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Abstract:

Two families of limited-memory variable metric or quasi-Newton methods for unconstrained
minimization based on quasi-product form of update are derived. As for the first family,
four variants how to utilize the Strang recurrences for the Broyden class of variable metric
updates are investigated; three of them use the same number of stored vectors as the limited-
memory BFGS method. Moreover, one of the variants does not require any additional matrix
by vector multiplication. The second family uses vectors from the preceding iteration to
construct a new class of variable metric updates. Resulting methods again require neither
any additional matrix by vector multiplication nor any additional stored vector.

Global convergence of four of presented methods is established for convex sufficiently
smooth functions. Numerical results indicate that two of the new methods can save com-
putational time substantially for certain problems.

Keywords:
Unconstrained minimization, variable metric methods, limited-memory methods, Broyden
class updates, global convergence, numerical results.

IThis work was supported by the Grant Agency of the Czech Republic, project No. 201/09/1957,
and the Institutional research plan No. AV0Z10300504.



1 Introduction

In this report we present two new families of limited-memory (LM) variable metric
(VM) line search methods for unconstrained minimization which generalize the well-
known LM BFGS method, see [6], [3].

VM or quasi-Newton line search methods, see [4], start with an initial point zy € RY
and generate iterations x4, € RY by the process Tpy1 = T + S, s, = tpdy, k > 0,
where dj, is the direction vector and ¢, > 0 is a stepsize.

It is assumed that the problem function f : RN — R is differentiable and stepsize
tr is chosen in such a way that

frer1 — fr < ertrgl di, Giordi > 293 dy, (1.1)

k >0, where 0 < 1 < 1/2, &1 < ey < 1, fr = f(z1), gr = Vf(zx) and dy, = —Hgs
with a symmetric positive definite matrix Hy; usually Hy = I and Hj,; is obtained
from Hj by a rank-two VM update to satisfy the quasi-Newton condition Hyp,1yr = sk
(see [2], [4]), where yr = gr+1 — gk, k > 0.

For i > 0 we denote (note that s7y; > 0 for g; # 0 by (1.1))

Bi=H;"', ai=yl Hyi, b =sly;, ci=s]Bis;, Vi=1—(1/b;)s;y].

To simplify the notation we frequently omit index k and replace index k+1 by symbol +
and index k£ — 1 by symbol —.

The LM BFGS method (see [3], [6]) is based on the following quasi-product form
of the BFGS update
H, = (1/b)ss" + VHVT. (1.2)

The advantage of this form consists in the fact that instead of matrices Hy, only
the last m + 1 couples {s;,y;}*_, -, where m = min(k,m—1) and m > 1 is a given
parameter, are stored to compute the direction vector dxy1 = —Hgi19k+1 by the Strang
recurrences, using matrices { HF™'}7t! see [6]. Matrices Hy, are not computed, only
defined by Hy41 = ngll, k > 0, where

Hy™ = (bw/lyel*)1, (1.3)
HEY = (1/bj)s;st + V;HTVE j=k—mm+i, 0<i<m. (1.4)
Note that matrix Hj, which satisfies d, = — Hy g, is different from matrix Hf;ffl used in

the last update (1.4) in general; among others since matrix Hy is created by updating
of matrix HE = (by_1/|yr_1]?)1, which is different from matrix H{™ = (by/|yel?)1.
Thus H% g, # —d;, generally; this fact is important for LM methods investigated in
this report.

We focus here on generalization of this approach. In Section 2 we mention some
problems with a such generalization for the other updates from the Broyden class, see
2], [4], and describe four methods based on the quasi-product form of the VM update
resembling (1.2). In Section 3 we present a new class of variable metric updates which
do not belong to the Broyden class, but which are very useful for constructing of LM
methods. Corresponding algorithms for our methods are given in Section 4 and global
convergence is investigated in Section 5. Numerical results are reported in Section 6.
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2 The Broyden class updates in quasi-product form

Quasi-product form (1.2) of the BEGS update can be easily generalized for the Broyden
class updates with n > 0 (see e.g. [7]):

1 - 1—
HPC = 555 T vaEVT, V=I- (?s—l—ﬁf]y) y’. (2.1)

If we proceed analogically as above, we can store the last m+1 triplets {s;, v;, Hiy; }F )
here instead of matrix H. Besides H,g., also vector Hy can be computed by the
slightly modified Strang recurrences which require more both arithmetic and memory
operations. Nevertheless, the number of function evaluations can be reduced by the
choice of 1 (see Section 6).

In Section 1 we mentioned the difference between matrices Hy, and H%™. Similarly,
VM matrices H; occurring in the stored old vectors H;y; contained in f/j differ from the
currently used VM matrices corresponding to Hf“ in(14),j=k—m+i,0<i<m,
and thus the resulting LM method with 7 # 1 (and due to similar reasons, any new
LM method presented in this section) does not belong to the Broyden class.

Efficiency can be increased if we use another approach. We transform the Broyden
class update with parameter n to the formal BFGS update in transformed variables,
which makes possible to construct LM methods in a similar way as the BFGS up-
date, with the same number of stored vectors. First we give the simple variant of the
transformation. We denote

@\@

a
w=1+4-7, p=n+(1-n) (2.2)

Theorem 2.1. Let w # 0, i > 0 and denote o = (n+/it)/w. Then \/ii # —n and the
standard Broyden class update of symmetric positive definite matriz H with parameter
n can be expressed in the form

HBC = Dsg" L VHVT, s=s—aHy, V=I+ \/bﬁgyT. (2.3)

Proof. (i) First we show that ,/z # —n. From (2.2) we have

7 —p=n"=n—1-=mbla=(n—1)(n+b/a) = (n—1)wb/a, (2.4)
thus /i # —n for n # 1 by b > 0 and obviously also for n = 1.
(ii) Consider the Broyden class update with parameters n in the form, see [2], [4]

1
HBC H+b b(Hys —i—syTH)—l—iHyyH
Setting s =5+ H y, £ € R, we obtain

HEC H+bAAT+§wb_n

20— 2&n
b

—1
(Hys" + sy H) + (” — + s ) Hyy"H.
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The last term vanishes for &w — 26n+ (b/a)(n —1) =0, ie. for £ = (n £ /n)/w = a;
then w —n = £,/u and thus

+ g ]
B =H+ %ggT + bﬁ“ (Hys" +sy"H) = VHV" + 5 (w - Z“) 35"
In view of

a a a
=14+ p—p—(1=n)= ,
w b’u bﬁ bn ( n=n (2.5)

we have (2.3). 0

Note that we prefer the minus sign in o and V, since then for n = 1 we get a = 0,
§=s5,V =V and (2.3) represents the usual quasi-product form of the BFGS update.
For n ~ 1 it is also /u =~ 1, therefore the formula for az above should be rewritten in
another form. In view of (2.4) we obtain for w # 0 (thus also /z # —n by Theorem 2.1)

=B _ n—p _(m—1Nwb/a _(n—1)b/a (2.6)

w win+ ) whn+/n n+VE

For better understanding, condition x > 0 can be rewritten as n(b — a) < b, i.e.
n < nsr1 for nsgr > 0, or n > nsg1 for nsr1 < 0, where nsg; = b/(b — a) is the
value of parameter 7 for the SR1 method, see [4]. For n = ngr we obtain from (2.2)
w=>b/(b—a)# 0 and p = 0, therefore Theorem 2.1 can also be used for the SR1
update.

For the transformation above, the similarity to the BFGS update is relatively free.
Firstly V is not a projection matrix in general, secondly matrix H fc does not satisfy
the quasi-Newton condition in transformed variables. Both these properties can be
obtained if we introduce an additional transformation.

(67

Theorem 2.2. Let matrix H be symmetric positive definite, w # 0, p > 0, a =
(n — V1)/w, b = b/, $ = s —aHy, ¢ = §"Bs. Then ¢ > 0 and denoting
0 = —a?)/é and 1y = y — BBS, we can express the standard Broyden class update of
matriz H with parameter n in the form

o 1
STEVHV V=18’ o= —af (2.7)

Vi

BC __
HPC =

SR>

Moreover, b= 574 > 0 holds and if n > 0 then p > 0.

Proof. (i) First we establish ¢ >0 and b= 57§ > 0. From § = s — aHy we get
¢=58"Bs= (s —aHy)"(Bs — ay) = ¢c — 2ab+ a’a = [ac — b* + (b — aa)?]/a. (2.8)

Since ac > b? by the Schwarz inequality and

n—1  Ju+1
b77+\/ﬁ_b77+\/ﬁ7£0 (2.9)

b—aa=0b—




in view of (2.6) and /i # —n, see Theorem 2.1, we obtain ¢ > 0. Further, we can
write §7¢g = 8T (y — BB3) = (s — aHy)"y — B¢, which gives by (2.9), (2.6) and (2.2)

R 1 b —1)b b - -
—aa+ba:b\/ﬁ7++—(n )/a: (M+\/ﬁ+77 u):b>0.

n+VE VB N+ R VR + /1)

(ii) Next we show that &/i) + 26 = /p(a — 3%¢)/b, where a = y"Hy. From
a=yTHy = (j+ 8B3)T(Hij+ 83) = a + 26b + 3¢ we obtain

a/b+26 = (a+26b) /b= (a— 3%) /b= /ju(a— 3%)/b. (2.10)

sTg=0b

(iii) As in the proof of Theorem 2.1 we get

HEC = H + %ééT - \éﬁ (Hys"+ 35y H).

Setting y = y + GBS, we obtain by b = 13\//7

2 NP ;
5)5?: VHVT 4 [“ _23 —Z] 547

1 w
HPC = H - g(H@éh s§"H )+ <b -~

To complete the proof, we rewrite the expression in brackets, using (2.10) and (2.5):

T R

Since n=/p for a = 0 by aw = n—,/i, we see that o = n/\/i—af = n/\/ﬁ+a23/é >0
holdsfornEObyB>Oandé>O. O

Obviously, the quasi-Newton condition H f%} = 0§ in transformed variables is
satisfied by (2.7). Note that ¢ can be computed e.g. by (2.8).

All these forms of the Broyden class update of matrix H with 1 # 1 need vector Hy
in every iteration, but it does not mean that we must calculate two matrix by vector
multiplications per iteration. If we have computed vector Hy, then the next direction
vector can be expressed as a linear combination of vectors s, Hy or in the form which
gives descending vector d, even in case that we approximate some values.

Lemma 2.1. Consider the Broyden class update H, of symmetric positive definite
matriz H with parameter n. If d = —Hg then the direction vector d, = —H, g,

satisfies
td, — {n (‘;S - 1) + 1] <s _ ZHy) + (Z - t) . (2.11)

Proof. Writing VM update in the form H, = H + A, we get by s = —tHg and the
quasi-Newton condition H,y = s

tdy = —tH,g, = —tH,y —t(H + A)g = (1 — t)s + ABs. (2.12)



For the Broyden class update we have, see [4],

1 -1
A== (1 + an) ssT 1 (HysT+syTH) P gyl
b b b a
Therefore
ABs—[c(l—i-a )— }s—{c —9( —1)]H —Cs+{ <ac—1>—{—1}(s—bH)—s
which together with (2.12) gives (2.11). O

Theorem 2.3. Consider the Broyden class update Hy of the symmetric positive defi-
nite matriz H with parameter n and let

b 0
dp == By = HVTg =1V, 64, (2.13)

Ifn>0and 6 >0 then dLg, < 0. Ifd = —Hg then s'g, =b—c/t, Hy=(tp+ s)b/c,
a=(tply +b)b/c and if we set 5=t py then vector d, satisfies dy = —H, g, .

Proof. (i) Equivalence of the two forms of p in (2.13) follows from VTy = 0.
(ii) Let n > 0 and § > 0. Then from (2.13) we have

gy = —(s"g0) /b~ [(b+ 16)/(b+ ) ' VHV g, (2.14)

If sTg, = 0 then VTg, = g4 and dlg; < 0 by positive definiteness of H and b > 0,
otherwise d* g, < —(s'g4)?/b < 0.

(iii) Let d = —Hg. In view of (i) we have p = HVTg = Hg — (s'g/b)Hy =
—(1/t)s + [c¢/(bt)|Hy, i.e. Hy = (tp+ s)b/c, which yields a = (tpTy + b)b/c and

b b bb b2t
s——-Hy=—-—-VHy=——-V(tp+s)=——Vp (2.15)
a a ac ac

by Vs = 0. Further, we get s’g, = sTy+sTg=b—s"Bs/t =b—c/t.
For ¢ pTy = § # —b we obtain from (2.13)

s'gr b+ ntply s b
—d, = Vp=— 1 —Dll——=)|Vp. (2.1
c= e e = s L - ) (1 )| (216)
From a = (tpTy + b)b/c # 0 we get ac/b? = (b+ t pTy) /b, which gives

T

b2
—dy = Sl;q+8+[1+(n_1)<1_acﬂ‘/p: {77((;26—1>+1

b2 T

s
2 vp+ 9+
ac b

S,

i.e. (2.11) by (2.15) and s'g, = b — ¢/t therefore d; = —H, g, by Lemma 2.1. O

Although assumption d = —H g is not appropriate to LM method updates of type
(1.4), see Section 1, Theorem 2.3 can be utilized to increase efficiency, see Section 4.



3 VM updates that use the preceding vectors

A drawback of methods in Section 2, consisting in the fact that for  # 1 we need vector
Hy in every iteration, is eliminated in the following family of VM updates based on
utilization of the quasi-Newton condition Hy_ =s_. These updates do not belong to
the Broyden class. The resulting LM methods use the same number of stored vectors
and matrix by vector multiplications as the LM BFGS method, see Section 4.

Theorem 3.1. Let matriz H be symmetric positive definite, Hy_ = s_, o0 € (—1,1),
5= 3—0\/6/75_, gy = y—a\/b/Ty_, b=35Ty#0and o= (1—0?)b/b. Then update
HYB given by

HYP = (p/b)ss" + VHVT,  V =1-(1/b)5y", (3.1)
with parameter o is positive definite and satisfies the quasi-Newton condition HYBy =
s. If 0 = 0 then (3.1) is the BFGS update. If o = s"y_/\/bb_ then b = 5"§ and in
case that this choice satisfies 0 € (—1,1) and b > 0, (3.1) represents the generalized

BFGS update with nonquadratic correction parameter o (see [4]), with vectors s and y
replaced by s, 1.

Proof. (i) Positive definiteness of H1'” follows directly from (3.1): Let ¢ € RY, ¢ # 0.
If ¢"'s # 0 then ¢" HYBq > (8/b)(¢"5)? > 0, otherwise ¢" HYBq = ¢"Hq > 0.
(ii) Denoting & = o4/b/b_, we get HV Ty = H(y—y) = 6 Hy_= & s_ and therefore

HYBy = 95 +6Vs_ = [0—6y"s_/b]5+ ds_. The expression in brackets can be
rewritten:
0—67s_/b=0—cys_/b+5*b_/b=(a+0%b/b) —5y’s_/b= (b—cGy's_)/b=1,

which yields HYPy =5+ ds_ = s.
(iii) f o =0thens=s,y=y,b=0,0=1,V =V and we have the BEGS update.
(iv) Let o = sTy_/\/bb_. Then 5'y_ = s’y — o,/b/b_b_ = 0 and thus 57y =
57y — 65Ty_ = b. If b > 0 then assumption o € (—1,1) gives g > 0 and we have the
generalized BFGS update in s, 3. O

Our numerical experiments indicate that convergence is significantly deteriorated
when |o| tends to unit and that all values o satisfying |o| < 1/2 with a suitable sign
give very good results. We can deduce from Theorem 3.1 and the following lemma that
a good choice is to use the sign of sTy_.

Lemma 3.1. Let Hy_ = s_ and let f be quadratic function f(z) = 1 (z—2*)'G(z—a*),
x* € RY, with a symmetric positive definite matriz G. If vectors s, s_ are linearly
independent and update HY® of matriz H is given by (5.1) then choice o = sTy_ //bb_
satisfies b > 0, o0 € (—1,1), o =1 and Hfo, =s_.

Proof. For o = s"y_//bb_ we have b —bo® = b — (s"Gs_)?/b_ > 0 by the Cauchy
inequality and linear independency of s, s_, therefore |o| < 1. Further, we get b =

sTy=b—0sTy/b/o_ =b—sTy_-sTy/b_ =b— (sTGs_)?/b_ =b—bo? thus b > 0
and o = 1.



In view of 57y_ = sTy_ —oy/b/b_b_ =0 and 57y_ = 57Gs_ = s’jj we obtain by
(3.1) HYPy_ =VHVTy =VHy_ =Vs_=s_. O

Note that we need not calculate value s”y_. We use only the sign of s7y_, therefore
in view of the following lemma we can utilize the value s’ ¢, computed during the line
search procedure, in spite of the fact that assumption d = —Hg is not appropriate to
LM updates, see Section 1. In Section 4 we describe a choice of the sign of ¢ in details.

Lemma 3.2. Let matriz H be nonsingular, Hy_=s_. Ifd = —Hgq then s’y_= —ts’g.
Proof. We obtain sly_ = sTBHy_ = s"Bs_ = —ts’g. O

Taking account of Theorem 3.1 and Lemma 3.1, we will choose such parameter
o € (—1,1) that corresponding b is positive and not too small in comparison with b
in a sense that b = b(1 — o sTy//bb_) > b(1 — A), A € (0,1), which is equivalent to
o sy < A\y/bb_. The following lemma shows that in case that b < b(1 — \) for some
o € (—1,1), we can replace this o by a more appropriate value.

Lemma 3.3. Let o0sTy > A\/bb_ for some X € (0,1). Then sty # 0 and value
6 = \/bb_/|sty| > 0 satisfies £6 sTy < A\\/Db_ (for both signs) and 6 < |o|.

Proof. Relation sTy # 0 follows directly from o s’y > A\\/bb_ and bb_ > 0. Further,
we have —o|sTy| < 6|sTy| = A\/bb_ and 6|sTy| = \W/bb_ < o sty = |o| [sTyl. O

4 Application to limited-memory methods

In this section we use theory from the previous sections to implement five variants of
methods based on the quasi-product form of update, similar to (1.2).

We again define matrices HY™ and Hyyy = HELY, m = min(k,m—1), m > 1,
k > 0, by relations similar to (1.3) and (1.4). Instead of matrices Hy, only m+1 <m
couples (or triplets for Algorithm 4.1) of vectors are stored here, together with some
auxiliary numbers, to compute the direction vector di1 = —Hg119x+1, using the Strang
recurrences, see [6] (or another vector in case of Algorithm 4.4), which requires little
modifications here - using transformed nonquadratic correction parameter (see [4]) for
algorithms 4.2-4.5 or more both arithmetic and memory operations for Algorithm 4.1
due to structure of matrix V. Furthermore, another vector H, Yk, k > 0, is computed
by the Strang recurrences (except for Algorithm 4.4 and Algorithm 4.5).

We shall now state the first three variants of methods in details. For simplicity,
we omit stopping criteria. Algorithm 4.1 is based on the quasi-product form (2.1) of
the Broyden class update, Algorithm 4.2 on the transformation given in Theorem 2.1,
Algorithm 4.3 on the transformation given in Theorem 2.2. In Algorithm 4.2 and
Algorithm 4.3, we give only two changed steps.

Algorithm 4.1 (Direct approach)

Data: The number m of VM updates per iteration, line search parameters ¢; and e,,
0<e;<s3,e<ex<L.



Step 0: Initiation. Choose the starting point xy € RY, define starting matrix Hy =
HY= I and direction vector dy = —go and initiate iteration counter k to zero.

Step 1: Line search. Compute .1 = xy + tgdg, where t; satisfies (1.1), gry1 =
Vf(Tks1)s Yk = Grs1 — 9k, bk, Hryr (by the modified Strang recurrences, using
matrices {Hk}mm(k ™) ) and a.

Step 2: Update preparation. Choose parameter ny > 0 of the Broyden class update and
define V. by (2.1).

Step 3: Update definition. Set i = min(k,m — 1) and define HY™ = (by/|yx|?) I and
Hy1 = Hm+11 by
HER = (1)by)s; s + V;HI'VE j=k—m+i, 0<i<m. (41)
Step 4: Direction vector. Set k := k + 1 and Compute dr = —Hyg, by the modified
Strang recurrences, using matrices {H*}™2®™ "and go to Step 1.

Algorithm 4.2 (Simple transformation)

Step 2: Transformation. Choose parameter n, > 0 of the Broyden class update satis-
fying pp > 0. Using Theorem 2.1, compute «y and §; and define Vj (with the
minus sign in oy and Vj).

Step 3: Update deﬁnition Set 7 = min(k,m — 1) and define Hy™ = (by/|yx|?) I and
Hk-f—l = Hm+1 by

HER = (n;/b)8;8) + V;HIT'WVE j=k—m+i, 0<i<m. (4.2)

Algorithm 4.3 (Full transformation)

Step 2: Transformation. Choose parameter 7z > 0 of the Broyden class update satis-
fying p1p > 0. Using Theorem 2.2, compute ay, by, ¢, Ok, Sk, Yx and g and
define Vj,.

Step 3: Update deﬁnition Set 7 = min(k,m — 1) and define Hy™ = (by/|yx|?) I and
H’H—l = Hm+1 by

HEN = (8;/b)8;57 + V;HEPWVE, j=k—m+i, 0<i<m. (4.3)

We saw in Section 2 that one matrix by vector multiplication can be saved if we
express the next direction vector d as a linear combination of vectors s, Hy. But since
assumption d = —Hg of Lemma 2.1 is not appropriate to LM updates, see Section 1,
this approach cannot be used for our methods directly. If we calculate vector Hy
by the modified Strang recurrences, then (2.11) gives only a poor approximation of
tdy. It is interesting that we get much better results when we instead of Hy calculate
vector Hg, (or almost any combination of Hy, Hg,) and use them to approximate
Hy=Hg, —Hg~ Hg, +d.

But it is necessary to realize that a such approximation of vector Hy and value
a = yT Hy obtained in this way need not possess the same properties as true Hy and



a in VM methods, e.g. a > 0, ac > b?, etc. Similarly, the value d* g, could be positive
occasionally. To have direction vector d, descending, we can use Theorem 2.3, which
guarantees dLg. < 0 even in case that we approximate value p’y by any positive
number.

We can see from the second expression of —d, in (2.16) that value tp’y has
influence only on the scaling of n — 1. Thus, if the calculated value of p”y is negative or
near to zero, we can replace it by some suitable number. Our numerical experiments
indicate that the choice of the lower bound for ¢p’y is not critical and that this
approach is not suitable for Algorithm 4.3, but with Algorithm 4.2 gives very good
results, see Section 6.

Efficiency of this family of methods can be increased by introducing a scaling param-
eter for initiation of matrix H,. It can be readily verified that the standard Broyden
class update of matrix H with parameter 7 can be expressed in the interesting form

Hy = (10)ss” + VAVT, H=H + [(n—1)/a]Hyy" H,

i.e. as the BFGS update of matrix H. Since recommended scaling parameter for the
BFGS update of H is (see [4]) b/yT Hy = (1/n)[b/yT Hy], we scale HY by 1/n;, in Step 3
of the next algorithm for 7, < 1, while for n; > 1, value (9 + 1/m)/2 appears to be
more suitable than 1/n.

To distinguish between approximate and true quantities, we will denote Hy an

approximation of Hy (matrix H alone is never used and need not be defined), a an
approximation of a and similarly as in (2.2) and Theorem 2.1
sy Vi
b

a b n—vi

~ a ~ ~ ~ ~ & A
w:Hg”’ p=n+(1—n)z, a= —%—, s=s— aHy, V=1— sy . (4.4)

Y ~

a w

Now we state the corresponding procedure in details. Note that matrix H is replaced
here by H to indicate that it is not used to calculation of the direction vector.

Algorithm 4.4 (Simple transformation, approximate direction vector)

Data: The number m of VM updates per iteration, line search parameters ¢; and e,
0<er<s3,e1<e<L.

Step 0: Initiation. Choose the starting point zo € RY, define starting matrix Hy =
HY= I and direction vector dy = —go and initiate iteration counter k to zero.

Step 1: Line search. Compute .1 = xp + tgdg, where t; satisfies (1.1), gry1 =
VI (@rs1)s Yo = Get1 — Grs b and sf geq-

Step 2: Approximation. Compute p; = ﬁkaTng by the modified Strang recurrences,

using matrices {Hf}?ig(k’m), and set 8, = max(txplyk,br). Define Hiyp =
—(pk + s/te)br/stgr and ar= —(6x + by )b/ (tiSt gi).

Step 3: Transformation. Choose parameter 1, > 0 of the Broyden class update satis-
fying p > 0. Using (4.4), compute & and $ and define 17'k If g < 1 set

vk = 1/mk, otherwise set v, = (e + 1/m1) /2.
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Step 4: Update deﬁmtzon Set 7 = min(k, m — 1) and define H¥™ = (b /|yx|?) I and
HkJrl = H~ +1 by

HiH = (n/by) 55(s)"+ Vi HET V)T, j=k—m+i, 0<i<m. (4.5)
Step 5: Direction vector. Compute dgiy by the first relation in (2.13) and then set
k:=k+1. Go to Step 1.

Finally we give the procedure based on Section 3. As we mentioned there, we
choose the sign of ¢ in accordance with the sign of —ts?g ~ sTy_, see Lemma 3.1 and
Lemma 3.2. Since s'y_ = sTy for f quadratic, see the proof of Lemma 3.1, we prefer
the sign of sy in case that |ts”g| is too small in comparison with |s”y| (constant 20
in Step 2 was found empirically). Using Lemma 3.3, we bound |o| to have b not too
small, compared with b.

Algorithm 4.5 (Preceding vectors used)

Data: The number m of VM updates per iteration, upper bound @ € (0,1) for |og|,
safeguard parameter A € (0, 1) and line search parameters €; and 5, 0 < &1 < %,
g1 < egqg < 1.

Step 0: Initiation. Choose the starting point zy € RY, define direction vector dy = —gq
and initiate iteration counter k to zero.

Step 1: Line search. Compute Ty = oy + tgdg, where t; satisfies (1.1), gry1 =
Vf(@rt1), Yr = Gry1 — gr and by.

Step 2: Update preparation. If |sTy| > 20t|sTg| set v, = sgn(sTy), otherwise set v}, =
—sgn(sTg). Choose parameter ¢, € [0,5] and set o = v . If o sTy >
M/bb_ set o= Avg/bb_/|sTy|. Using Theorem 3.1, compute by, 5, and g; and
define Vj,.

Step 3: Update definition. Set m = min(k,m — 1) and define Hy™ = (by/|yx|?) I and
Hpp = Hﬁ#l by

HE = (0;/b)5; 57 + V;HIT'WE j=k—m+i, 0<i<m. (4.6)

Step 4: Direction vector. Set k := k + 1 and compute dr = —Hyg, by the modified
Strang recurrences, using matrices {H*}™2®™ "and go to Step 1.

5 Global convergence

In this section we establish global convergence of our methods, excepting Algorithm 4.1,
which is the least efficient, see Section 6. Note that no our new LM method belongs
to the Broyden class, see Section 2 and Section 3, therefore the usual approach must
be modified. The following general lemma plays basic role.

Lemma 5.1. Let matriz A be symmetric positive definite, 9 >0, 7 # 0, u € RN and
v € RYN. Then update A, given by

AL =79 uu’ + (] - TUUT> A (I - TUUT) (5.1)
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18 positive definite and satisfies

TH(4s) < Tl +Te(A) (1 + 7l (ullel) (52)
Tr(ADY) < Tr(A™Y) + [v]?/9. (5.3)

Proof. (i) Positive definiteness of A, follows directly from (5.1): Let ¢ € RY, ¢ # 0.
If ¢"u # 0 then ¢" A, q > 729(q"u)? > 0, otherwise ¢TA,q = q"Aq > 0.
(ii) Relation (5.1) can be rewritten in the form

Ap = A4 (0+0"Av) we” — 7 (Avu” + uw” A) (5.4)
= A+ (1/9) [(du — Av)(pu — Av)" — Av" A], (5.5)
where ¢ = 7( + vTAv). From (5.4) we get (5.2) by
Tr(Ay) < Te(A) + 720 + Te(A)[vf*)|uf* + 2|7 Te(A)(|ul [v]).

(iii) The form (5.5) of update enables us to use identity

— 0

T v ea—pp) 0 e 09

(I+ (a—@)(a—z—;)T—mT) _7 ol (u—0v)(u—0v)" 1-a"v

for |o| # 1, |a|? + 6%(1—|0|%) # 0. Setting @ = /7¢ A2y and © = /7/¢ AY?v, we
have 1 — 0> = 1 — (7/¢)vTAv = (1/¢)(¢/7 — vTAv) = (7/¢)Y > 0, therefore we can
see from (5.6) that Tr(A;!') — Tr(A™!) consists of one positive and one negative term,
which leads to Tr(A;!) — Tr(A™Y) < |A~Y202/(1—|9]%) = (1/9)|v|*/[(T/$)V] = |v]/¥.

O

First we will investigate update (4.2) with the minus sign in a and V', see Theo-
rem 2.1, in the simplified form - we omit index j and write H and H. instead of HF
and Hfjf :

Hy = (n/b)3s"+ [1 = (vo/b)sy" | H[T = (Va/b)ys"], $=s—aHy.  (57)

We will use the following assumptions, where 7>1 and A >1 are given constants
and nsg; = b/(b — a) is the value of the Broyden class parameter for the SR1 method,
see [4].

Assumption 5.1. The objective function f : RN — R is bounded from below and
uniformly convexr with bounded second-order derivatives (i.e. 0 < G < AG(x)) <
AMG(z)) € G < 00, z € RY, where A(G(x)) and XN(G(x)) are the lowest and the

greatest eigenvalues of the Hessian matriz G(z)).

Assumption 5.2. Parameter n of the Broyden class update is always chosen in such
a way that 1 € Mmin, Mmaz) and
15| < |s| A, (5.8)

where Npin = max(1/7,1/[1 + (7 — 1)a/b]) € (0,1), Dmax = 7 for b < a, Nmae =
min (7, Nsg1) otherwise.
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Note that we can always choose 1 such that (5.8) is satisfied, e.g. by the choice
n = 1, when we have § = s. Our numerical experiments indicate that condition (5.8)
has only negligible influence in practice - we have tested a great number of updates,
using a collection of relatively difficult problems with N = 1000, and found that value
|5]/|s| was very rarely greater than 10.

Lemma 5.2. Let objective function f satisfy Assumption 5.1. Then G < b/|s|* <
yPP/b<G.

Proof. Setting G; = fol G(x+Es)dE, q = G}/Qs, we obtain y = g, — g = Grs and thus

T 1 T L
S

by Assumption 5.1. Similarly, b/|s|? = s7Gs/s"s = [} sTG(x + &£s)s/sTsdé € [G, G
and the rest follows from the Schwarz inequality. a

Lemma 5.3. Let parameter n satisfy Assumption 5.2. Then p/n € [0,7].

Proof. Let b > a. From 1 € [Nmin, Mmaz] C [1/(1 + (7 —1)a/b),b/(b — a)] we obtain

b b b— b b
By b ba_q b 124 (e - 1) =10.9)

by (2.2). If b<a then obviously x/n >0 and in the same way as above we get u/n < 7.0

Theorem 5.1. Let objective function f satisfy Assumption 5.1 and parameter n satisfy
Assumption 5.2. Then Algorithm 4.2 generates a sequence {gx} that either satisfies
klim lgr|= 0 or terminates with gr=0 for some k.

Proof. (i) By Assumption 5.2, Lemma 5.2 and Lemma 5.3 we get |5°/b < A?/G,
= (u/m)n < 7%, |y|*/b < G. Applying Lemma 5.1 to (5.7) with A= H,u=35,v =y,
7= /i/b and ¥ = nb/p, we obtain

n(it) < T8 i (1 VR < Tats (i (L 376

Te(H ) < Te(HY) + (lyP/0)(u/n) < Te(H™) +1G. (5.10)
(ii) Let g # 0 and BF' = (HFY)"1 k> 0,0 < i < m + 1, where m =
min(k,m — 1). Since B’“Jrl = (ly|3/bx)] and ly|2/br < G by Lemma 5.2, we get by
(5.10)
Tr(Byi1) = Tr(BEH) < (N+mi) G2 ¢y, k> 0. (5.11)
Similarly, denoting Cy = (1+ 7A,/G/G), € = 7AYG and Cy = N/G, we have
Tr(H{™) = Tr((bk/]y@)l) < C, by Lemma 5.2, therefore by (5.9) we obtain

Tr(Hi 1) = Te(HERY) < GO + Cs(14+ Co+ ...+ CIY) 2 Oy,
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k > 0. From this and (5.11) we get

(siBrsk)?  s|Bisk sj. Bisi - 1

| skl Bs[? skl [Bsi[* — CoCy
k > 0, which implies ]}1_{{)10 lgr| = 0, see [2]. O

(5.12)

As regards Algorithm 4.3, we investigate update (4.3) also in the simplified form,
which respects the fact that matrix H contained in § differs from current VM matrix
H (and similarly for B in § and H')

. O 1 . 1

i, = §§§T+ (I—8§QT>H(I—BQ§T), §—s—aHy, §—y—pBs,  (5.13)
where «, (3, b and 0 are defined in Theorem 2.2. To establish global convergence, we
use an additional assumption.
Assumption 5.3. Parameter n of the Broyden class update always satisfies

9] < |ylA. (5.14)

Note that condition (5.14) is satisfied e.g. for n = 1, when § = y. Using a collection
of relatively difficult problems with N = 1000, our numerical experiments indicate that
influence of condition (5.14) in practice will be even smaller than for condition (5.8).

Theorem 5.2. Let objective function f satisfy Assumption 5.1 and parameter n satisfy
Assumption 5.8 and Assumption 5.2. Then Algorithm 4.3 generates a sequence {gx}
that either satisfies klim lgi| = 0 or terminates with gx=0 for some k.

Proof. (i) First we find the bound for /no. From (2.7) we get by the Schwarz
inequality

ViD= 1 — B =0+ /¢ <+ a’ba/(8%)? = n + (b/a) [aa/(b — aa)®. (5.15)

Using relations (2.6) and (2.9), we obtain aa/(b — aa) = (n —1)/(14+,/p). Since we
always have |n — 1| <7 (for n < 1 by 7 > 1), we can use Lemma 5.2 to get from (5.15)

Vio <+ (b/a) (n=1)* < i+ (lyP/a) 0/ lyI*)7* <7+ 7°Te(B)/G. (5.16)

(ii) By Lemma 5.2, Assumption 5.2, Lemma 5.3 and Assumption 5.3 we get |3]?/b <
A?/G = (u/n)n < 7% and |[g*/b < AZG Applying Lemma 5.1 to (5.13) with A = H,

u =35, v—y,T—1/b—\/_/band19—gb—(\/_g)b/u>fr;b/,uby (5.15), we obtain by
(5. 16) and Lemma 5.3

Te(HL) < pelslb+ Te(H) (1 + Vils]gl) /b)

< (n+7PT(B)/C)AYG + Te(H)(1+7A%/G/a),,  (517)
Te(H:'Y) < Te(H™)+ ‘yf<Tr(H )+f7“y2 Tr(H™Y) +3A%G. (5.18)
0
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min(k,m — 1). In view of (5.18), B§™ = (|y|?/bx)I and |y|? /by < G by Lemma 5.2 we
have

(iii) Let gx # 0 and BF' = (HF™H)=' &k > 0,0 < i < m + 1, where m =

Tr(Biy1) = Tr(BEEL) < (N + mﬁAQ) G20, k>0 (5.19)

Similarly, denoting Cy = (1 +17A%/G/G ) (n + 72 C’l/G)AQ/G and Cy =
N/G, we have Tr(HE™) = Tr((bk/|y\k) ) < Cy by Lemma 5.2. Using (5.17) together
with (5.19), we get klim lgr] = 0 as in the proof of Theorem 5.1. O

In case of Algorithm 4.4, we will first investigate update (4.5) in the form

Hy = (/o) 337+ [1= (Vi) sy [T - (Vam) 57", 5.20)

which is update (5.7) with p, § replaced by ﬁ, 5, see (4.4). Besides, the direction
vector d, is computed by the first relation in (2.13) with p=HV7g,, which we can be
interpreted as

dy = —H_g,, Hy=(1/b)ss’ +[(b+n0)/(b+ )] VHVT, (5.21)

i.e. d, can be obtained from the scaled BFGS update of H, see [4] (note that Theo-
rem 2.3 implies that the direction vector for every update of H from the Broyden class
can be obtained from the suitable scaled BFGS update of H, if condition d = —Hg is
satisfied).

Theorem 5.3. Let objective function f satisfy Assumption 5.1 and parameter n satisfy
Assumption 5.2 with a and s instead of a and §. Then Algorithm /.4 generates a
sequence {gx} that either satisfies klim|gk|:() or terminates with g=0 for some k.

Proof. (i) Obviously a>0. Since v = 1/n for n <1,y = (n+ 1/5)/2 for n > 1 and
1/n < n <7 by Assumption 5.2, we always have 1/ <~y < 7.

(ii) By Lemma 5.2, Assumption 5.2 and Lemma 5.3 with @, /* and 5 instead of a,
pand § we get |52/b < A?/G, b= (it/n)n < i, |y|*/b < G. Applying Lemma 5.1 to
(5.20) with A= H, u=5v=y, 7= \/ﬁ/b and ¥ = nb/ﬁ, we obtain

ns

+Tr( (1+\f (I3 |y]) /b)< T A2 Te(H (1+nA\/G/) (5.22)

Tr(fY) < Te(H ) + (Jyl/b) (iifn) < Tr(H ) +7G. (5.23)
(iii) Let g # 0, BF™ = (HF™)~V and By = Hiy, k> 0,0 <i <+ 1, where
m = min(k, m—1). Since 1.By™ = (|y[3/bx)] and |y|?/(ybr) < 7G by Lemma 5.2 and
(i), we get by (5.23)
Tr(Biyr) = Te(BEH) < (N+m)7iG £ Cy, k>0, (5.24)
—\2
Similarly, denoting Cy = (1+ ﬁA\/G/Q), Cs = 7A?/G and Cy = N7j/G, we have
Tr(HYY) = Tr(yk(bk/|y|i)l> < (4 by Lemma 5.2 and (i), therefore by (5.22) we
obtain

Tr(Hpy1) = Te(HER) < CuCP 4+ C5(1+Co+ ...+ C Y20y, k>0, (5.25)

Tr(Hy) <

14



(iv) Denote 4 = (b+nd)/(b+9). By Assumption5.2 and 77 > 1 we have n € [1/7, 7]
and in view of § > b > 0 we obtain ¥ < 5 and 1/ < 7. Applying Lemma 5.1 to
(5.21) with A=4H, u=s,v =1y, 7 =1/band ¥ = b, we obtain by (5.24), (5.25) and
Lemma 5.2 ) o

Te(By) < Te(B)/7 + [y /b < 7iCi + G = 1,
2 . 2 1 ~ = 2
Tr(H,) < |‘Z + A Te(H)(1+ |s]lyl/b) <5+ iCo(14\/G/G ) = Cy,
ie. Tr(By) < Cy, Tr(Hk) < Cy, k > 0, and we get klim lg| = 0 as in the proof of
Theorem 5.1. O

Finally we will investigate update (4.6), again in the simplified form (5, ¢ and b are
defined in Theorem 3.1)

H, = (3/b)55  +VHVT, V=I-(1/b)55", o= (1-0%)b/b. (5.26)

Theorem 5.4. Let objective function f satisfy Assumption5.1. Then Algorithm 4.5
generates a sequence {gx} that either satisfies klim\gk]:() or terminates with g,=0 for

some k.

Proof. (i) In Section 3 it was shown that safeguarding technique in Step 2 of Algo-
rithm 4.5 according to Lemma 3.3 guarantees b > b(1 — \), which yields g < 1/(1 = \),
and also |o| < &, thus we always have |o| < 7. Using Lemma 5.2, we obtain

5 = [y =o/ooy| o2l /o Py P o) < 260+,
SP/b = s —oybjos | /b < 2(|sP /bt o%s-b-) < 2047%)/G.

(ii) Applying Lemma 5.1 to (5.26) with A = H u=35wv=7 7=1/band
Y = gb = b(1 — %), we obtain by (i)

Te(H,) < @|§|2/13+T1"(1L1)(1+(|§||§|)/5)2

?H + Tr(H) <1 + 2117:‘; VG /G )2, (5.27)

IN

Te(HY) < Te(H™Y) +|g/¥[b(1 —0?)] < Te(H™) +2G(1 +7%) /(1 —77%) (5.28)

(iii) Let gx # 0 and BF' = (HF™)=' &k > 0,0 < i < m + 1, where m =
min(k,m — 1). In view of (5.28), B¥™' = (|y|?/bx)I and |y|? /b < G by Lemma 5.2,
this yields

Tr(Br1) = Te(BEY) < (N +2m(14+7%)/(1-3%)) G2 Cy, k>0, (5.29)

Similarly, denoting

=2 2 =2
Coz<1+211t0>\ \/G/G) : C3ZM Ci = N/G,

G(1 =N
we have Tr(Hy ™) = Tr((bﬁ]y\i)[) < C4 by Lemma 5.2. Using (5.27) together with
(5.29), we get klim lgr| = 0 as in the proof of Theorem 5.1. O
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6 Computational experiments

In this section we demonstrate the influence of parameters 7 and ¢ on the number
of evaluations and computational time, using the collection of sparse and partially
separable test problems from [5] (Test 14, 22 problems each) with N = 1000, m = 10,
A = 1/2 and the final precision ||g(z*)]|c < 107°.

Results for all algorithms are given in Table 1, where 'NFE’ is the total numbers of
function and also gradient evaluations over all problems, "Time’ the total computational
time in seconds and ¢ is the arithmetic mean of all values for each column.

Alg. 4.1 Alg. 4.2 Alg.4.3 Alg.4.4 Alg. 4.5
N [ NFE Time | NFE Time| NFE Time| NFE Time | NFE Time |07
0.4 | 24922 15.39 | 25571 12.20 | 26648 12.34 | 22400 8.72 | 22522 8.36 | 0
0.5 | 24331 14.76 | 24997 11.73 | 24951 11.56 | 22442 8.64 || 22185 825 | 1
0.6 | 22024 13.37 | 23538 11.08 | 23224 10.84 | 22654 8.78 | 21121  7.80 | 2
0.7 22688 13.73 | 23010 10.75 | 23378 10.75 | 21372  8.37 | 20751 7.72| 3
0.8 22720 13.69 | 22850 10.61 | 23057 10.56 | 22454  8.69 | 20940 7.82 | 4
0.9 | 22590 13.55 | 22597 10.30 | 23705 10.93 | 20806  8.07 || 20929 7.77| 5
1.0 | 22857 13.46 | 23034 10.49 | 22535 10.17 | 22219 8.64 || 20144 7.55 | 6
1.1]21608 12.84 | 20893  9.54 | 22530 10.14 | 21526 8.36 || 20579 7.62 | 7
1.2 122301 13.22 | 21611 9.72 | 21043  9.36 | 22131  8.60 || 22064 8.08 | 8
1.3 ] 21462 12,55 | 21183 9.64 | 22528 10.07 | 20781 8.02 || 19854 7.42 | 9
1.4 22798 13.20 | 22222 9.99 | 20741  9.08 | 21423  8.00 | 19865 7.36 | 10
1.5 23139 13.43 | 20299  9.14 | 21620  9.39 | 22393  8.14 | 20068 7.49 | 11
1.6 | 22448 12.80 | 21074  9.40 | 21301  9.36 | 21778  7.94 || 21359 7.81 | 12
1.7 121927 12,55 | 22399 10.00 | 22757 10.03 | 22608  8.24 | 21250 7.82 | 13
1.8 122022 1242 | 22427  9.85| 21130 9.38 | 22073  8.03 | 20779 7.71 | 14
1.9 | 23155 13.07 | 22590 10.11 | 22150  9.66 | 21986 7.9 || 19754 7.28 | 15
2.0 | 21936 12.38 | 22766 10.07 | 22129  9.72 | 22278  8.08 | 20207 7.39 | 16
& | 22643 13.32 | 22533 10.27 | 22672 10.20 | 21960 8.31 | 20845 7.72 | &
[-BFGS:  NFE= 22092  Time— 8.91

Table 1. Influence of parameters 7, o for Test 14.

For a better comparison of two the most efficient algorithms with the L-BFGS
method, we performed additional tests with problems from the widely used CUTE
collection [1] with various dimensions N, m = 10, A = 1/2 and the final precision
lg(z*)]|oe < 1076, The percentage increase of NFV for various values of parameters
n or o against NFV for the L-BFGS (negative values indicate that our results are
better than for the L-BFGS) is given in Table 2 for Algorithm 4.4 and in Table 3 for
Algorithm 4.5, where NFV is the number of function and also gradient evaluations. In
the last line, the total values over all problems and their percentage increase are given.
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NFV Percentage increase of NFV for n =
Problem N |ltBFcs| 0.5 0.6 0.7 0.8 ‘ 1.2 13 14 15 16 1.7
BDQRTIC 5000 248 | 17 6 5 -15| 4 -34 -52 -18 -31 -39
BROYDN7D 2000 3029 -1 -2 -1 -1 1 2 3 6 8 9
CHAINWOO 1000 515 | -15 -12 -13 -12| -17 -14 -17 -20 -14 -10
CURLY10 1000 || 5628 2 7 -1 6 3 -2 14 14 9 14
CURLY20 1000 682 -4 -7 4 6| -8 4 6 -3 -T -1
CURLY30 1000 7222 4 5 4 -2 3 -2 -3 -5 -5 -2
DIXMAANE 3000 249 | -23 -12 -8 11 6 -4 -3 -6 -6 -7
DIXMAANF 3000 189 | 79 4 -3 15 3 14 12 3 39 63
DIXMAANG 3000 188 | 100 2 9 2| -1 1 0 -3 80 98
DIXMAANH 3000 185 | -10 -7 7 -1 g 4 -1 -8 -8 41
DIXMAANI 3000 881 | -37 -38 -44 -62| -19 -29 -36 -42 -43 -34
DIXMAANJ 3000 317 | -11  -56 0o -7 -7 9 18 16 1 -57
DIXMAANK 3000 270 16 20 0 10 5 0 -8 3 24 0
DIXMAANL 3000 263 -5 10 13 15| -12 -9 -5 -15 -5 A4
FLETCBV2 1000 944 31 -4 -2 -2 7 0o -2 28 34 -2
FMINSRF2 5625 305 3 -2 -3 1 3 -2 4 5 4 3
FMINSURF 5625 460 -3 11 -4 -3 0 -19 7 3 3 6
GENHUMPS 1000 || 2223 | 13 25 19 -7| 17 6 2 28 15 7
GENROSE 1000 || 2393 1 0 0 -1 3 6 8 10 13 15
MOREBV 5000 116 6 6 9 11 2 1 8 1 6 -4
MSQRTALS 529 || 3622| -7 -8 -8 -8|-17 -6 -7 -11 -22 -10
NCB20 1010 497 2 4 -12 15| 16 -6 6 2 -3 11
NCB20B 1000 1792} -9 -5 -11 -22( -8 -9 -4 -11 -12 -9
NONCVXU2 1000 | 3902| -10 -6 1 41 -14 -15 5 -6 4 -19
NONDQUAR 5000 4244 | 17 18 7120 -7 -1 1 -9 2 2
POWER 500 1o, -9 -11 -10 -9} 9 -3 -2 5 9 6
QUARTC 5000 236 7 0 0 0 0 0 0 0 2 4
SINQUAD 5000 339 | 16 5 3 31 -8 0 11 6 14 6
SPARSINE 1000 || 10680 | -19 -21 -13 -12| -11 -24 -18 -17 -11 -17
SPMSRTLS 4999 2241 -5 -3 -2 5 0 2 3 2 0 -3
VAREIGVL 500 168 -10 -11 -9 A4 1 -4 -11 -10 -18 -13
All problems 58291 (-3.6 -44 -40 -38|-53 -7.3 -34 -3.6 -23 -3.1

Table 2: CUTE - Percentage increase of NFV against L-BFGS for Algorithm 4.4.
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NFV Percentage increase of NFV for o =
Problem N |uBrGs| .05 .10 .15 .20 .25 .30 .35 .40 .45 .50
BDQRTIC 5000 248 | -29 -10 -19 -43 -33 -16 -8 -18 5 -26
BROYDN7D 2000 3029 -1 -2 -3 -3 -3 -3 -2 0 2 6
CHAINWOO 1000 51| -8 -13 -19 -14 -18 -13 -20 -17 -15 -14
CURLY10 1000 || 5628 4 8 8 5 -5 2 -1 3 -7 -3
CURLY20 1000 682 6 -7 -6 -9 -9 -7 -10 -9 -7 -10
CURLY30 1000 7222 -3 -5 -5 -7 -10 -10 -5 -9 -13 -7
DIXMAANE 3000 249 4 -3 4 6 -4 -4 -10 2 -11 -10
DIXMAANF 3000 189 1 2 14 14 16 14 11 -2 -4 13
DIXMAANG 3000 188 11 17 9 5 10 6 13 6 6 -7
DIXMAANH 3000 185 7 12 15 10 10 7 -6 5 -4 5
DIXMAANI 3000 81| -9 -12 -17 -14 -27 -33 -40 -64 -77 -35
DIXMAANJ 3000 317y -3 -3 4 5 0o -9 -6 -16 17 20
DIXMAANK 3000 270 9 -5 -11 -7 7 4 16 7T 37 28
DIXMAANL 3000 263 o -8 -10 -3 -10 -13 -9 8 8 14
FLETCBV2 1000 944 | 28 1 -6 26 35 35 23 54 37 -4
FMINSRE2 5625 305 5) 1 2 2 2 1 2 8 6 3
FMINSURF 5625 460 0 -2 4 13 -6 -18 -4 3 -3 -13
GENHUMPS 1000 2223 8 26 14 17 41 19 27 47 52 48
GENROSE 1000 || 2393| -2 -2 0 0 2 3 5 8 10 13
MOREBV 5000 116 3 3 -0 -7 -1 -3 -5 -2 0 5
MSQRTALS 529 3622 | -22 -9 -22 3 -7 -10 -4 -12 -27 -12
NCB20 1010 497 3 33 28 7 48 10 -5 25 4 3
NCB20B 1000 1792 -5 -23 -5 5 8 -9 -9 -12 -9 -6
NONCVXU2 1000 | 3902 | -11 -17 -4 4 -2 -13 -9 0 -16 -39
NONDQUAR 5000 4244 | -17 3 1 3 -1 -11 3 13 -16 -10
POWER 500 110, -5 -v -7 -5 -12 -13 -14 -13 -11 -13
QUARTC 5000 236 0 0 0 0 0 0 0 0 0 0
SINQUAD 5000 339 5 3 3 -3 10 0 1 11 -3 7
SPARSINE 1000 || 10680{ -10 -8 -8 -4 -12 -9 -11 -15 -26 -19
SPMSRTLS 4999 224 1 0 -1 0 -5 -2 1 -2 -2 -3
VAREIGVL 500 68 3 4 -3 -10 -10 -15 -5 -8 -9 -11
All problems 58291 |-5.6 -3.5 -3.8 -1.2 -40 -57 -42 -2.6 -10.2 -8.1

Table 2: CUTE - Percentage increase of NFV against L-BFGS for Algorithm 4.5.

Our limited numerical experiments indicate that

e the efficiency of Algorithm 4.2 and Algorithm 4.3 is practically the same, Algo-
rithm 4.1 is the least efficient,

e it is possible to generalize limited-memory BFGS method with the same number
both of matrix by vector multiplications and stored vectors,

e the suitable choice of parameter 7 (or o) can improve efficiency of limited-memory
methods, substantially for some problems.
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