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functions in different standard models. This would have consequences for the relationship between deter-
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1 Introduction

An e-hitting set for a class of Boolean functions of n variables is a set H C {0, 1}™ such that for every
function f in the class, the following is satisfied: If a random input is accepted by f with probability at
least e, then there is also an input in H that is accepted by f. An efficiently constructible sequence of
hitting sets for increasing n is a straightforward generalization of the hitting set generator introduced
in [2].

For the class of Boolean functions of polynomial complexity in any reasonable model, it is easy to
prove the existence of e-hitting set of polynomial size, if € > 1/n° for a constant ¢ and n is the number
of variables. The proof is nonconstructive, since it uses a counting argument. An important problem
in complexity theory is to find polynomial time constructible hitting sets for functions of polyno-
mial complexity in different standard models like circuits, formulas, branching programs etc. Such
constructions would have consequences for the relationship between deterministic and probabilistic
computations in the respective models.

Looking for polynomial time constructions of hitting sets for unrestricted models belongs to the
hardest problems in computer science. Hence, restricted models are investigated. In our previous
work [3], we have made the first step for finding a polynomial time constructible hitting set for read-
once branching programs of width 3. Although this computational model seems to be relatively weak
we were able to prove the result by using the construction from [1] only if an additional, rather technical
restriction is imposed on the branching programs confirming the hardness of the original problem. In
particular, this restriction is met when one from all the patterns of level-to-level transitions in a
normalized form of width-3 1-branching programs is excluded (see [3] for further details).

In this paper, we characterize the hitting sets for 1-branching programs of width 3 by a so-called
richness condition which is independent of a rather technical formalism of branching programs. We
prove that this richness condition is necessary and (in a certain sense) sufficient, which can help in
looking for polynomial time constructions of hitting sets for read-once branching programs of width
3. For example, a special case of this condition is satisfied by a set constructed by Alon, Goldreich,
Hastad, and Peralta in their paper [1]. By the result in this paper we know that the validity of the full
richness condition for this set or its extension would provide a polynomial time constructible hitting
set for read-once branching programs of width 3, which is still left for further research.

The paper is organized as follows. After a brief review of basic definitions regarding branching
programs in Section 2 (see [4] for more information), the richness condition is formulated and proved
to be necessary in Section 3. The main result that the richness condition is sufficient for a set to be a
hitting set for width-3 1-branching programs is presented in Section 4. The subsequent four sections
are devoted to the technical proof. We will conclude by discussion of future work in Section 9.

2 Normalized Width-d 1-Branching Programs

A branching program P on the set of input Boolean variables X,, = {z1,...,2,} is a directed acyclic
multi-graph G = (V, E) that has one source s € V of zero in-degree and, except for sinks of zero
out-degree, all the inner (non-sink) nodes have out-degree 2. In addition, the inner nodes get labels
from X, and the sinks get labels from {0,1}. For each inner node, one of the outgoing edges gets
the label 0 and the other one gets the label 1. The branching program P computes Boolean function
P:{0,1}"™ — {0, 1} as follows. The computational path of P for an input a = (aq,...,a,) € {0,1}"
starts at source s. At any inner node labeled by z; € X,,, input variable z; is tested and this path
continues with the outgoing edge labeled by a; to the next node, which is repeated until the path
reaches the sink whose label gives the output value P(a). Denote by P~1(a) = {a € {0,1}" | P(a) = a}
the set of inputs for which P outputs a € {0,1}. For inputs of arbitrary lengths, infinite families {P,, }
of branching programs, each P, for one input length n > 1, are used.

A branching program P is called read-once (or shortly 1-branching program) if every input variable
from X, is tested at most once along each computational path. Here we consider leveled branching
programs in which each node belongs to a level, and edges lead from level k£ > 0 only to the next level
k + 1. We assume that the source of P creates level 0 whereas the last level is composed of all sinks.



The number of levels decreased by 1 equals the depth of P which is the length of its longest path, and
the maximum number of nodes on one level is called the width of P.

For a 1-branching program P of width w define a wxw transition matriz Ty, on level k > 1 such that
t(k) € {0, 3,1} is the half of the number of edges leading from node v(k 2 (1 <j<w)onlevel k—1 of

P to node v( ) (1 <i<w)on level k. For example, z]) = 1 implies there is a double edge from Pk

J

to v . Clearly, >°1, tgf) = 1 since this sum equals the half of the out-degree of inner node v](kfl),
and 2 - Z; 1 tgf is the in-degree of node v(k). Denote by a column vector p(¥) = (pgk), . (k)) the

(k)

distribution of inputs among w nodes on level k of P, that is, p,” is the probability that a random

input is tested at node v( ), which equals the ratio of the number of inputs from M (v (k)) c{0,1}"
that are tested at v( ) to all 2" possible inputs. It follows Ui, M(v (k)) ={0,1}" and > ;" P =

1= 1P;
for every level k > O Given the distribution p*~1 on level k — 1, the distribution on the subsequent

level k can be computed using transition matrix T} as
p®) =1, . p*-b. (2.1)

It is because the ratio of inputs coming to node vgk) from previous-level nodes equals p; j=1ti; D

since each of the two edges outgoing from node v§k_1) distributes exactly the half of the inputs tested

(k—1)
at v, .

We say that a 1-branching program P of width w is mormalized if P has the minimum depth
among the programs computing the same function (e.g. P does not contain the identity transition T} )
and satisfies

1>p >p > > p >0 (2:2)

for every k > log, w. Obviously, condition (2.2) can always be satisfied by permuting the nodes at
each level of P:

Lemma 1 ([3]) Any width-w I-branching program can be normalized.

In the sequel, we confine ourselves to the normalized 1-branching programs of width w = 3. Any such

program P satisfies p(k) +p§k) +p:(3k) land 1> p(k) > p(k) > p(k) > 0, which implies

k) _ 1 k) _ 1 (k)
pl > 3 ) p2 < 2 ]

for every level 2 < k < d where d < n is the depth of P.

(2.3)

3 A Necessary Condition

Let P be a class of branching programs and € > 0 be a real constant. A set of input strings H C {0,1}*
is called an e-hitting set for class P if for sufficiently large n, for every branching program P € P with

n input variables

[P (1) o

o >¢ implies (3a€ HN{0,1}")P(a)=1. (3.1)
Furthermore, we say that a set A C {0,1}* is e-rich if for sufficiently large n, for any index set
I C{1,...,n}, and for any partition {Q1,...,Qq, R1,...,R,} of I where ¢ > 0 and r > 0, it holds

that if
! 1
11_[1<1M> H( 2|R|>>5 (3.2)
j= =1
then for any ¢ € {0,1}" there exists a € AN {0,1}" such that
Fie{l,....q}) VieQ))a=¢ (3.3)
and (Vje{l,....,r})(Fie€eRj)a; #c¢. (3.4)

(0) s~y (k1)



Particularly for ¢ = 0 inequality (3.2) reads

ﬁ <1 - 2“1{7) >e€ (3.5)

j=1

and conjunction (3.3) and (3.4) reduces to the second conjunct (3.4), while for » = 0 inequality (3.2)

reads
1 1

j=1
and conjunction (3.3) and (3.4) reduces to the first conjunct (3.3).

Theorem 1 FEvery e-hitting set for the class of read-once branching programs of width 3 is e-rich.

Proof: Let H be an e-hitting set for the class of read-once branching programs of width 3 and on
the contrary assume that H is not e-rich. This means that for infinitely many n there is an index set
I C{1,...,n}, apartition {Q1,...,Qq, R1,..., R.} of I satisfying (3.2), and a string ¢ € {0,1}" such
that every a € H N {0,1}" meets

(Vje{1,...,q})(3iEQ]’)ai7§Ci (37)
or (Fje{l,....,r})(VieRj)a;=¢;. (3.8)

We will use this partition and c for constructing a read-once branching program P of width 3 such
that

[Pt "

Tze and (Vae HN{0,1}")P(a)=0, (3.9)
which contradicts the assumption that H is an e-hitting set according to (3.1).

For the simplicity reason we assume here only the general case when ¢ > 1 and r > 1, while the
proof for ¢ = 0 or r = 0 is similar. The branching program P is composed of q + r consecutive blocks
corresponding to the partition classes @Q1,...,Qq, R1,. .., R, which determine the indices of variables
that are tested within these blocks. The block corresponding to @; for j € {1,...,q} starts on level

kj = Z |Qg| of P (e.g. formally k; = 0) with a transition satisfying t(k T = t(’C T =
by a sequence of transitions that meet tﬁ) =1 and tgg) = tég) =1 forevery k="k;+2,..., kj +1Q;l,
except for the boundary level kg + |Q4| = kg1, which is defined below. In addition, there is a parallel
double-edge path leading from the node vékTH) on level ky + 1 up to the node vék"“_l), and thus
tys =1 for every k=Fko+2,ka+3,...,k;41 — 1. This path is wired up by ¢ — 2 double edges coming

, followed

1) _

from nodes vy (ks) , that is t(k D — 1 for every j = 2,...,q. Finally, a special boundary transition is

defined on level k:q_H as t(k‘”l) t%q“) =1 and t§’§q+1) = tggq“)

nodes v(kq“) vé 1) on the boundary level kqi1. Furthermore, P contlnueﬁ analogously with blocks

. Note that there are only two

corresponding to R; for j = 1,...,r, each starting on level k;1; = kg1 + 4_i | Rel (e g. formally
kqtr41 = d is the depth of P) with the transition satisfying tﬁ”" 1) t(k‘”ﬁl) , followed by

t(k) 1 and t(];) = t(k) = for every k = kqyj +2,...,kqt; + |R;|. Also the parallel double-edge

(k)

i) up to the sink véd) is introduced and wired in P, that is, ¢35 =1

path leading from the node v,
for every k = kg41 +1,...,d and té’;‘”ﬁl) = 1 for every 7 = 2,...,7. The branching program P

then queries the value of each variable x; such that ¢ € Q; for some j € {1,...,q} or i € R; for some
je{l,...,r} only on one level k € {k;,... , kj41—1} or k € {kqyj,...,kg+j+1 — 1}, respectively (i.e.
the nodes on level k are labeled with z;), while the single edge leading to vé’”l) (or to vikq“) for

k = kqt1 — 1) on the subsequent level k£ + 1 gets label ¢;. Finally, the sink vgd)

the sinks v( ) véd) are labeled with the output 0, which completes the construction of P.

Clearly, P is a read-once branching program of width 3. The probability that an input reaches the

k
node vé at)

gets label 1 whereas

on the boundary level k£, can simply be computed as

q
(kqt1) _ 1
py " = H (1 B 2|Q_7‘> (3.10)

Jj=1



while the probability of the complementary event that an input reaches v%k““) equals pgk““) =
1— pgk““). Therefore, the probability that P outputs 1 can be expressed and lower bounded by (3.2):
‘P_l (1) ‘ (d) 4 1 - 1
j= j=

Furthermore, we split H N {0,1}"™ = A; U A, into two parts so that every a € A; satisfies the first
term (3.7) of the underlying disjunction whereas every a € As = H \ A; meets the second term
(3.8). Thus, for any input a € A; and for every j € {1,...,r} the block of P corresponding to Q;

contains a level k € {kj, T 1} where variable x; is tested such that a; # ¢;. This ensures that
the computational path for a € A; reaches vékq“) and further continues through vékq+1+1), e ,véd),
which gives P(a) = 0 for every a € A;. Similarly, for any input a € A, there exists a block of P
corresponding to R; for some j € {1,...,r} such that the computational path for a traverses nodes
vgk‘”"), vékq”+1), vékq”+1), . 7vékq+j+‘Rj|). For j < r this path continues through vgk‘””ﬁl), . wéd)
whereas for j = r it terminates at vgd), which gives P(a) = 0 in both cases. Hence, P satisfies (3.9),
which completes the proof. |

4 A Sufficient Condition

For a given set A C {0,1}* and a natural constant ¢ > 0 define Q.(A) = {a’'|(a € A)|a| =
|a’| & h(a,a’) < ¢} where |a| denotes the length of string a and h(a,a’) is the number bits in which a
and a’ differ (the Hamming distance).

Theorem 2 Denote § = /3. If A is (01 — 6'2)e2-rich for € > 0 then H = Q3(A) is an e-hitting
set for the class of read-once branching programs of width 3.

Proof: After using Lemma 1, assume that a normalized read-once branching program P of width 3
with sufficiently many input variables n meets

|P~(1)] 11
—_— > 0> —. 4.1
g 2 €>0> 1 (4.1)
We will prove that there exists a € H such that P(a) = 1. On the contrary, suppose that P(a) = 0
for every a € H.

Clearly, sink v:(ld) of P is labeled with 1 since pgd) > 1 due to (2.3) and |[P71(0)|/2" < & according

to (4.1). We will assume without loss of generality that sink véd) of P is labeled with 1 and tﬁ) =

tg? = 1. In particular, if véd) gets label 0, then tﬁ) =1 according to (4.1) since pgd_l) > 1, and one
edge outgoing from vgd_l) can be redirected to véd), while all the edges leading to véd) are redirected

d) (d)

to véd) which is labeled with 0. If vé was labeled with 1, then the edges that originally led to v
(d)

are redirected to vgd). The case of tgi) =1 when v, ’ gets label 1 can be resolved similarly. Moreover,

we will show that tg;l) > 0. Thus, suppose tg;l) = 0, which implies té? > 0. For tg? + té? > 0 the

computational path for an input a’ € M(véd_l)) NQ1(A) C H that differs from a € A (P(a) = 0)
in the ith bit such that véd_l)

P(a’) = 1. For tg? =1, on the other hand, we could shorten P by removing the last level d without
changing its function. We will further analyze P by using the following lemma whose assumptions are
trivially satisfied for m = d according to (4.1).

is labeled with x; would end up in the sink labeled with 1, and hence

Lemma 2 Let m be a level of P satisfying th) = tgln) = %, tgg”) >0, and pém) < 1—12 Further assume

there is a € A such that P(a’) =1 for any input a’ € M(vgm)) U M(vém)) that agrees with a on the

bits that are tested on the computational path for a’ starting from level m (in other words, if we put

ac A at node vgm) or vém), then its onward computational path arrives to the sink labeled with 1). In

addition, denote by 2 < p < m the least level of P such that tﬁ) =1 foreveryl=p+1,...,m—1.
Then the following claims are true:



(i) 3<pu<m-—1.

(ii) Define a change-bit path starting from v € {vék)

,vgk)} at level p < k < m to be a computational
path of length at most 3 edges leading from v to v%e) for some k < £ < min(k + 3,m) or to vém)

form < k+43. Then there are no two simultaneous change-bit paths starting from vék) and from

vék), respectively, at any level p < k < m.

(iit) If tggﬂ) > 0 for some u < k <m, then tgle) = tég) =1, tg? = tgé) =1 forevery L =p+1,... k,
and tHTY = 1

12 3

(iv) If tﬂifl) > 0 for some p < k < m, then one of the following four cases appears:

148 =) =1 and 11y =13y =

240 =) =1 and 15 =13 =

k k k k
3.t =48 =1 and ) =) =

NI NI= = N

4o 650 =t = L and t3) = t33) =

In addition, if t(QI;) =1 (case 1 or 2), then tﬁ) = té? =1 and t%) = t(Qg) = 3 for every
=pu+1,....k—1.

Proof:

(i) For pu < 3, we would have an input a’ € M(vgu)) NQ3(A) C H which differs from the input a € A

satisfying the assumption of the lemma in at most three bits that are tested on the computational
path for a’ leading from the source vio) to v%“), which gives P(a’) =1 by M(v%“)) - M(Uim)) U

M(vém)) and the assumption on a. In addition, tﬁ”*” =1 because tglnfl) + téTﬁl) > 0 implies
pém_l) > é and by t:(;;) > 0 we get p:gm) > -, which is a contradiction.

(ii) Suppose there are two simultaneous change-bit paths starting from vék) and from vék), respec-
tively, at some level p < k < m, and let a € A be the input satisfying the assumption of the
lemma. Clearly, a ¢ M(vgk)) - M(vgm)) U M(vém)) since then P(a) = 1 for a € H. Thus
assume a € M (v) for v € {Uék),vék)}. Then there is an input a’ € M (v) N Q3(A) C H which
may differ from a only in the variables that are tested on the change-bit path starting from v so
that the computational path for a’ follows this change-bit path. Hence, a’ € M (vlm)) UM (vém))
implying P(a’) =1 due to P is read-once. This completes the proof of (ii).

Denote by v € {vék),vék)} a node at some level y < k < m with the edge outgoing to vgkﬂ),

and let u be a node on level k¥ — 1 from which an edge leads to v while v € {vék),vék)} \ {v} and

u e {vékil), vékil)} \ {u} denote the other nodes. It follows from (ii) there is no edge from v’ to v nor
(k)

to vy ’, which would establish two simultaneous change-bit paths starting from vék_l) and from vék_l),

respectively. Hence, there must be a double edge from v’ to v'. Since P is normalized, u’ = vékil)

k)
and v/ = vé

ol

cannot happen simultaneously. Moreover, the second edge from u may lead either to
or to v if v/ # Uék). Now, the possible cases can be summarized:

(iii) For tggﬂ) > 0 we know v = vék) and v/ = ng), which implies tﬁ) = té’? =1 and tg’;) = tg’;) = 1.

The proposition follows when this argument is applied recursively for k replaced with & — 1
(k+1)

etc. In addition, we will prove that ¢;," 7/ < 1 for p < k < m. For tg;H) = 1 we would have
té’;H) = tg1§+1) = % For k& > p one could shorten P by identifying level k& with u without

changing its function. For & = p > 3, on the other hand, there are at least two edges leading
to vé“) because otherwise if only one edge leads to v:g“) from u € {vgﬂ_l),véﬂ_l),véﬂ_l)}, then
either a ¢ M (u), which means a € M(vﬁ“)) U M(vgu)) = M(v£”+1)) C M(v§m)) U M(vém))



implying P(a) = 1, or a € M(u) providing a’ € Q;(A) C H which may differ from a in the

variable that is tested at u so that a’ € M(vgu)) U M(vé")) implying P(a’) = 1. Hence, we can

(w) (w)

split v3 " into two nodes and merge v;"’ and vé“ ) while preserving the function of P.

(iv) For t(ie+1) > 0 we know v — U§ ) and o' — Uék)
obtained when the choice of u € {vék_l)7

u leads to v§’“) or to v'. In addition, the remaining part for case 1 and 2 follows from (iii). In

and the four cases listed in the proposition are
Uék_l)} is combined with whether the second edge from

particular, in case 2 there is a path from vgk D to vikﬂ) via vgk) and a similar analysis applies
for v = vékfl) excluding two change-bit paths starting from vék % and v:(,,kfz), respectively. O

0

Let 4 < v < m be the greatest level such that t( + tﬁ? > 0 for every / = u+1,...,v. From

Lemma 2 it follows:

Corollary 1 There exists p < v < v such that
1. t(lzl) = t(e) 1 and t(g) = tég) =1 fort=p+1,...,7y—1 (Lemma 2.iii),
2. t(y) = t(’Y) 1 and tg%) ==z ifu < <v (case 1 of Lemma 2.1v),

3. t(1£1) = t(e) 1 and té? =1 forl=~+1,...,v—1 (case 3 of Lemma 2.iv),

4. t( =0 forl=v+1,...,m (Lemma 2.ii1).
In addition, tgz) < 1 for v > p according to Lemma 2.iii. Similarly t( Y < 1forv> 1 since otherwise
P could be shortened by the argument analogous to the proof of th) = % given in Lemma 2.iii for
k+1=v.

5 Definition of Partition Classes

With regard to Corollary 1, we define partition class R to be a set of indices of the variables that

are tested on the single-edge computational path v(”) (“H), . ,vév_l),v§7),v§7+1), ceey v:(,)”_l) (or
vé“),véuﬂ),..., éu Dify = por vé”), £”+1),...,vé Uiy = v). For the future use of condition

(3.3) and (3.4) we also define relevant bits of string ¢ € {0,1}™. Thus, let ¢; be the corresponding

labels of the edges creating this computational path including the edge outgoing from the last node

Uéy_l) (or vé"_l) if v = v) which leads to véu) or to vév). Moreover, let max(v — 1, u) < w < m be

the greatest level such that the parallel double-edge path leading from v(“ ) to Ué 2 (for v = p) or

from v(”) to v("_l) (for p < 'y < 1/) or from v(“) to vgy_l) (for v = v) further continues up to level w

containing only nodes v, € {112 ,113 } for every £ = p,...,w

Unless explicitly stated otherwise, we will further assume w < m throughout this section, which

implies t( ™ — 0 since otherwise tggn) = tégn)

double-edge path from vé" ) up to vém)

)

1 forces t( ™o by Lemma 2.ii prolonging the

according to Lemma 2.iii. We will show that tgg) > 0. On

= 0, which implies t53” = {7 = 0 due to P is normalized, and

(m— 1)

the contrary, suppose that
hence t( ™ = tggl) = 1. Moreover, we know that tﬁn_l) =1 and tgrln) = tgln) . Thus, v,

vém U can be merged and replaced by v( ™) -b

changing its function. Thus, t(m) > 0 which 1mphes t( ™) — 1 since tggl) > 0 is excluded by Lemma 2.ii.
Then Lemma 2.iv can be employed fork=m-—1 where only case 3 and 4 may occur due to w < m is

assumed. In case 3, tg?il) > 0 and Lemma 2.iv can again be applied recursively for £ = m — 2 etc.

In general, starting with j = 1 and o7 = m that meets t§§“ > 0, we define w < \j < o; —1 to

and

, while v; (m replaces v§m72), Whlch shortens P without

be the least level such that the transitions from case 3 or 4 of Lemma 2.iv, that is, tﬁ) = téé) =1
and tgg) = , appear for all levels £ = A\; +1,...,0; — 1. Note that A; > u because A\; = u ensures
tg’éﬂ) = 1 implying w > p = A; by the definition of w, which contradicts w < A;. Clearly, case 4 from



(D Z 1 gince (3D

Lemma 2.iv occurs at level A; + 1, that is 5, since = % (case 3) for A; > w would

force case 1 or 2 at level A\; < p by the deﬁnltlon of Aj, which would be in contradiction to w < A;
according to Lemma 2.iv, while t(’\ T 1 for A; = w contradicts the definition of w. Also denote by
A; +1 < K; < o; the least level such that tg';-j) > 0, which exists since at least tgg'j) > 0. Now we can

define partition class Q); to be a set of indices of the variables that are tested on the computational

path v()‘ ) ()‘ +1), . 71):(3“'7_1), and let ¢; be the corresponding labels of the edges creating this path
including the edge outgoing from the last node vé’i" o vgﬁj), which correctly extends the definition
of ¢ € {0,1}" due to P is read-once. Finally, define new w +1 < 041 < A; to be the greatest level

such that tg‘;j“) > 0 and continue in our recursive definition of Aji1, k11, @ 41 with j replaced by
j + 1 etc. if such 011 exists, otherwise set ¢ = j and the definition of partition classes Q1,...,Qq is
complete. For w = m, on the other hand, no such partition class is defined, and we set ¢ = 0.

Now we will lower bound pg ™) in terms of p(WH) + pé““)

t(l) = t(l) 1 and tg? = té? = l for every £ = \; +1,...,k; — 1, which gives

. For any 1 < 57 < g, we know that

Kj—1 Kj—1 Aj A
pg j )+pg =1 _ p; 2 gj) (5.1)
Aj Aj by
(s1-1) _ pg 3) pg i) erg i) 52)
3 2lQi-1 = 21Qs] '
because p( i) < < (psy e pi(:‘ ))/2. It follows from the definition of ;41 and equation (5.1) that
pé J+1) +p§, J+l) :pé J) +pz(; ]) :pg J 1) +p:()) J 1) (53)
for 1 <j <gq, and
w w A A Kg—1 Kg—1
pé +1)+pg +1):pg q)+pg q):péq )+p:(3q ) (54)

since tﬁ’”;) = 0 for every £ = w4+ 2,...,m by Corollary 1.4 where v + 1 < w + 2, while for A\; =

we know tg)l‘ ) = t%“H) =1 and t()‘ = té;H) = £. Moreover, we know tég) = 1 for every
{=kKj,...,0;—1and tgj) = 0, which implies
(A5) (A7)
o o K 1 Kki—1 Kki—1 Ki—1 Kki—1 D +p
ng)+p§J) Z pé] )+péj )7p§1 )zpéa )+ng )7 2 2‘Qj|3
_ (o5+1) | (05+1) 1
for 1 < j < ¢ according to (5.2) and (5.3), while formula (5.5) reads
(m) _ o) > (plon) 4 o) 1

for j =1 < g due to t( ™) = = 1, whereas (5.5) is rewritten with

o Tq w w !
A a7 3 (oD 4 5 0) (1 _ 2@q|> (5.7)

for j = ¢ > 1 according to (5.4). Starting with (5.6), inequality (5.5) is applied recursively for
j=2,...,9—1, and, in the end, (5.7) is employed, which gives

q
(m) (1) | (w+1) 1
Py = (p§ 4 ) I1 <1 2|le) (5.8)

holding also for the special case of ¢ = 1. This can be rewritten as

q
A 42 <1- (1) H ( o > (5.9)



6 The Structure of P below Level p

In this section, we will further analyze the structure of branching program P below level p, provided
that

1
P3 < 12° (6.1)
q
4
1:[ ( e > > (6.2)
(m)
where the product in (6.2) formally equals 1 for ¢ = 0. Condition (6.2) together with py™ < 15
implies
w 5
pé 1) +p§w+1) < — (6.3)

48
for w < m according to (5.8). It follows from (6.1) that té’f) = 0 which implies tg{) > 0 by the
definition of u, and pé’hl) < é due to pg“) > ;17&#71)/27 which gives pgﬂfl) —i—pé”A) > %. Hence,

-1 -1 -1
p(#)>pgu ) >p§“ )—i—pé” ) >£
2= 2 = 4 24"

1. For w = pu, the case of A =

(6.4)

(et (wt1 ) (w+1) (M)

We will prove that ¢} > 5
according to (6.4), which contradicts (6.3), while for t(lg'H) =1= tg‘{ﬂ) nodes vgu) and vé“) could be
) could be split into two nodes (there are at least two edges leading to vé“ ) because
otherwise if only one edge leads to v(“) then a’ € Q;(A) C H would exist such that P(a’) = 1),
which means the underlying analysis for p could be transferred down to pu — 1 due to t(” )

For w > u, on the other hand, we know there is a double-edge path starting from vg“ ) or vé " and

= 0 implies p,

merged and vg

traversing v € {v(“H) (”H)} which ends at level w. For v = véﬂﬂ) either t(”H) =1, t(”+1) =1
and té’fl) = 3 which implies t(“H) = 3 in this case since t(“ﬂ) % leads to a Contradlctlon

L > Py = g““) > pt = p 2 > 2 according to (6.1) and (6.4). Thus ) S 0,40 =1

for £ = p + 2,...,w, and t(fQJH) = 0 for w < m according to Lemma 2.iii. Hence, p(2w+1) + g‘”H) >
(“ ) /2> 4% for w <m accordlng to (6.4), which contradicts (6.3), whereas an analogous contradiction
i3 > pgm) > p2 /2 > % is obtained for w = m. It follows that v = U§M+1) which implies té’gﬂ) =1
and t&‘fl) — ¢ — 1 by the normalization of P. In addition, t{) = tJ/) = 1 because t5% = 1 would
imply tEQ >0 and tg ) > 0 by the normalization of P, which together with t§2+1) = 1 would provide
a’ € Q;(A) such that P(a’) = 1 using three ‘change-bit’ paths vg Y, g”), £“+1) and vé“_l), vgu) and
’U:())# D vg ) , respectively, starting at level y — 1 (cf. Lemma 2.ii).

Furthermore, define 2 < m’ < pu to be the greatest level such that t(m) > 0, which exists since
at least tgz) > 0. We will show that té; =1for k=m'+1,...,p On the contrary let m’ < k < p
be the greatest level such that tgg) < 1, that is tz(,é) lford =k+1,...,p0. Obviously tg];) >0
because tgé) =0forevery L=m'+1,..., k: , i+ by the definition of m’, and also t31 = 0 for every

¢=k,...,usince otherwise pé”) > pz(f) > & which contradicts (6.1). Thus, tg3) = 1 and the edge from

oFD 1o )

U3 3

ék D goes either to vgk) or to vék). For the input a € A from the assumption of Lemma 2, either
ac M(vgc)) U M(’Uék)) or an input a’ € M(v:())k*l)) N 4 (A) exists which may differ from a € A only
in the ith bit such that v{" " is labeled with 2;. Since M (v\") U M) = M(w{") U M@M) and
t(”H) 1 there is a’ € Q3(A) such that P(a’) = 1 by the argument similar to Lemma 2.ii. Thus
t(k) =1 fork; m' +1,...,u, and

is the only edge that leads to vék) due to tgi) = té’;) = 0. Hence, the other edge from

P i = ) Y (6.5)
) _ g o L 6.6



according to (6.1). Note that inequality (6.6) ensures m’ > 4 due to pg?’) >1/23.
We will show that t:(LT) = téqn) = 1. Obviously, th) = 0 since otherwise pém) > & which

contradicts (6 6) Moreover, tgin/) 1 together with t:(g/) > 0 would imply pgm/) > pém/_l)/2 >
(pé’" — +p3 )/4 > plm /4 > & violating (6.6). Finally, suppose that t( ) = 1 which implies
tg; ) = 1 due to P is normalized. For tg? ) =0 the only edge to vé ) would be from véml*l). Then

the input a € A from the assumption of Lemma 2 belongs either to M(v§m/_1)) U M(vém/_l)) C
M(vgm) U M(vé”)) or an input a’ e M(v (mlfl)) N Q1(A) exists which may differ from a € A only
in the ith bit such that vy" ~Y is labeled with x;. Since t(”ﬂ) = % there is a’ € Q5(A) such that
P(a’) = 1 by the argument similar to Lemma 2.ii. Hence t:(),3 )'> 0 which implies tg;/) = tg;f,) =1
because of pém/) > pém,) > (pém/ Doy p(m 1))/2, but then again either a € M(v§mlfl)) or an
input a’ € (M(véml*l)) u M(vé ))) N Q1 (A) exists such that a’ € M(v;m/)), which gives a’ €
(M(vgm/)) U M(vém/))) N Q2(A) C H such that P(a’) = 1. The last possibility tﬁn/) = tg’{” =3
follows.

We will upper bound pgwﬂ) for w < m or pgm) + pgm) for w = m in terms of p1 ™) + p2 . For
this purpose, we will first prove
i +pf < apl . (6.7)

For p > m’ we have p( “) —l—p( “ = p(”_l) +p(”_1) < 2p§”_1) < 4pé”) due to t;‘{) = 1. For yp=m/ we
know tgln/) =1 and t32 > 0, which gives 4pJ") = 4pgm/) > Zpgm,_l) =2(1— (pgm =l -l-p(m D)) >

2(1— ngml_l)) >2(1— 4p(m > 1> pi 4 pY according to (6.6).
It follows from the definition of partition class R (see Section 5) that

|
) p) 4 0 (1 ~ 2|R|> (6.8)

for v < m, whereas p( ") i replaced with plm) +p(m) in (6.8) for v = m. We know by the definition of v
that t(VH) t(gﬂ) = 0 for v < m (implying v < m—1 due to t(m) > 0), which means both tgl;rl) =1
and t§§+1) = 1 are excluded since P is normalized. We will first assume w > v. The double-edge
path from the definition of w passes through a double edge from v € {vé v3 } to v(”+ ), while the
two edges from the other node v’ € {U(V) 1\ {} lead to o8 and §”+ ). For w < m, we have
g? =1and tgg) =1for{=v+2,...,w, and t(wH) = 0 by Corollary 1.4, while the same holds for the

special case of w = m, except for level m where té?) = 1. Hence, pgjﬂ) = ;1980/2'}?""’1 upper bounds
the fraction of inputs whose computational paths traverse nodes v/, véyﬂ) , v§”+2), . ,véz), v%Hl) for

some v + 1 < ¢ < min(w,m — 1). It follows that

Py

2|R|+1

which is valid for any v — 1 < w < m since obviously p{*™" = p{*’

p(1w+ ) is replaced with p1 ™) —|—p(m) in (6.9) for v < w = m. Finally, equation (6.8) is plugged into
(6.9), and inequalities (6.7) and (6.5) are employed, which results in

(1)
(wt1) P 4 plo 1 P2 _ ) 0 (4 1
P < + 2 ( 2|R|> T o ~ P TP <1 2|R|+1>

(w+1)

)+ (6.9)

for m > w € {v — 1,v}, while

(m') |, (m") 1
< ( +py" ) (1 - 2R+3) (6.10)
for w < m whereas p§“’“> is replaced with py )—|—p(m) in (6.10) for w = m. Formula (6.10) can further

be plugged into (5.9) as

P ) <1~ (1 (o + <m>>< 2|R|+3>) ﬁ( e ) (6.11)



which is even valid for w = m (i.e. ¢ = 0) according to (6.10) which reads pgm) + pém) < (pgm/) +
p(zm (1 = 1/218143) for w = m.

7 Recursion for m

In the previous sections we have analyzed the block of P from level m’ through m. We will now
employ this block analysis recursively so that m = m,. is replaced by m’ = m,. 1. For this purpose, we
will introduce additional index b = 1,...,r to the underlying objects in order to differentiate among
respective blocks. For example, the partition classes R, Q1,...,Q, defined in Section 5 corresponding
to the bth block are denoted as Ry, Qp1, - - . , Qbq,, Tespectively.

We will formally proceed by induction on r starting with » = 0 and m¢ = d. In the induction step
for r + 1, let the assumptions of Lemma 2 hold for m = m,, and we assume that condition (6.1) is
satisfied for the previous blocks, that is,

(ko) 1
— 1
P3 <15 (7.1)
for every b =1,...,r. In addition, let
or > de, (7.2)
1-1, < (1-9d)e (7.3)

where

k
1
o = [l = (1 B 2Rb+3) ’ (7.4)
b=1

k qb
1
Hk = H Th Ty = H <1 — 2|QZ:J|> (75)
b=1

j=1

for k=1,...,r, and formally oo = IIp = 1 and 7, = 1 for ¢, = 0. It follows from (7.5) and (7.3) that
4
77;,2HT>1—(1—6)525>5 (7.6)

which verifies assumption (6.2) for every b = 1,...,r. Hence, we can employ recursive inequality
(6.11) from Section 6 which is rewritten as

po—1 <1 — (1 —ppay)m =1 —mp + ppaym, (7.7)
for b=1,...,r where notation p;, = pgmb) + pém”) is introduced. Starting with
d d
po=p\" +pi? > ¢ (7.8)

which follows from (4.1), recurrence (7.7) can be solved as

T

k—1 r r
Z(l — k) H Ty + pr H apmy < Z(l — )1 + proyIl,

k=1 b=1 b=1 k=1
= 1-1II, + p,o.II,. (7.9)

™
IN

Throughout this section, we will further consider the case when also
1-1IL41 < (1=6)e (7.10)
(cf. assumption (7.3)) which implies

4
g1 > o> 5 (711)
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by analogy to (7.6), while the case complementary to (7.10), which concludes the induction, will be
resolved below in Section 8. For w,y1 < m,., we know

pr<1-— (p;%+1+1> +p§“’"““)) Trpl (7.12)
according to (5.9), and
péwr+1+1) +pz())wrr»+1+1) > p:())lw+1) (713)
by the definition of w,;; and Lemma 2.iii-iv for k£ = w, 11, which altogether gives
<11, + (1 —pg‘”“)ﬂﬂ_l) 0,11, (7.14)
according to (7.9). Hence,
de < (1 - pé’”“)mﬂ) oIl <1— pg‘”“)ﬂ'rﬂ (7.15)
follows from (7.3), which gives
pé“"'“)mﬂ <1-2¢° (7.16)
by the assumption of € > §, implying
(r+1) 1-¢° 1
il 7.17
L T (7.17)
due to (7.11), which is valid also for w,11 = m, since pé‘““) < p:gmr) < 1—12 in this case. Therefore,

assumptions (6.1) and (6.2) of the analysis in Section 6 are met also for the (r + 1)st block according
to (7.17) and (7.11), respectively, which justifies recurrence inequality (7.7) for b = r + 1 leading to
the solution

e<1—1IL 41+ pry10r+11L 41 (718)

by analogy to (7.9) where r is replaced with » + 1. By combining (7.18) with (7.10), we obtain

Or41 > Pry10r+11l 41 > 0 €. (7.19)

Thus, inductive assumptions (7.1)—(7.3) are valid for r replaced by r + 1 according to (7.17), (7.19),
and (7.10), respectively.

In order to proceed in the next induction step, we still need to verify the assumptions of Lemma 2
for m = m,41 that replaces m’ for which we have shown tﬁm“) = té}””l) = 1, tég““) > 0, and
pémrﬂ) < 15 in Section 6. It suffices to show that a € A exists such that if we put a at node vgm"’“)

vém”l), then its onward computational path arrives to the sink labeled with 1. For this purpose, we

exploit the fact that A is (611 — §12)et2rich after showing corresponding condition (3.5) for partition
{Ry,...,R.y1} of I = ;=] Ry. In particular,

or

r+1
(61— 512)12 < (50)1 < H (1 — 2“1__{17) (7.20)

follows from (7.19) since for any 1 < b <r+1,

1o\" 1
<1 - 2|Rb|+3> <1- 2| Ry (7:21)
for |Ry| > 1 because f(z) = In(1 — 1)/In(1 — L) is a decreasing function for = = 2/%| > 2 and

f(2) < 11. This provides required a € A such that for every b = 1,...,r there exists i € R, that
meets a; # ¢; according to (3.4). Obviously, the computational path for this a ends up in a sink v%d)
or véd) labeled with 1 when we put a at node U%m”l) or vém’"“) by the definition of Ry, ¢;, and the
structure of branching program P. Thus, the inductive assumptions are met for r + 1 and we can

proceed recursively for r replaced with r + 1 etc. until condition (7.10) is broken.

11



8 The End of Induction

In this section, we will consider the case of
1-1IL41>(1=6)e (8.1)

complementary to (7.10), which concludes the induction in Section 7 as follows. We will again employ
the fact that A is (6! — (512)612-rich First condition (3 2) for partition {Q11,- .-, Q1g, @21, - - - Q245

1
s Qi Qritgeyys Riyoo oy Rey of T= Uyt U%, Quy U U, Ry is verified as

r+1 qb r 1
11
1—HH< Siaw] ) le<1—2|Rb|) > (1 —Tpyq1)o!

b=1j5=1

> (1-8)e(e)ll = (31— §12)el2 (8.2)

according to (7.21), (8.1), and (7.2). This provides a € A such that there exists block 1 < b <r 41
and 1 < j < gy satisfying a; = ¢; for every i € QQy;, and simultaneously, for every b = 1,...,r there
exists ¢ € Ry, that meets a; # ¢; according to (3.3) and (3.4). Using the first part (3.3) of the condition
for a, we will prove below that there is a’ € Q9(A) C H such that a’ differs from a in at most two
bits which are tested by P only below level m;_; and a’ € M(vgmb’l)) U M(vémb’l)), while the second
part (3.4) then guarantees that P(a’) = 1.

For the notation simplicity, we will henceforth omit the block index b. Thus within the bth block
we have 1 < j < g such that a; = ¢; for every i € @), and denote A = A; > p for this j. Clearly, w <m
due to ¢ > 0. We will show below that there are two generalized ‘change-bit’ paths (cf. Lemma 2.ii)

starting from vék) and from vgk), respectively, at some level 3 < max(A—2, ) < k < A, which may also

lead to véA) in addition to v?‘*l) and U{A). By the argument similar to Lemma 2.ii extended now with
condition (3.3), this gives a’ € Q2(A) C H such that h(a’,a) <2 and &’ € M(vgmb’l)) U M (vy (me— 1)),
which implies P(a’) = 1 by condition (3.4). This will complete the proof of Theorem 2.

Consider first the case when t( ) = (g) = 0. Obviously, té;) < 1 follows from the definition of A

for A > w and from the deﬁmtlon of w for A = w, which gives té;) = t(g) =1 and t%) > 0 due to
(AN _ (A — 1) (,\)

O=1) N

P is normalized. For t33’ = 5 we obtain two change-bit paths v, and vy

;
(A) = 0 which ensures tég) =land A > p+1since A\ =p+1 Would give w > A. Consider first
G- = to‘ D= 0, which implies tg/;*l) > 0 and t >0 by t (=D — 1 and the

normalization of P, providing two change-bit paths vé)‘ 2) (’\_1) (A) and v()‘ 2) (A_l),vg’\). Two

()‘72), (A=1 and v()‘fz) vg)‘fl) are also guaranteed when t()‘ Y'>0and t%fl) >0

(/\ b 0 and t(A b > 0, we have t(A b

. Hence,

the case when t75

change-bit paths v

appear simultaneously. For ¢, > 0 by the normalization of

P, which together with tg2) =3 produces two change-bit paths v()‘ 2) (’\71) ()‘) and v()‘72), v§>‘71).
For t()‘ D'~ 0 and t()‘ D _ 0, the case of tés D' 0 ensures two Change—blt paths v()‘ 2),1)5)‘71) and
vé/\ 2), 2)‘ 1) ()‘), while for t23 = 0 we obtain t()‘ D= to‘ D=1 and t O-1) = 1, which implies

A=v+1 and w > A by Lemma 2.iii contradicting the deﬁmtlon of )\ >w > 1/ —1.

Now consider the case when t%) > 0 which implies t%) = 0. Furthermore, té;) < 1 follows from the

definition of A for A > w and from the definition of w for A = w. Hence, t( ) > 0 which produces two

change-bit paths Ué)‘ 1), é)‘) and véf‘ 1), 5)‘). Finally, consider the case when t%) >0 (i.e. t%) =0)
for which t%) > 0 generates two change-bit Ué’\_l) v%’\) and vé’\_l), o{V, while for tgg) = 0 we obtain
t()‘) = % and t%) = 1, which implies A = v and w > A by Lemma 2.iii contradicting the definition of
)\ >w>v—1. O

9 Discussion and Future Work

The aim of this study is to support the effort for seeking polynomial time constructions of hitting sets
for branching programs. We have achieved partial progress along this line for 1-branching programs
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of depth 3 in our previous work [3] by using the result due to Alon, Goldreich, Hastad, and Peralta [1]
who provided a polynomial time constructible set A* satisfying the following condition: For any
Q C{1,...,n} of size |Q| < logn and for any c € {0,1}" there is a € A* N {0,1}"™ such that a; = ¢;
for every i € Q. On the other hand, observe that for any partition {Q1,...,Qq} of I C {1,...,n}
that meets condition (3.6) there must be 1 < j < ¢ such that |Q;| < logn since, in the opposite case,
we would have

q n
1 1 log n 1 n 1
1——— 21— 5— 1——- =1- 1-— 9.1
E( 2|QJ') - < 21°g”> ~ n logn logn ZhTE (0-1)

for any ¢ > 0, for sufficiently large n > 2'/¢, which breaks (3.6). It follows that the first conjunct
(3.3) from the richness condition holds for A*. The validity of the second conjunct (3.4) for A* (or its
extension), which would imply that Q3(A*) is a hitting set for width-3 1-branching programs according
to Theorem 2, still remains an open problem for further research.
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