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Abstract

A class of incompressible fluids whose
viscosities depend on the pressure and the
shear rate is considered. The existence of
weak solutions for flows of such fluids under
different settings was studied lately. In this
short note, two recent existence results are
adverted and their direct generalization into
different setting is indicated; in this setting
the corresponding energy estimates are derived
showing the existence of a solution to an
approximate system. A minor correction to one
of the referred papers is also stated.

1. Introduction

The Newtonian homogeneous incompressible fluid is
described by Navier-Stokes equations, where a linear
relation between the stress tensor and the symmetric
part of the velocity gradient is assumed, with a given
constant called viscosity. However, in many important
applications a non-Newtonian model is required. In this
short note, the existence of a weak solution for steady
flows of fluids with the viscosity increasing with the
pressure and decreasing with the shear rate is addressed.

bounded domain, d > 2) solving the equations:

divv=0 inQ, (1)
div(v ® v) — div[v(p, | D(v)|*)D(v)]
=-Vp+b inQ, 2

(V denotes the Eulerian spatial gradient, D(v) =
(Vo + (Vu)T) the symmetric part of the velocity
gradient) completed by:

/demzo 3)

and by the Dirichlet boundary condition

v=¢ on 0f, 4
where ¢ : 990 — R%and b : Q — R are given. We
shall denote the system (1)-(4) by Problem (P). Standard
notation! concerning function spaces is used.

For the viscosity v(p, |D|?) the following assumptions
are considered:

A1l For a given r € (1, 2), there are positive constants
C1 and Cy such that for all symmetric linear
transformations B, D and all p € R

2
2252 12 o 9lv(p,[D¥)D]
1.1. Fluid model Ci(1+[D[%) =" |B]" < 5D -(B®B)
. . . . r—2
The .theoretlcgl analysis of the following .problem is < Cy(1+|D*) = |BJ?,
considered: Find the pressure and the velocity (p,v) =
(pyv1,...,vq) @ Q — R (Q C R? being an open where (B ® B);jx; = BijBg.

'For 1 < r < oo, the symbols (L” (), || - ||-) and (\7\7(1[’);(9)7 [| - ||1,r) denote the standard Lebesgue and Sobolev spaces (with zero trace on
Q). If X(Q) is a Banach space of functions defined on §2 then (X(£2))* denotes its dual space. Also, X(Q) := X(2)% = {u: Q@ — R%u; €
X(Q),i=1,...,d}. Further, (W*LT' Q) - [l=1,m) = (W(l)’r)*, where 7/ = —T=. We use the Einstein summation convention in the text.
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A2 For all symmetric linear transformations D and for
allpe R
olv 5 D 2 D r—2
AL L TP
P
with
1 ¢ 1
o Caiv2 C1+C2 ~ 2Cqiv2

The constant Cy;y, 4 originates in the following problem,
which is instrumental in the proof of the existence: For
g € LY(Q) given, [, gdx = 0, find 2 solving

dive=g inQQ, z=0 ondQ. (5)

For ¢ € (1, 00), the bounded linear Bogovskii operator
B : L4Q) — WQ), assigning z = B(g) the
solution of (5), fulfills

I2l11,4 = [1B(9)l[1,¢ < Caiv,qllgllq- (6)

Moreover, if g = div f, with f € W14(Q)and f-n =0
on 0f2, then

|lz]lq = [I1B(div £)llg < Daiv,qllfllq - @)
Note that the assumptions (Al) and (A2) determine
the fluid model to be shear-thinning and allow it to
be pressure-thickening. Examples and more details can
be found e.g. in [1]. Note also that the following
inequalities result from (A1) and (A2), see [1, 2] for
their proofs. First,

C
v(p.,IDP)D:D > (DI ~1),  ®)
C
v(p, DP)D| < —(1+ D) (9)

holds for all symmetric D and all p € R. Then, defining
2= (10)
r—2
2

1
/(1+\D1+5(D27D1)\2) D! — D?|%ds,
0

there hold
CLr2 < (vp!, [D*P)D! — v(p?, [D??)D?)
:(D1*D2)+L3|plfp2\2, (11)
2C,
|1/(pl7 |D1‘2)D1 _ V(p2, |D2|2)D2‘
< Oy (1"2)? 470 |p" — 2. (12)

1.2. Results

The model described above has been systematically
studied in last decade or more; the reader is kindly asked
to find references given in [1] and [2].

In [1], the existence of a weak solution to Problem
(P) including the non-homogeneous Dirichlet boundary
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condition (4) was proved, either for small data or

assuming the inner flows:
p-n=0 ondf. (13)

The proof is given for d = 2 or 3 and for

3d <2
——<r .
d+2 ~
The lower bound relates to the fact, that with r > d?’—fQ

the solution is a possible test function in the weak
formulation and a standard monotone operator theory is
applicable, supplied by proper estimates on the pressure.
Within the proof, the following e-approximate system is
utilized, replacing equation (1) by

S—Z =0 on 9N

for € > 0. The solution to Problem (P) is obtained by
the limit e — 0.

—eAp+dive =0 inQ, (14)

Recently in [2], the theory was extended to the case

2 s
d+2 Td+2’
considering the homogeneous Dirichlet boundary
condition
=0 ondN.

The starting point is the following 7, c-approximate
system, replacing (1) by (14) and replacing (2) by
nlv|?” v + div (v ® Po) }
— div[v(p, ID@)|*)D(v)] = ~Vp +b
for n > 0, where P is a projection to divergence-free
functions.

(15)

The goal of the presented paper is to follow these two
results and to study the existence of a weak solution to
Problem (P) with

and subject to non-homogeneous Dirichlet boundary
condition. Section 2 derives the energy estimates for
the corresponding 7, c-approximate system, thereby
showing the existence of its weak solution. In Section 3,
the main existence theorem is merely stated, the
remaining parts of the proof—the limit procedures ¢ — 0
and n — O-being left to the reader, referring to [2]. The
theorem assumes non-homogeneous Dirichlet b.c. with
small data, its corollary then treats inner flows with large
data. In the last section, some minor correction to [1] is
mentioned.

2. Energy estimates
The main result of this paper is the following variation

of Lemma 4.1, which is the starting point of the result
established in [2].
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Lemma 1 Let e,n > 0 be arbitrary. Let Q € C%', d > 2 andb € W17 (Q) be given. Let
2d 3d
—— <r<min {2, —— 16
r < min { p 2} (16)
and the assumptions Al and A2 be satisfied. There are certain positive constants Hy, Ho which depend on r, 1, C1,

Cs and b and which are small enough such that they meet the inequality (23). Let there exist X > 1 and ® € W (Q)
such that, with q := T(dﬁﬁ ,

div®d =0 inQ, tr®=9¢ and ||@|], < Hi A2 and IV®||, < ||®]]1, < HaA. (17)

Then there exists a couple (p,v) satisfying
v=u+® wuecW (QNL*(Q) and peW Q) NL3Q), (18)
s/QVp-Vfd:I:+/Q§divvdz =0  forallt € WH2(Q), (19)

n/Q‘u|2r’_2u.1/}da:+/ﬂy(p,|D(v)|2)D(v):D(i/:) dx—/g(v@v):V@/fdx 0
—%/(divu)u-wdx:/pdivz/)dx+<b,1/1> fOi’dll’(/)GWé’r(Q)ﬂLzT’(Q).
Q Q

Moreover, the following estimates hold.:

ellpllf > +n I3 + IDE)]]; < C < +oo, (€20
[v(p, D@))D@)[l, < C < +oo  and  ||pl|__2ar _ < C(1) < +00. (22)

r(d—2)+d

Proof: Note that all integrals make sense:

ve W () NLY(Q) <« &e WL (Q)NLY(Q), whereq > 2 since r < PR

Edivo e LY(Q) < £eW'(Q) — L"(Q) sincer > %,
v(p, D@)*)D@) : D) € L} (Q) <« v, € WH(Q) and since (9).

The pair (p,v) fulfilling (18)-(20) can be found as a limit of Galerkin approximations. The proof uses Brouwer’s fixed
point theorem, the compact embedding argument, the monotonicity conditions (11), (12) and Vitali’s theorem. Here
the first steps are provided in detail and, in time, the remainings are referred to [1].

Take {a¥}2, and {a*}$° | any bases of W12(Q) and W (Q2), respectively. Define the Galerkin approximations as
follows:

N._<xN Nk _ 1 k
b= Zk:lcljcv(a 2] an dz) forN=1,2,...,
oV =043, dVaF =@ +ul
where ¢V = (Y, ..., cN)anddV = (d, ..., dY) solve the algebraic system
M([e",d"]) =0,
with M : RN — R2N being a continuous mapping:
M ([eV,dN]) = 5/ vpl - Vot dz+/ o diveNde, k=1,2,...,N
Q Q
’ 1
My (¥, dY) = n | WV 2 calde - [ (N @v"V): Valdz - 5/(diqu)uN -a'dz
Q Q Q
+/ u(pN,|D(vN)|2)D(vN);D(al)dx—/deival dz — (b,a!), 1=1,2,...,N.
Q Q
PhD Conference *08 57 ICS Prague

Institucionalni repozitaF AV CR http://hdl.handle.net/11104/0163291



Martin Lanzendorfer A Note on Steady Flows. ..

The basic estimate is obtained by testing the equation by (p’¥,u”) as follows. First, realize that (recall divo’Y =
divau'Y)

=tlconv

MU ) - (. a¥) = VNI~ [ 0V @ o) Vit de - 5 [ ive) e
‘l-/QI/(pN, DEM)HDY) : DY) dz — (b,u”).
Since & [, (dive™) [ul?dz = — [, @ u) : Vu® dz, it follows that
Ieony = f/Q(<I>®<I>+<I>®uN+uN ®®): Vul¥dzx,
which implies (using Hélder’s, Korn’s and embeddings inequalities and using 7 > j—fl)

Heonv| < I\VuN||r<2||uN||dr_dr||<I>||q+||<1>\|§w)SCIID(uN)Ilf||<I>||q+C||D(uN)Hr||<I>H§,

where ¢ = T(dﬁﬁ > 27, Throughout this text, the symbols C' denote positive, generally different constants.
Further,
[ v D)D) : D)z = [ v, DEYPDEY) : (DY) - (@) ds

> 5t [Ipw)rde = GHol— 24 [ 1+ D)) D@)]de
< C D)+ D@~ 0~ C 1@, 1+ D) + D -

Using |a + b|" ! < |a|"™1 4+ |b|""! due to r — 1 < 1, it follows

/QV(pN7 DEY)P)DEY) : D) dz > C|D@") + D@)||, (ID@")[[;~" — |ID(@)[;")

—C=CID@)], (1+|D@™)[[;~" +[D@);~)
> DID™)|[; — CID@)|| | D@™)[[;~" - C|D@)[[;~" D). - C[D@)]; - C

Finally, since |(b,u”™)| < C|[b||-1,, ||D(u®)]|, and noticing that there holds ||[Vp™||2 > C'||p™||1 2, we arrive at

M([eN,aV]): ([eN,dN]) = eC |pN[7 2 + 0[N3 + DD @Y)]];
— D@12l - C D@, [|@7 - C D™= Vel
— C|IDE™)| [|[Ve[l;~" — C[IVe|; - € — C[IDY)],.

At this point the assumption (17) is recalled and, denoting p := ||D(u™)||,./\, the following is observed:

M([e™,dN)): ([N, dN]) > e C [|pN]I} 5+ [[u |3 + Dp" A"
— CPPNEHIN 2 — CpNH N4 — Cpm "IN HoN — CpAHY N1 — CHIN™ — Cp — C
> eC V|13 2 + i3 + Do A"
— CH p* N — CH1p)" 73 — CHop" '\ — CHy ' p\" — CHLN" — Cp\ — C'.

Since 1 < A < A" and A?"~3 < \", this can be rewritten as
M([eN,dN)): ([e,dN]) = e C[Ip" |3 5 + [ 13

D D
+ A" [(2pr - Cp— C) + (Qpr — CHp? — CHyp— CHyp" ' — CHy 'p— CH;)} .
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Define £ > 0 such that %ET — CE — C > 0. The values of C, D and E define the following constraint, which is
assumed to be fulfilled by the constants H; and Hs:

D .
5Er — (CE? +CE)H, — CE"'Hy — CEH; ™' —CH} > 0. (23)

Note that, since %E’“ > 0, some H;, Hs small enough to meet (23) can be found. Note that the values of C, D, E
and consequently H; and Hs depend only on C1, Cs, 7, Q and b.

It follows that the inequality
M([e™.d")): ([, d"]) > 0 (24)
holds for any [¢V,d"], provided that ||[D(u”)||, = E. Moreover, there exists some C' > 0 independent of & and 7,

such that (24) holds also for any [¢"V,d"], provided that € |[p"[|7 , > C or provided that 7 |[u™ | 2 > C. Applying

Brouwer’s fixed point theorem, a solution (p™V,v™V) of the Galerkin approximate system is obtained, fulfilling the
estimate (21)

ellp™I 2 + k™3 + DY)l < € < oo, (25)
where C' does not depend on ¢ neither on 7). The estimate (22);
lv(@", [PEM)F)D )| < C < oo (26)
then follows from (9).

With the estimates (25)-(26) in hand, the limit passage N — oo follows exactly the steps given e.g. in [1]; the compact
embedding, the monotonicity (11) and Vitali’s theorem are used and a couple (p,v) is found, which solves (18)-(20)
and fulfills the estimates (21), (22);.

In order to obtain an estimate for pressure uniform with respect to ¢, test the equation (20) with ¥ := B(|p|*~?p —
ﬁ Jo Ipl*~2pdz), denoting s := #ﬁ‘i)ﬁi. Note that

[19]]1,5 < 2Caiv.o lIpIIS™

Wllze = |[¥]| ar < ClWlhs, r<s and s<r'.

d—s’

Since [, pdivep de = ||p||:, this yields

Iolts = | P e = [ @30): Ve — 5 [ (@ivwupds+ [ vip.[DW)P)DW):DW)dz — b.8)

< [l uller, ™" + Clll.s [lo @olls + CID@): [l ull2r + C [l (1 + [[D@)]])"
HIBll-1 [l < COD [l < Cl)[IpIIET

which finally implies (22),

C(n) < co. 27)

O
3. Existence theorem be given. Let

Lemma 1 allows to establish the following results. First, < r < min {2 3d }
the generalization of Theorem 1 stated in [1] and of d+1 "d+2

Theorem 2.1 stated in [2] can be formulated:
and the assumptions Al and A2 be satisfied. Let there

exist \ > 1 and ® € WL (Q) fulfilling (17), with H;
Theorem 2 Let Q € C%', d > 2andb € W17 (Q) and Hy meeting the inequality (23).
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Then there exists at least one weak solution (p,v) to
Problem (P) such that

dr

(p,u) € L7 (Q)
and such that, for all € C5°(Q)4,

/Q v(p.|D@)P)D(v) : D) dz

—/Q('v®

For the proof, the reader is asked to follow the
complete procedure given in [2], starting with the above
established Lemma 1 and using the method of Lipschitz
approximations of Sobolev functions, developed in [3,
4].

v=u+®, xW;;QO(Q),

The assumptions (17) on the non-homogeneous
Dirichlet boundary condition contains, deliberately, the
“free” parameter A > 1. This allows, due to Lemma 3 in
[1], to proceed to the following analogy of Corollary 4
in [1] concerned with the inner flows:

Corollary 3 Let Q) and b be the same as in Theorem 2.
Let the assumptions (A1) and (A2) be satisfied with

d=3
and with
1 5 9 3d
2- > =2 = 28
i 3" 5 dtz2 8)
Let ¢ = tr® for some ® € Whi(Q) N L>(Q),
q= Wi:ﬁ’ where  satisfies (13)

p-n=0 ondfd.

Then there is at least one weak solution to Problem (P).

A short proof given in [1] is reproduced here. The goal is
to find ®”, i € (0,1) and A > 1 such that the condition
(17) is fulfilled, i. e.

@] < H N2, (29)

(30)

(d+1) 2d

[|@"]|1, < HoA.

Then the assertion follows from Theorem 2.

For any n € (0,1), Lemma 3 in [1] gives a suitable
extension ®” of the boundary data ¢ and the estimate

1
|@"[; < Hne, (31)
1871,y < Hpa ", (32)

where ¢ € (0,00) and where H depends only on (2
and ®. Sincer > 2 — %, an s can be found such that

r—1 r(d+1)—2d
rd(2—r)

PhD Conference *08
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Setting A 1~ ° this means that for any positive
constants H, H; and Hs, suitable n € (0,1) can be
found such that

r(d+1)—2d

H N2 = Hip7) >Hn7,

Ho\ = Hon™* > Hy'

For such 7, the assertions (29)-(30) follow from (31)
and (32).

O

4. Further notes

Note that in comparison to Theorem 1 in [1], its
assumption (15) is not of any use here and is simply
missing in Lemma 1 and Theorem 2. This is, however,
not a generalization of the previous result but merely a
correction of a mistake. The energy estimates procedure
provided in [1] is formulated in terms of v*V instead of
u”, which is (in the context of applying Brouwer’s fixed
point theorem) not correct. The author apologizes for
this inconvenience.

Note that the constraint r > 2 — % does not allow
to extend the result for inner flows in case of two
dimensions, because 2 — & = 2 deQ In
three dimensions, while the “homogeneous Dirichlet”

Theorem 2.1 in [2] holds for » down to d +2 = Ef, the

“small data” Theorem 2 requires dafll = 5 < r and the
“inner flows” Corollary 3 assumes 2 — é =2 < T
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