Lemma 3.1. Let H, be given by (3.2) with X symmetric and X A nonsingular. Then
A=ATXA+ X1 A AT (3.4)

Proof. Since (3.2) implies H,Y = S(XA) and Y(XA)~! = B, S, the desired conclusion
follows from A = YTH,Y + STB, S — A — AT, O

Besides (1.2), more latest QN equations can be satisfied, if some lower-right-corner
principal submatrix of A is symmetric (see Lemmas 3.2 and 3.4), which can be achieved
e.g. by means of vector corrections for conjugacy (see Section 4).

According to our intention, see Section 1, first we will look for such a symmetric
positive definite matrix X, which minimizes Tr A in some sense, see below, and for which
update (3.2) satisfies the QN equations with several latest difference vectors.

3.1 The first new update

To derive our first update of the form (3.2), we will solve the problem

gg}n TrA st HiYp =Sy, (3.5)
where we split S, Y in such a way that S = [Sq1), S)], Y = [Y1), Yio)l, S(2), Yio) € RV*¥,
0<pu<m, and by §; we denote the set of symmetric positive definite matrices of order .

The following lemma and theorem show that the QN equations in (3.5) can be replaced
by some conditions for structure of X and that it will be sufficient to look for some
submatrix of X, which minimizes the trace of some submatrix of A.
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Lemma 3.2. Let S = [Sa), S, Y = [Yu), Yio)l, S2), Yi2) € RV*H, 0 < pp < m, let

A= A A _ S(Tl)Y(l) S(zi)Y(Q) (3.6)
Agp Az Sé)Ym S(E)YO) .

be nonsingular and a symmetric matric X € R™ ™ be partitioned in the same way. Let
Agy be symmetric nonsingular and H,. be given by (3.2). Then H,Y(2)=S9) if and only if
Xio = X3, = —X11412A5),  Xoo = A3y + Ay Al X11 A Ajy (3.7)

Proof. In view of (3.6) we have
XA + X249 X11A + X242 | A (XA)1 (XA
X1T2A11 + X992 Ao XlTQAIQ + X2 Ao (XA (XA |’

thus (3.7) is equivalent to (XA);; = 0, (XA)y = I and further to H,Ys) = S(g) by
H,Y=S(XA) and linear independence of columns of S, which follows from det A# 0. O

XA l (3.8)

Theorem 3.1. Let the assumptions of Lemma 3.2 be satisfied, C = Ay — A19A5) Aoy,
X11 be nonsingular and (8.7) hold. Then X and C are nonsingular, H, Y9 = S and

X;,C 0 ,1 Xt 4 Ap A AT, A
XA=| . oXl= , 3.9
[Aml(Am AT X,,0) 1] [ AL Asy (3:9)

0 0 (3.10)

Moreover, if Ay € S, then we get X € S, if and only if X11 € Spp.

A lCTXnC + X' —C = CT + (A, — AL Ay (AT, — Ay) O] '

Proof. Theorem 1.4.2 in [6] yields det A= det C. det Agg, therefore det C'# 0. As in the
proof of Lemma 3.2 we get (3.8), H,.Y(2)=S5(2), (XA)12=0 and (XA)yp= 1. Since

Xop —Xn X' X1p = A3y + Ay AT, X1 AR Ay — AQ AL X11ARAY = Ay

by (3.7), we similarly obtain det X = det A3 . det X;;, thus X is nonsingular and all
assumptions of Lemma 3.1 are satisfied. From (3.8) and (3.7) we derive

(XA = Xi(An — ApAy Ay) = X4:C,
(X A)21 — A AL XA + (Agy + Ay AL XA Ay ) As
Ay (Ao — AL X1 (Al — Ap Ay As)).
This gives the first relation in (3.9) and further

Al Aj X1C -1 0
A1T2 A22 A521<A21—A{2X11C) 0]’

ATXA-A"=A"(XA-1)= [

which implies
(ATXA-AT)y =0, (ATXA-AT)p =10, (ATXA-AT)y = A5 — A],, (3.11)
(ATXA AT = AL XuC — AT} + Ay Ay Aoy — Ay A% Al X1 C
= CTX1C — AL, + AT A} Ay (3.12)



Similarly, we can express

A21 A22 —AZ_QI(Agl — A{QXHC) C_le_ll 0
by the first relation in (3.9), which yields
(Xil - A)12 = 0, (Xil - A)QQ - O, (Xil - A)21 = —A21 + A?Q, (313)
(X_l — A)11 = AHO_le_ll — AH — A12A2_21A210_1X1_11 —+ A12A2_21A{2
= C(Cileill) - All + A12A521A{27 (314)

Xl A= A(XA) = 1) = lAn A12] l CHXy =1 0

i.e. the second relation in (3.9). Considering that
(A= AZ)Asy (Aly = Ag1) = ArpAgy Aly — A Ay Ay — AG Ay Al + A3 Ay Ay
= ApAG AL + AT A Ay — Ay — AL+ O+ C7

we obtain (3.10) from Lemma 3.1, (3.12) and (3.14). Moreover, for Ay € S, we have
X1 € S, if and only if X € S, by the second relation in (3.9), since the Schur
complement of Ay in X1 is X' O

For A €S, and A nonsingular, by Theorem 3.1 we can equivalently solve the problem

min Tr(CTX,,C+ X' —C—-C") (3.15)

Xll ES'm—‘u
instead of (3.5). A solution to this problem is given by the following theorem.

Theorem 3.2. Let C' be nonsingular. Then X, = (CCT)™Y/2 is the unique solution to
(3.15) and for this X11, the matrices X1;', CTX1,C are similar.

Proof. For X;;=(CCT)~'/2 the matrices X3!, CTX,C= C~(CCT)X,,C= C'X;'C
are similar. Let J=(CCT)Y2. Obviously, J€S,, . Since the trace of a product of two
square matrices is independent of the order of multiplication, for any Xi; € S,,—,, we have

Tr (CTX1C + Xy') = Tr(XuCC” + Xy!) = Tr (Xi{*(2 + X)X,
= Tr (X} = X5 = X5'T + X)X+ 2J)
— T (Xf{Q (7—x0') X1 + 2J> ,
which completes the proof by X 111/ ‘e S . and symmetry of J — Xi'. O
Note that for X;; = (CCT)~1/2, the matrix X;,C is orthogonal, as we can see from

(ch)fl == 071X1712X11 = Cil(CCT)XH == (XHC)T.

3.2 The second new update

Our second new update of the form (3.2) utilizes some of properties of the block BNS
update [21] to minimize not only Tr A, but also ||Al|z. We consider the update

HE = SpXpSt + (I — SRARTYE)H' (I — YRAR'SE), (3.16)
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where Sg, Yz € RY*™ 1 are the matrices S, Y without the first column, Ar = SEYR
is nonsingular and Xy is symmetric. The block BNS update of H!, where one of the
diagonal blocks is S5YR (of order m — 1), can have the form

HBBNS = Sp XSt + (I — SRARTYR )HA(I — YrAR'SE)
with some suitable H* € R¥*N (see Lemma 6 in [21]). The matrix HZ5V5 has the
property HPPNSYy = Sp(XpAg) = HEYg. By analogy with this, we will look for

X € &, which minimizes both Tr A and ||A||r subject to H;Yr = HEYR. For such X
we will show that X A€ 7,,, where 7; is the set of lower triangular matrices of order .

Theorem 3.3. Let H' € RN be a symmetric positive definite matriz, m > 1 and
Sr, Yr € RN*™=L the matrices S,Y without the first column. Let Ar=SEYr be nonsin-
gular, let some X € Sp1 satisfying XpAr € Trn—1 be firmly given, HE be given by (3.16)
and Hy by (3.2) with A nonsingular and X symmetric. Then for

_ | @ u” _ 1€ x" _A-T _ T
A—[U AR]’ X_[X Xp | p=Agu, c=a—pv, (3.17)
a,EER, we have ¢ # 0. Further for both i =1 and i = 2, the unique solution to
)I(Ielgisn ei(A) st HYp= HfYRu p1(A) =TrA,  pa(A) = [|Aflp, (3.18)

satisfies XA € T,,, and is given by the choice £ = 1/|c|, x = —&p and Xp = Xg + Epp.
Proof. Since det A= (o — u” Ap'v) det Ag = ¢ det Ag, we get ¢ # 0. Further,

ol +xTv &+ xTAg ]

ax+ Xpv xu'+ XpAg (3.19)

xa- |

by (3.17). The terms H,Yx, H¥Yy in (3.18) can be equivalently rewritten as

07 07 R 07
HoYp=HY | | =S(XA) |7 |, HYn=5p(XpAr) =S| () .

By this, (3.19) and linear independence of columns of S (which follows from det A# 0),
the equality H;Yp = HEY} is equivalent to

SUT—I— XTAR = OT, XUT—I— XPAR = XRAR. (320)
For X € S,,,, we obviously have H, € Sy and £ > 0 and (3.20) is equivalent to

x=—¢p, Xp=Xp+Epp'.
In view of this, we can rewrite the first column of X A in (3.19) in the following way:
al +xTv==¢Ec, ax+ Xpv=—aép+ Xgv+E(pTv)p = Xpv— Eep 2.

By this and (3.19) - (3.20) we obtain

& 0T o 1/(¢c) 0T
XA= [ p XRAR‘| ) (XA) - [—AEIXﬁlZ/(fC) AleX}EI . (3.21)



In view of Lemma 3.1, (3.21) and X! = A(XA)~! we can write A in the form

_Ja T 7&e 0F a ul 1/(&c) 07 e
A= {u AﬁHzXRAR]JF[U Ap [—A R Xg'2/(6) A IXR}_A_A
. 9—20( UTXRAR+U A X —’UT
AgXRU—i-XElA}ETU—u—U A XRAR+X ! AR AT ’

where

0o = [a,vﬂ[ic} + [Q’UT}[_AE};((ES/({C)]

= a(ée) +viz+a/(ée) —uT AR X R 2/ (Ec)
= afée+1/(60) + (v = p"Xz"/(50)) (Xpv — Ecp)
= c(§c+1/(§c)) + v Xpv+p" Xp'p

by p=Ap"u, z=Xgpv—E&cp and c= a—pTv. Obviously, we get minimum ¢ for £=1/|¢|.
Since all entries of A except for p — 2« are independent of ¢ and o — 2a > 0 by Hy € Sy
and (3.3), solutions to both problems (3.18) are the same with X € S,, by (3.17), £ >0
and Xp — xx1/é = Xg € S,,_1. Finally, XA € 7,, by (3.21) and XrAg € T,,_;. O

To define our second new update (3.2) for m > 2, we start with m = 2 and Xy = Az'
symmetric positive definite of unit order, which corresponds to the BFGS update (2.1).
Then we apply Theorem 3.3 iteratively, substituting A, X from the previous iteration for
Ag, Xr. We use this update only if all ¢ > 0 (otherwise the resultant VM method appears
to be inefficient). Then the final matrix X A is obviously lower triangular with unit
diagonal entries, thus the QN equation H,y = s is satisfied by H, Y = S(X A); additional
QN equations can be satisfied similarly as for the first new update, see Lemma 3.4.

The following lemma shows that such a matrix X, determined uniquely by the re-
peated application of Theorem 3.3, can also be constructed in a different way.

Lemma 3.3. Let X € §,,, and A € R"™ "™ be nonsingular with the factorization A = UL,
where U is upper triangular, L lower triangular and U, L have the same main diagonals.
Then X A is lower triangular with unit diagonal entries if and only if X = U~TU1.

Proof. If X = U~TU™!, the matrix XA = U TU'UL = U~TL is obviously lower
triangular and has unit diagonal entries in view of the assumption that U, L have the
same main diagonals.

Let X € S, and XA 2 K is lower triangular with unit diagonal entries. Writing
X = RY Rx with Rx upper triangular, we have K = RY RxUL. This yields

RyU =Ry KL '2E, (3.22)

i.e. the upper triangular matrix RxU is equal to the lower triangular matrix R)_(TK L=t
Thus E is a diagonal matrix, Rx = EU™! and (3.22) implies F = (FU ) TKL™! =

E-TUTKL™! or E*= UTKL™'. Similarly as above we deduce that this diagonal matrix
has unit dlagonal entries, i.e. E?— T and X = RYRx=(UTENERUY)Y=U"TU"'. O

The following lemma shows that QN equations H Yy = S(2) can be satisfied under
similar conditions as for the first new update.
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Lemma 3.4. Let the assumptions of Lemmas 3.2 and 3.3 be satisfied and X = U-TUL,
Then HJ,_)/(Q) = S(Q).

Proof. In view of Lemma 3.2 it suffices to prove (3.7). Suppose that

Unn Ui Ly O
U = I = 3.23
[ 0 UQJ ’ [L21 Lzz] ( )

with Usg, Log € R**¥. Since Asy is symmetric nonsingular, from A = UL and (3.23) we
get first Agy = UspLgy = LLUL. Thus the lower triangular matrix LQQUQ’QT is equal to
the upper triangular matrix Us,' LL,, where U, Ly have the same main diagonals. This
obviously yields LQQUQ_ZT =1, ie Ly = UQTQ.

Further, A = UL implies Ay = UygLgo, or Uy = Aj5L5y, thus (3.23) gives

o Ut UL AR AL o Un" 0
v _l 0 Usy' U = loaganunt vt (3:24)

by Ly Usy' = Ayt From X = U-TU~" we obtain X1, = U;;? U;;' and subsequently

X11 —X11 41245
X = _ T - 1, 3.25
l — Ay AT, X1y Uz Usy'+ Ay AT, X11 Ap Ay (3.25)
thus (3.7) is satisfied by Usy' Usy' = Lay Usy' = Agy- O

The second new update has the following property, relevant namely in connection with
the corrections for conjugacy which use subsequent difference vectors, see Section 4.1.

Lemma 3.5. Let the assumptions of Lemma 3.3 be satisfied and X = U~TU~L. Then
the matriz Hy given by (3.2) is invariant under the transformation S — STs, Y — YTy
for arbitrary lower triangular matrices Ts, Ty € R™*™ with the same main diagonals.

Proof. Let S=STs, Y=Y Ty, A=STY. Then A= TFATy = UL, where U= T¥U and
L = LTy satisfy the same assumptions as U, L in Lemma 3.3. Therefore corresponding
X, determined uniquely by X = U-TU ! = Ts'XTg™, see comments before Lemma 3.3,
satisfies SX ST = SXST. Further, YA 15T =Y A~1ST which completes the proof. O

4 Combination with vector corrections for conjugacy

It was shown in [19, 20, 22] that the performance of limited-memory VM methods can
often be improved by corrections for conjugacy which use previous difference vectors to
correct the vectors s,y. These corrections can be written in the form s — § = s + S¢o,
y — § =y + Yen, where S, Yo are matrices with some selected columns of S, Y without
s,9. The vectors o,n are chosen so that §7Sc = 37Yy = 0, with potential modifications
if b = 5Ty is negative or too small. As we mentioned in Section 1, corresponding 3,
can be stored and used in next iterations instead of original s,y. However, this usually
requires additional arithmetic operations.

Note that for quadratic functions, [S¢,s] = S, [Yo,y] = Y and the BFGS udate,
these corrections represent the best improvement of convergence in some sense under



some conditions [20] and that for the theory in this section it is not significant, whether
columns of S¢, Y were corrected in previous iterations.

Although for one correction vector the improvement of numerical results can often
be substantial [19], for our two new methods the benefit of additional correction vectors
appears to be questionable. Therefore in this report we will consider only one correction
vector. For this type of corrections and S¢ = [s_|, Yo = [y_], we can write

sty

S=s— SZy_ s_= (I — blsyT)s, J=y— - U= (I — blysT)y, (4.1)

which satisfy (conjugacy of §, s_ with respect to B and By for H § =3, Hy_ =s_)

sty =sTg=o0. (4.2)

These corrections appear to improve efficiency only if §74/b is positive and not too small
and if s7y_, sTy are not too different.

If we replace s,y by §,y and construct some new update with the corrections (4.1),
we get Hyly_, 9] = [s_,3] by sTy_ = §'s_ = 0 and Theorem 3.1 for the first update or
by Lemma 3.4 for the second update, both with S = [s_, 5] and Y(2) = [y_, y]. Thus

Hyy—s=Hoj+ (sTy/b)s. —s = ((sTy = sTy) /b-)s-. (4.3)

To satisfy the QN equations with both the corrected and uncorrected (original) latest
difference vectors, in Section 4.2 we combine these corrections with the following type of
corrections, which use subsequent difference vectors to correct previous columns of S, Y.

4.1 Corrections for conjugacy which use subsequent difference vectors

Corrections S — STs, Y — YTy, where Tg, Ty € R"™ ™ are lower triangular matrices

with the same main diagonals, represent another type of corrections for conjugacy. They

are implicit for our second new update, which is invariant under these transformations,

see Lemma 3.5. If the factorization A = UL exists with U, L satisfying the assumptions

of Lemma 3.3, we can e.g. simply get (STs)T (YTy) = I setting Ts = U, Ty = L™
To correct s_,y_ in this way, we can use the following formulas

s = (I — (1/b)syT>s_, g = (I — (1/b)ysT)y_, (4.4)

analogous to (4.1), for s7¢_ positive and not too small (note that s7g_ = 7y (b_/b)).

These vectors satisfy
sty=sy_=0. (4.5)
The second new update can also be understood as a precorrected BNS update:
Lemma 4.1. Let the assumptions of Lemma 3.3 be satisfied and Ty = L' Dy, where Dy

is a diagonal matriz with the same main diagonal as U (or L). Then the BFGS update
(2.3) with YTy instead of Y represents the update (3.2) with X = U~TU .

Proof. Let A = UL, where U, L have the same main diagonals, and Y = Y Ty. Then
STY = A(L™'Dy) = UDy, which is an upper triangular matrix with the main diago-
nal DZ. Substituting UDy, Y = YL 'Dy, D? for R,Y, D into (2.3), we get (3.2) with
X=U"TU" by

(UDy) "D (UDy) '=U""U", (UDy) " (YL 'Dy)'=A"TY". m
9



4.2  Corrections which use previous and subsequent difference vectors

In this section we show, how the both of the QN equations H,y = s and H,y = s can
be satisfied, using modified corrections (4.1) and (4.4). In this connection, from now on
the vectors s, 9, 5_,y_ will have a different meaning than up to now.

For the new type of corrections, which correct both s,y — §,9 and s_,y_ — 5_,7_,
we replace the (conjugacy) properties (4.2),(4.5)) by s7y_ = §Tg = 0. Considering
advantageous properties of the corrections (4.1), see [19, 20], we want to preserve them
partially. By analogy with the BFGS update (see comments after Lemma 2.2 in [19]),
we consider the satisfaction of 37y_ = 0 for the new corrected vectors 5,7 to be more
important than s = 0, which is confirmed by our numerical experiments.

Therefore we will not correct y_, define §, ¢y by modified (4.1) with s_ replaced by a
corrected vector §_ and simultaneously define 5_ by (4.4) with s,y replaced by 3, 7:

s=(1-(1/"y )5y )s, §=(1-(1/"y)y-5")y, 5= (1-(1/5")35")s_, (4.6)

where 37y_ = b_ by §Ty_ = 0. Obviously, these relations do not determine 3,7, 35_
uniquely. Similarly as (4.3) we can obtain H,y—s = ((Efy — sTy_)/b_)é_. Thus to have
H_y = s, the transformation s_ — 5_ should satisfy the symmetry property sy = sTy_
(it can be proved that then 3,7, 5_, if well defined, are determined by (4.6) uniquely).

The following theorem gives all corrected quantities, describes their properties and
shows that all relations (4.6) are satisfied. Note that there is no need to compute §_
explicitly; for the true handling of corrected quantities, see Section 5.

Theorem 4.1. Let o = sty /b, b=b—as’y#0,5=(s—as_)(b—a?b_)/b, § =
y—ay ,b=38"3+#£0,5. =Pls_, P=1—(1/8") 95T, v= sy —sTy_. Then

(a) 8Ty =3"5=0,b—a%_=b, §%y_=0b_, §7y=sTy_,

() 5= (I (/b )y )y, §=s—as = (I—(1/b-)5y")s.

Moreover, let H, be the first or second new update of the form (3.2) with A nonsingular
and s,y,s_ replaced by $,y,5_. If X and H, are symmetric positive definite, then

(¢) Hig=5 Hyy =35_,b>0, Hy=s.
Proof. (a) We get sTy_=0 in view of o = sTy_/b_, further 57§ = sTPj =0 and
b=38T=5y—ay)=8y=0b-—as"y)(b—ab_)/b=b—a’b_. (4.7)
Using again $7y_ = 0, we obtain 57 y_ = s Py_= sTy_= b_, which yields
so—f =5 —Pls_=s — (I-(1/b)3§")s_ = (s"9/b)s = (v/b)s.  (4.8)

In view of §Ty = b, see (4.7), from (4.8) we get 57y = sTy — v = sTy_ = ab_.

(b) The last relation implies ([ — (1/b,)y,§f)y: y—ay_= 7. In view of (4.8) the
definition of § yields
b—a?b_ —a(sty —ab_)

; §=8§—a(s_. —35_), (4.9)

§=5§—«

S—aS_ =z 8=

SO SN
o2
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i.e. s=5+ as_, therefore s =s —as_ =s— (sTy_/b_)5_ = (I — (1/b,)§,yf>s.

(c) From 8y = 51§ = 0 and 5Ty = b_, see (a), we get H,[y_,9] = [5_,3] by
Theorem 3.1 for the first update or by Lemma 3.4 for the second update, both with
Sy =[5-, 8], Y2y= [y—, 9]. This yields b = §'y = g"H,§ > 0 by assumption and further

s—as_.=5§=H,y=H,(y—ay_)=H,y—as_
by (b), i.e. Hyy = s. O

5 Implementation

In this section we assume that H! = (I, ( = sly/y’y > 0, and implement two new
VM methods, applying the two new updates (Sections 3.1, 3.2) to difference vectors
with possible corrections described in Theorem 4.1. To improve efficiency, the corrections
s—§,y— 1 are performed before updating and §, § are stored and used instead of s,y. To
indicate that all columns of S| Y except for the latest (i.e. s,y) can be possibly corrected
in previous iterations, we will write §;, 7; (and subsequently ZA)Z), 1 < k. To unify notation,
after possible corrections (see Step 4 of Algorithm 5.1) we will often write §;, 9;, b; instead
of s;,v;,b; also for ¢ = k. Nevertheless, 1f we want to stress that we mean the original,
uncorrected vectors, we will write s;, v;, b; for any .

The vector 5_ is used only with the first new update and only together with corrections
of s,y and need not be computed. It suffices to consider the matrix ST £ S instead of
S (and subsequently A = STy = TTA,C, X instead of A, C, X), where T is the (low-
order) identity matrix, except for T}, ,—1 = —7/3 in view of §_ = s_ — (7/?))3‘, see (4.8);
obviously detT'=1.

The matrix H, modified in this way can be written in the following form

Hy = SXS"+4((I-SATYT) (I-yA'S")
= SXST4¢(I-5ATTYT) (1-yAT'ST), X=TXT", (5.1)
i.e. in the form (3.2) with H/=(I and X replaced by X. Setting T'= I and X = X
in case that we do not correct §_ — §_, we will use the matrices S, A, C, X instead of
S, A, C, X and the update (5.1) instead of (3.2) for the both new updates. Note that the
matrix Ay is diagonal by Theorem 4.1(a).

In view of (5.1), the direction vector —H,g, and an auxiliary vector YTH, g, (see
comments to Procedure 5.2 below) can be calculated efficiently by

—Hyg, = —Cgs—S[(X+ cA—TYTYA—l)ST —¢ATY g |+y[cATsTg ], (52)
YTH, g, = (VG +Y8[(X4+CATYTYA) STy, — ATV, | YTy [CA7' S, ]. (5.3)
For the second new update with X = X = U~TU! we use (5.2) and (5.3) in the form
—Hygr = ~Cor=S[UT(UI+CLTTYIYL g = LY g ) [+Y[CL 7], (5.4)
YT H, g = (Vg +YB[U (I CLTTYTY L) g - (LY "g,) | =YY [CL7q|, (5.5)

where ¢ = U~15Tg,
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All corrections described in Section 4 and also both new updates appear to be more
efficient than the L-BFGS (or BNS) method only if A is sufficiently close to a symmetric
matrix. Denoting A= [a;;]7"_,, we use the values

A= > (ay—aj)/(azaj;), 6= (8"y—s"5-)%/(bb-) (5.6)
1<i<j<m

as measures of the deviation. Similarly as for the BFGS method with corrected vectors
(to have VM matrices symmetric positive definite, see e.g. [17]), we require 5> 0 and b>0
(we can readily verify that b corresponds to 873 for the corrections (4.1)). Besides, as in
22] we can deduce that too small b, b can deteriorate stability. Thus we do not correct
s,y if 6 >0; or b<dyb (all §;€(0,1)); this implies b>0 by Lemma 6.3. Due to our proof
of global convergence, we also do not correct if max[|5_|/|s_|, [9-|/|y-|] > 0, > 1.

Due to b=b — a~y, see (4.9), i.e. 1—b/b=a~/b, and 15-—5_|/|5|= 17|/b, see (4.8), in
case of the first new update we also do not correct if (ay/b)? > 83 or (v/b)2> 6, (5_ is
too different from 5_). Similarly for the second new update, if (ay/b)? > ds.

We use both new updates only for A < §s. For the first new update, if all diagonal
entries of 12122 are greater than ep Tr A, ep € (0,1), we calculate C’ using Theorem 3.1
with S, A, C' instead of S, A, C' (recall that all b; > 0 for g; # 0 by (1. 1)). Then, if all
diagonal entries of C are greater than &; Tr A and all eigenvalues of CCT divided by
14| A5y Asy]|% (to guarantee global convergence, see Section 6) are greater than or equal
to epTr A, eg € (0,1), we calculate X, using Theorem 3.2 and (3.7) with S, A,C, X
instead of S, A,C, X. For the second new update, we factorize A = UL, where U, L have
the same main diagonals, and calculate X = U~7U~!, see Lemma 3.3. If some condition
is not satisfied or if the factorization fails, we use the BNS method, see Section 2.

For calculation of eigenvalues and eigenvectors of low-order symmetric matrices, the
well-known Jacobi iteration method (e.g.[6]) appears to be efficient. It is interesting
that the increase in computational time for one iteration compared with the second new
update or the standard BNS update is very small for NV large (it is independent of N).

For our proof of global convergence we need det A 2 0. This is guaranteed by Theo-
rem 1.4.2 in [6] for the first new update, since Ay, and C' are nonsingular, or by Proce-
dure 5.1 for the second update, since we require L% >ep max|[Tr A, Tr(LTL)], 1<i <m,
er€(0,1), see below; note that LTL=A for A symmetric.

We first present two auxiliary procedures. Procedure 5.1, based on Lemma 5 in [21], is
used for the factorization A=U L, Procedure 5.2 serves for updating of the basic matrices
S,Y,STY=A,YTY; the submatrices of S,Y with columns from previous iterations are
denoted by Sp,Yp (i.e. S =[Sp,s], Y = [Yp,9]). In comparison with the corresponding
algorithm in [3], which uses only the main diagonal of A and the part of A above the
diagonal, we need all entries of A here. Thus we use an additional vector Y2 s=—tY2 Hg
(see Algorithm 5.1) to have the number of arithmetic operations approximately the same.

Procedure 5.1 (UL factorization of A)
Given: A global convergence parameter e € (0,1) and the m x m matrix A.
(i): Set Q := A, v:=m and Kk := Q-
(i): If Q,, < epTr A then the factorization fails and return.
(iii): Set Qij = Qij — Qi Qui/Quv, i=1,...,v—=1,7=1,...,v—1. Set v := v — 1 and
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(iv):

then k := min[k, Q,,]. If v >1 go to (ii).

Set Lij = QU/\/@, Uji = Qﬂ/\/m fOI‘ 1 S] Szgm and Lij = Uji =0 fOI'
1<i<j<m. If k <ep ||L||% then the factorization fails. Return.

Procedure 5.2 (Updating of basic matrices)

Given:
(i):
(ii):
(iii):
(iv):
(v):

t, b/b, a € R, matrices Sp, Yp, STYp, YEYp and vectors 8,9, g., S5, Yig, YEHg.
Compute Spgy, Y2 gy, 8794, 9794, 579, 4"9.

Compute Sty := Shg, —SLg, Yy =YL g, —Yhg, Yis:= -t Y  Hg.

Compute Sgg)::Sgy—asgy VE§:=(YEs—aYEs ) b/b, YE§:=YEy—aYLy_.
Set S :=[Sp,s], Y:=[Yp, 4, STg1 = [Spgs+,8794), Ygy = [Y2 94,9794].

Set A= STY = 53Yp ki yry.— [ Y2 Ye YpU

. N A 2 | and return.
§Typ 8Ty 9'Yp gy

?

We now state the method in details. For simplicity, we do not describe stopping
criteria and contingent restarts when some computed direction vector is not a sufficiently
descent direction. Note that the order p of Ay is also used as a correction indicator and
that the contingent restarts have occurred very rarely in our numerical experiments.

Algorithm 5.1

Data:

Step 1:

Step 2:

Step 3:

Step 4:
Step 5:

Step 6:

Step 7:

Step §:

A maximum number 7 of columns S, Y, line search parameters 1,5, 0 <& <1/2,
g1 < g9 < 1, tolerance parameters ¢; € (0,1), 1 € {1,...,7}, a global convergence
parameters 0 > 1, ep,ep,ep € (0,1) and a chosen method number ny, € {1,2}.
Initiation. Choose starting point xo € R, define the starting matrix Hy:=1 and
the direction vector dy:=—gy and initiate the iteration counter k£ to zero.

Line search. Set the update indicator iy to zero. Compute x, :=x+1td, where
t satisfies (1.1), g :=V f(zy), s:=td, y:=g, —g, b:= sy and ¢ :=b/y'y. Set
m:=min[k,m—1], m:=m + 1 and define H!:= (1. If k: =0set S:=[s], Y:=[y],
STY :=[sTy], YTY :=[yTy], X = [1/b], compute ST 9+, Y Tg, and go to Step 9.
Correction preparation. Set p:=1. If m>1 compute b b, a,y by Theorem 4.1 and
5, A by (5.6). It 6<6y, b >0, b>db and rnax[|8_|/|s_|7 [9-|/]9-] <6 set p:=2.
If nyy=1 and ((047/13)2> b3 or (7/13)2>(54> or if ny; =2 and (ay/b)*> 85 set p:=1.
Correction. If p=1 set s:=s, y:=vy, otherwise compute §,y by Theorem 4.1.
Basic matrices updating. Using Procedure 5.2, form the matrices S,Y, A, YTY.

Update selection. If A > 6 go to Step 9. Set T:=1. If nyy =2 go to Step 8.
If =2, form the matrix T" according to the second paragraph of Section5 and
define S:=ST and A:=T7A, otherwise define S = S and A = A.

VM update 1. Set iy :=1. Use Theorems 3.2 and 3.1 with S, 4, C, X instead of
S, A,C, X to compute C’ X if all diagonal entries of Ay are greater then epTr A
and if all diagonal entries of C' are greater then 6;Tr A and if all eigenvalues of
(CCTY'2 divided by 1+ || Ay Ay ||% are greater than or equal to e g Tr A, otherwise
set iy :=0. Go to Step 9.

VM update 2. Use Procedure 5.1 to factorize A := UL. If the factorization fails,
go to Step 9. Set iy :=2 and compute X := U~ TU~!.
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Step 9: Direction vector. Define H, by (2.3) for iy =0 or by (5.1) otherwise. Compute
dy = —H,g, and an auxiliary vector YTH, g, by (2.4)—(2.5) for iy = 0 or by
(5.2)(5.3) with X = TXTT for iy =1 or by (5.4)~(5.5) for iy =2. Set k:=k+1.
If k£ > 1 delete the first column of S_, Y_ and the first row and column of STY_,
YTY_ to form Sp, Yp, SLYp, YEYp. Go to Step 2.

6 Global convergence

In this section we establish global convergence of Algorithm 5.1 in convex case and without
restarts. Assumption 6.1 and Lemma 6.1 are presented in [19], Lemma 6.2 in [21].

Note that a suitable restarts technique can guarantee global convergence also for non-
convex f, see e.g. Algorithm 6.1 and comments in the beginning of Section 7 in [22].
Besides, there are some other possibilities how to establish global convergence of VM
methods for non-convex f, see e.g. [9, 23].

Assumption 6.1. The objective function f : RY — R is bounded from below and uni-

formly convez with bounded second-order derivatives (i.e. 0 < G < M(G(x)) < MG(z)) <
G < o0, v € RY, where \(G(x)) and \(G(x)) are the lowest and the greatest eigenvalues
of the Hessian matriz G(z)).

Lemma 6.1. Let the objective function f satisfy Assumption 6.1. Then G < |y|2/b <G
and b/|$]*> > G (5,7 are original, uncorrected difference vectors, see Section 5).

Lemma 6.2. Let K1, Ky € RV, v > 0, be symmetric positive semidefinite matrices.
Then 0 < Tr(K;K5) < Tr Ky Tr Ky. Moreover, if Ky is symmetric positive definite, then
Tr(KlKgl) S Tr Kl (TI' KQ)”_I/det KQ.

Lemma 6.3. Let the assumptions of Theorem 3.1 be satisfied with X,; = (CCT)™'/? and
Ay € S, (symmetric positive definite of order p, see Section 3). Then ATXA € S, and

Tr(ATXA)™ < (14|45 Anll}) Tr X1+ Tr A,
det X' = det X1_11 det Ags .
Proof. We have X;;!' ~ C7X1,C £ M by Theorem 3.2. Further, (3.11) and (3.12) imply

M + A5 Ay Ay AL

ATX A = € Sm,
l Aoy Az ]

since the Schur complement of Agy in ATXA is M € S,,,—,,. It can easily be verified that

M1 —~M~TAL A
ATXA -1 _ B B - 21422 3 )
( ) [ — Ay A MY Ay + Ay Ay MTAT A ]

The trace of a product of two matrices is independent of the order of multiplication (if the
both products are defined), which gives Tr (ATXA)™'= Tr M~ + Tr (AL, Ay7 Ay M) +
Tr A5y Using Lemma 6.2, we obtain

Tr (ATXA)™ < (14 Tr (A5 A5 Asy)) Tr M7 Tr Az
= (14145 An[}) Tr Xy + Tr A

and the rest follows from (3.9) by Theorem 1.4.2 in [6]. O
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Lemma 6.4. Let b, b, o,y are given by Theorem 4.1, 6, o€ (0,1) and suppose that b > &b
and |avy| <&6b. Then b/b<1/(1—36) and b> (5/2)

Proof. In the same way as in (4.9) we get b = b — ary, therefore

b(1—8) < bl =06 < [b] = |ay| < b=y =b, b < |b| +]ay| <20,
which yields b/b < 1/(1—0) and b>b/2 > (5/2)b. O
Lemma 6.5. Let objective function f satisfy Assumption 6.1. Then Algorithm 5.1 guar-
antees that the sequences {|3x|70x}, {|Gr|7br} (corrected or uncorrected) are always bounded.

Proof. Since |s]2/b§ 1/G and ]g}|2/fo)§@ by Lemma 6.1, the assertion holds for 8, g, by
without corrections (uy=1). Let pp=2. The safeguarding technique in Step 3 of Algo-
rithm 5.1 guarantees

b>0, b>db, |5_|<0l5_|, |g-| <0Oli_|, |ay| <db, 6=+/max[ds,d5]. (6.1)

Setting 6 =d; and using Lemma 6.4, we have b/b < 1/(1-0) and b/b > 0/2. Similarly
we obtain b_/b_ > §/2 for y_ =2, which is also true for u_= 1 by b_/b_=1>§/2. Thus

BB <1/(1=3), bjb>6/2, b b > 52 (6.2)
holds for any p_. Further we get o®<b/ b_ by b=0b—a2b_ > 0, which yields
s —as_| < |s|+y/b/bls_| < |s|+/26/3015_|/\/b_ < \[b/G(1+/2/56),
ly—ai| < Iyl V/oli-| < lyl+/2/0015 1V < Vb G (1+/2/56),

by Lemma 6.1, b_>(6/2)b_, |5_|<6|5_| and |§_| <8j_]|, sce (6.1)(6.2). This implies

5612 sk — i1 | (b/br)? b’f(1+\/»59> (1+\/2759)2

b, bi T Gh(1-6)?2 T 6G(1-0)?
1|2 Yk — axYr— 1| b G 2G 2
~ = ——(14+4/2/00) < —(1+4/2/60
by, by b ( / ) 0 ( / )
by Theorem 4.1 and (6.2). O

Theorem 6.1. Let objective function f satisfy Assumption 6.1. Then Algorithm 5.1 gen-
erates a sequence {gx} that either satisfies klim|gk|:() or terminates with gx=0 for some k.
Proof. Using Lemma 6.5, we can find 0,60, € R satisfying
[3*/b < 61, (6.3)
|92 /b < O (6.4)
for all £ > 0, where §;, y, mean corrected or uncorrected vectors in the whole proof.
As we mentioned in Section 5, in all iterations we choose Hi = C,.I, o= by/|ix|?, see
Step 2. Denoting B} =(H})™', Lemma 6.1 gives

Tr B = (|4 |Y/be) Tt I < NG, det BL = (|4:|%be)N > GV, k> 0. (6.5)

(i) Suppose that iy =0, i.e. the BNS update (2.3) of H} is used and columns of S,Y
are 8;, ;. This is equivalent to the recurrent application of the BFGS update (2.1) to H}

15



HEH = ;§Z§T+ (1- bls gl Y HE (T — blys ), i€{k—m,... .k} =T,  (6.6)
where Hi 'L = HI = (.1, Hyp = HL. These updates satisfy (see [17])
T BM = Tv BF 4 |9,Yb — | BF%,|? /5T BES,, (6.7)
det BE! = (bi/sTBf*'5;) det B,
i € Ty, denoting BF™' = (HF™)~ i = k—m, ..., k+1. This yields
Tr B¥' < NG +m 6, £ 6, (6.9)
by (6.4)-(6.5). Since b;/8T BF*'s; = (bi/]5:]%) (|82 /8T BF*5,) > 1/(6105) by (6.3) and
(6.9), for all £ > 0 in view of (6.9), (6.8) and (6.5) we get
Tr By = TrBif <6, (6.10)
det Byyy = det BEFL > GN/(6,605)™ 2 6. (6.11)

(ii) Let ¢y > 0, i.e. the update (5.1) is used (and columns of S, Y are again §;,7;),
where for ny; =1 we use matrices S = ST, A, C, X instead of S, A, C, X with detT = 1,
see the beginning of Section 5. In view of B} = (1/G)1, (6.5), STS = TT(STS) T and
det STS # 0 due to det A # 0 (see Section 5), for k > 0 Theorem 3 in [21] gives

Bip1 = (1/G)1 = (1/G) Sk(S{Sk) T ST+ VA X AT (6.12)
Tr B < NG+ Tr (VY AKX ALT) = NG+ Te (VI V(AT X Ap) ™), (6.13)
det By1 = ¢ Ndet X1/ det SIS, > GV ™ det X'/ det ST, . (6.14)

(ii-a) For np = 1, Step 7 of Algorithm 5.1 guarantees Tr Ayt < p/(epTrA) (re-
call that A22 is dlagonal see Section 5) and wTrXy;; < (m — 1)/ (egTr A), where
w = 14| Az Ay||%. Using Lemma 6.3 with A, X instead of A, X, we have Tr (ATX A)~' <
m/(enTr A), where ey = minfep, eg]. From (6.13) we get

= T T _ Ty,
T By < NG+ Tr (YY) Tr (AT X040 < NG 4+ m 0k YE)
5MTrAk
/\'2
= N@+M<NG+ ZW < 05 (6.15)

with 05 = NG+ m?0y/ep > 03 by Lemma 6.2, (6.4), m > 1 and &) < 1.
We proceed to estimate det Byyy. Similarly as above, Step 7 of Algorithm 5.1 guar-
antees det Ay > (epTr A)* and det X1;' > (egTr A)™# by w > 1. Using Lemma 6.3

with A, X instead of A, X, we have det X ! > (min[ep, ep]Tr A)™ = (g3, Tr A)™. Using
Lemma 6.2, (6.3) and the geometric mean - arithmetic mean inequality, from (6.14) we get

(G™ Ndet Bjq )™ > (det Xk_l)l/m >m€MZi€I’“Bi mem > —M
o - — Tr(S{Sk)/m Sier|8il* T ZieIk|§i|2/b 01
det Byi1 > (e47/01)™" GV 2 6. (6.16)
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(ii-b) For ny; =2 we have A, =Ui Ly, and X, =U, "U ", which yields AY X, A, = LI L.
Using Lemma 6.2, from (6.13) we get
Tr(YTYy) Te(LT Ly)™ !
det(LE Ly)
The conditions in Procedure 5.1 imply (L;)?% > ep max|Tr Ay, Tr(LEILy)], 1 <i <m, thus

i =

det(LTLy) > e Tr Ay (Tr (LT Ly))™ . Using (6.17), Lemma 6.1 and (6.4) we get

(Y'Y, ~ enldil® _ vm
M_NG_FZ’L’MgNG—i—g}mZ — <07, (6.18)

— =
ep Tr Ay, £ Ziezk b; i€y, b;

Tr By < NG+ Te(Y,IYe (LI L)Y < NG +

(6.17)

|9

Tr By < NG +

f7 = NG+ep"mby>03 by (6.9) and ep <1. Since X' = UU" and the main diagonals of

L,U are identical with UZ=L2 > ep Tr A= ep Y ;cz, bi, we obtain similarly as above

(det(U;U,?))l/m ngFZiEIAkai > meAF S er
Tr(S;Sk)/m Zz’eIk|Si| ZieIk|3i|2/bi 0

by (6.14), (6.3) and the geometric mean - arithmetic mean inequality. Thus we can write

det Bjsq > min[(ep/60;)"GN ™", 6y, 606) 2 05 . (6.19)

(G™ N det Byyq) ™ >

(iii) Setting 09 = max|fs, 07| > 03, we always have Tr B; < 0y and det B; > 605, i > 1,
by (6.10)—(6.19). The lowest eigenvalue \(B;) of B; satisfies \(B;) >det B;/(Tr B;)N 1.
Setting ¢;= H1-1/2gi, we get
(819:)*  81Bis;glHigs  8IBisi qlus S det B; 1 Os
:2g:1> 8T8 gle;s 818 ¢fBigg T (Tr B)N-1Tr B;~ 6}’

which implies lim|g;|= 0, see Theorem 3.2 in [17] and relations (3.17)—(3.18) ibid. O

i>1, (6.20)

One can show in the same way as in [10] that (6.20) with line search conditions (1.1)
and Assumption 6.1 imply that the sequence {z;} is at least R-linearly convergent.

7 Numerical experiments

In this section, we compare our results with the results obtained by the L-BFGS method
[10, 16] and by our latest limited-memory method [22].

All methods are implemented in the optimization software system UFO [15], which
can be downloaded from www.cs.cas.cz/luksan/ufo.html. We use the following col-
lections of test problems:

e Test 11 — 55 chosen problems from [13] (computed repeatedly five times for a better
comparison), which are problems from the CUTE collection [2], some of them mod-
ified; used N are given in Table 1, where the modified problems are marked with *’,

e Test 12 — 73 problems from [1], N = 10000,

e Test 25 — 67 chosen problems from [12], which are sparse test problems for uncon-
strained optimization, contained in the system UFO, N =10 000.

The source texts and the reports corresponding to these test collections can be down-
loaded from the web page www.cs.cas.cz/luksan/test.html.
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Problem N | Problem N | Problem N | Problem N
ARWHEAD 5000 | DIXMAANI 3000 | EXTROSNB 1000 | NONDIA 5000
BDQRTIC 5000 | DIXMAANJ 3000 | FLETCBV3* 1000 | NONDQUAR 5000
BROYDN7TD 2000 | DIXMAANK 3000 | FLETCBV?2 1000 | PENALTY3 1000
BRYBND 5000 | DIXMAANL 3000 | FLETCHCR 1000 | POWELLSG 5000
CHAINWOO 1000 | DIXMAANM 3000 | FMINSREF2 5625 | SCHMVETT 5000
COSINE 5000 | DIXMAANN 3000 | FREUROTH 5000 | SINQUAD 5000
CRAGGLVY 5000 | DIXMAANO 3000 | GENHUMPS 1000 | SPARSINE 1000
CURLY10 1000 | DIXMAANP 3000 | GENROSE 1000 | SPARSQUR 1000

CURLY20 1000 | DQRTIC 5000 | INDEF* 1000 | SPMSRTLS 4999
CURLY 30 1000 | EDENSCH 5000 | LIARWHD 5000 | SROSENBR 5000
DIXMAANE 3000 | EG2 1000 | MOREBV* 5000 | TOINTGSS 5000
DIXMAANF 3000 | ENGVAL1 5000 | NCB20* 1010 | TQUARTIC* 5000
DIXMAANG 3000 | CHNROSNB* 1000 | NCB20B* 1000 | WOODS 4000

DIXMAANH 3000 | ERRINROS* 1000 | NONCVXU2 1000
Table 1: Dimensions for Test 11 — the modified CUTE collection.

We have chosen m=>5, which is an often used value in comparisons of limited-memory
methods. In [17] the results for the L-BFGS method with m = 3,5,17,29 are compared
and it is stated that the best CPU time is often obtained for small values of m, but the
algorithm tends to be less robust when m is small; this is also confirmed by our numerical
experiments. Note that the required amount of storage is 2(m + 1)N.

Furthermore, we have used §;=1072, Jo= e =107, §3= 05 = 0.025, J, = 0.05, 56=0.5,
dr=ep=¢cp=10"",0=10% &, =10"", e5= 0.9 and the final precision ||g(z*)||o < 107°.

Table 2 contains the total number of function and also gradient evaluations (NFV)
and the total computational time in seconds (Time).

Test 11 Test 12 Test 25

Method NFV  Time | NFV Time| NFV  Time
-BFGS | 79575 20.546 | 114083 132.00 | 501657 951.55
Alg.6.1in [22] | 59735 14.566 | 64242  61.39 | 407421 714.81
Alg.5.1, met 1 | 60198 14.416 | 64815  62.56 | 372704 699.08
Alg.5.1, met 2 | 60083 14.422 | 63482  63.11 | 366824 917.49

Table 2: Comparison of the selected methods.

For a better demonstration of both the efficiency and the reliability, we compare
selected optimization methods by using performance profiles introduced in [5]. The per-
formance profile py/(7), 7 > 0, is defined by the formula

number of problems where log,(7pa) < 7

pu(T) = total number of problems ’

where 7p s is the performance ratio of the number of function evaluations (or the time)
required to solve problem P by method M to the lowest number of function evaluations
(or the time) required to solve problem P. The ratio 7p; is set to infinity (or some large
number) if method M fails to solve problem P.

The value of py(7) at 7 = 0 gives the percentage of test problems for which the
method M is the best and the value for 7 large enough is the percentage of test problems
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that method M can solve. The relative efficiency and reliability of each method can be
directly seen from the performance profiles: the higher the particular curve, the better is
the corresponding method. Figures 1-4, based on the results in Table 2, show graphical
performance profiles for the tested methods (for Test 25, we compare our new methods
separately to make the differences more visible). They demonstrate the efficiency of our
methods in comparison with the L-BFGS method. We can also see that the numerical
results for the new methods and for our method [22] are comparable.

8 Conclusions

In this contribution, we derive two new updates for general functions with minimum
violation of the previous quasi-Newton equations in some sense, describe its properties
and show how the corresponding methods can be advantageously combined with vector
corrections for conjugacy.

Our experiments indicate that this approach can improve unconstrained large-scale
minimization results significantly compared with the frequently used L-BFGS method.
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