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1 Introduction

Belief functions are one of the widely used formalisms for uncertainty representation and processing.
Belief functions enable representation of incomplete and uncertain knowledge, belief updating and
combination of evidence. Belief functions were originally introduced as a principal notion of Dempster-
Shafer Theory (DST) or the Mathematical Theory of Evidence [20].

For a combination of beliefs Dempster’s rule of combination is used in DST. Under strict proba-
bilistic assumptions, its results are correct and probabilistically interpretable for any couple of belief
functions. Nevertheless these assumptions are rarely fulfilled in real applications. It is not uncommon
to find examples where the assumptions are not fulfilled and where results of Dempster’s rule are
counter-intuitive, e.g. see [2, 3], thus a rule with more intuitive results is required in such situations.

Hence, a series of modifications of Dempster’s rule were suggested and alternative approaches were
created. The classical ones are the Dubois-Prade’s rule [15] and the Yager’s rule of belief combination
rule [24]. Others include a wide class of weighted operators [18], the Transferable Belief Model (TBM)
using the so called non-normalized Dempster’s rule [23], disjunctive (or dual Demspter’s) rule of
combination [14], combination 'per elements’ with its special case — minC combination, see [7], and
other combination rules. It is also necessary to mention the method for application of Dempster’s rule
in the case of partially reliable input beliefs [16].

The minC combination was originally presented in [4] and in its full version [7]. A motivation
and ideas of the minC combination are presented there. The actual combination is investigated and
presented only for three-element frames of discernment, nevertheless even this presentation is rather a
description of ideas how to compute the minC combination than a presentation of applicable formula(s)
for computing. An introduction of such formulas is a topic of the present contribution.

The minC combination has two basic steps: 1) a generalized level on so-called generalized frames of
discernment, which allows positive conflicting belief masses, 2) reallocation of these conflicting belief
masses to non-conflicting focal elements, i.e., a transformation of generalized results to classic frame
of discernment.

Necessary preliminaries are presented in Section 2. Section 3 briefly recalls the principal results of
[7].
A mathematical structure of generalized frames of discernment is analysed and formalized in
Section 4. A generalized schema for a computation of the minC combination is presented in Section
5. Section 6 brings a detail overview of conflicting belief masses redistribution among non-conflicting
focal elements. Final general formulas for computation of the minC combination are presented in
Section 7.

For examples of computation of the minC combination see Section 8. Section 9 presents a brief
comparison of the minC combination with other combination rules. Related works and approaches are
referred in Section 10. The section displays also an open problems for a future research. A concluding
Section 11 closes the contribution.

2 Preliminaries

2.1 Basic notions

Let us assume an exhaustive finite frame of discernment Q = {w1, ..., wy, }, whose elements are mutually
exclusive.

A basic belief assignment (bba) is a mapping m : P(Q2) — [0, 1], such that > 4, m(A) =1, the
values of bba are called basic belief masses (bbm)3 A belief function (BF)is a mapping Bel : P(Q2) —
[0,1], Bel(A) = > pxcam(X), belief function Bel uniquely corresponds to bba m and vice-versa.
P(Q) is often denoted also by 22. A focal element is a subset X of the frame of discernment 2, such
that m(X) > 0. If a focal element is a one-element subset of {2 we are referring to a singleton.

3m(P) = 0 is often assumed in accordance with Shafer’s definition [20]. A classical counter example is Smets’
Transferable Belief Model (TBM) which admits positive m()) as it assumes m(@) > 0.



Dempster’s (conjunctive) rule of combination @ is given as
(m1 @ ma)(A) =Y xny_a Kmi(X)ma(Y) for A # 0, where K = 12—, k = Y vy g ma (X)ma(Y),
and (my @ ms)(P) = 0, see [20]; putting K = 1 and (m; & ma)(B) = x we obtain the non-normalized
congunctive rule of combination @, see e. g. [23].

Yager’s rule of combination ®, see [24], is given as
(m1®m2)(A4) = > ¢ yco, xny=a M (X)ma(Y) for 0 # A C ©,

(m1®m2)(0) = m1(0)m2(0) + X x yco, xny—p m1(X)m2(Y), and
(m1®ms)(0) = 0;

Dubois-Prade’s rule of combination @ is given as
(m1@ma2)(A) =3 x yco, xny—a M1 (X)ma(Y) + 3"« yco, xny—p,xuy—a m1(X)ma(Y) for § # A C
0, and (mi1@ms) (D) = 0, see [15].

We say that two basic belief masses are conflicting if they are assigned to disjoint focal elements,
m1(X) is conflicting with mo(Y") for X, Y C  whenever X NY = (. Two belief functions represented
by bba’s mi,my are in full conflict / contradiction if it holds that )y _gmi(X)ma(Y) = 1, ie.
whenever 3 vy mi(X)m2(Y) = 0.

An algebra £ = (L, A,V) is called a lattice if L # () and A, V are two binary operations on L
with the following properties: z Az = z, * V& = z (idempontency), c Ay =yAz, cVy=yVz
(commutativity), (zAy)Az=xA(yAz), (xVy)Vz==aV(yV z) (associativity), and z A (y Vz) = z,
xV (y Ax) =« (absorption).

If the operations A, V satisfy also distributivity, i.e. z A (yVz)=(zAy)V(zAz)and xV (yAz) =
(xVy)A(xV z) we speak about a distributive lattice.

If there are moreover minimal | and maximal T elements in L, ie. ifz ALl =1l andazVT =T,
and if for any x € L exist T € L such that t VZ = T and « AT = L, i.e. if a distributive lattice is
complementary, we speak about Boolean lattice.

We can equivalently write any element of X € L in conjunctive normal form (CNF):

X = /\izl,...,m(vjzl,‘..,ki X,;) for some m, k1, ..., km, X;; € L, i.e. intersection of joins. Dually, X in

disjunctive normal form is join of intersections X =\/,_, m(/\j—l i Xij)-
=Ly =1,..0R4

3 An idea of the minC combination

4

This section briefly present an idea of the minC (minimal conflict or minimal contradiction)* combi-

nation from [7], thus it is possible to look at [7] for detail.

3.1 Introductory example

Let us assume two believers (belief agents, agents who have their own belief) and their beliefs. We do
not know where their beliefs come from or how they were constructed, and we are not interested in
such an information for our purposes. For the sake of simplicity we consider a three-element space of
discernment 2 = {4, B, C'}. Let the beliefs of our agents be represented by the following basic belief
assignments: mi({A}) = a1 = 0.9, m1({C}) = ¢; = 0.1 and mo({B}) = bs = 0.9, ma({C}) = 2 =
0.1. Using the Dempster’s rule of combination we get m({C}) =1, m(X) =0 for {C} # X C Q.

We obtain this result because the set {C} is the only consensus of both believers, i.e., only the
product ¢ - ¢o is assigned to a subset of 2 and the other ones produce a conflict (or contradiction)
which is normalized, i.e. assigned again to the same subset {C} of  in this case

This result is correct if both the input belief functions are fully reliable, correctly constructed from
probabilistically independent sources.

On the other hand if the above assumptions are not fulfilled, both the believers may be surprised
or disappointed with the resulting combined belief. The belief masses assigned to {C'} by both of them
were small. Why then is the result of the combination m({C}) = 1, and m(X) = 0 for X # {C} ?
It is possible to explain such a belief combination result as “When two parties fight, the third one
prospers”.

4The term ”contradiction” is used in [4, 7], whereas we use ”conflict” here because it is more frequent in literature.



Both believers put 0 to one of the elements, but it is not necessary to interpret that as an idea/belief
of an absolute exclusion of the element. Maybe the corresponding element is more acceptable (or
comparatively acceptable) than {C}. (0 is not considered by believers as a certain exclusion here.)

There are two different interpretations of such an example. The first interpretation of our example
is based on barely-distinguishable elements A and B. Let us not distinguish them now. In this situation
we obtain the following belief assignments on coarsened 2-element frame of discernment Q' = {AB, C}:
mi({AB}) = ab) = 0.9, m{({C}) = ¢} = 0.1 and m4({AB}) = abh, = 0.9, mL({C}) =, =0.1.
Thus, using Dempster’s rule, we get 51 assigned to {AB} and only g assigned to {C}, which is a
completely different result.

The second interpretation is based on a mistake or some kind of misbelief in some of the initial
beliefs (or in both of them). In this case the second result can actually be better than the original one,
even if it is not a completely correct belief (but it is natural because the misbelief was transferred).

The presented example is very simple illustrative one, for more complex examples see [3].

3.2 Looking for an associative combination of belief functions

In order to overcome the above problems it was looked for a new associative rule of combination. All
the problems come from processing / normalization of conflicting belief masses m(X)ma(Y") where
XNY = . Tt is also the reason why the non-normalized Dempster’s rule is used in Smets’ Transferable
Belief Model (TBM), but this approach only postpones normalization from the credal level to the
decisional one, for detail see [7]. The proportionalized combination [3] makes a proportionalization of
m1(X)mz(Y) among XY, and X UY, unfortunately, it is not associative.

The minC approach generalizes both the above approaches: similarly to TBM, positive conflicting
bbm’s are allowed in its internal level, but different types of conflicts are distinguished as in the
proportionalized combination.

The result is an associative combination of generalized basic belief assignments on a generalized
frame of discernment which includes also so-called conflicting sets. After a combination conflicting
belief masses are proportionalized among subsets of ). Such a proportionalization breaks associa-
tivity, hence we have to make all the combination on the generalized level at first, and perform a
proportionalization after it, in the end of a combination process. Moreover, it is recommended to keep
also the internal generalized results to be prepared for a possible combination with another new input
bba.

3.3 Conflict and potential conflicts

A conflict (contradiction) between two or more disjunctive subsets of a frame of discernment is denoted
with symbol x. A basic idea of the minC approach is that conflict X x Y between sets X and Y is
different from conflict X x Z between X and Z and both of them are different from ¥ x Z and from
conflict X x Y x Z among all X, Y and Z, when three of more belief functions are combined, for
different disjoint sets X,Y,Z C €. Not to have an infinite set of different conflicts, classes or types
of conflicts are defined in [4, 7]. It was investigated which conflicts are in the same type and which
ones are in different types there. The investigation of conflicts was performed and presented on three-
element frame of discernment Q@ = {A, B,C} in [4, 7]. We have to note, that there is only one type
of conflict x on the belief functions defined on a two-element frame of discernment, X corresponds to
m(0) there; hence the generalized level of minC combination fully coincides with the (non-normalized)
conjunctive rule there.

When looking for an associative combination, the problems appeared also when multiples of bba’s
m1(X)mz(Y) were assigned to X NY for X,Y such that XNY #0 & X ¢ YV &Y ¢ X. There
is no problem when two FB’s are combined, but problems arise when three or more FB’s should
be associatively step-wise combined. To overcome these problems, a potential conflict (potential
contradiction) X XY was defined for X,Y € Q, where XNY £#0 & X ¢ Y &Y ¢ X. If disjunctivity
of conflicting sets should be underlined, we refer to pure conflicts.

As an example of a potential conflict we can present {4, B} x {B,C}, which is not a conflict in
the case of combination of two beliefs ({A, B} N {B,C} = {B} # 0), but it can cause a conflict in



a later combination with another belief, e.g. real conflict {A, B} x {B,C} x {A, C'} because there is
{A,B} n{B,C}N{A,C} = 0 which is different from B x AC.

For easier handling of conflicts a consideration of conflicts per elements is defined and used in
the minC approach: a conflict {A} x {B,C} is considered as a two-element set {A x B, A x C}
of elementary contradictions of singletons. In general X X Y is considered as a set of elementary
conflicts {1 X Y1, .0y 1 X Ysy vy Tp X Y1, e, Tp X Ys} for X ={z1, ..,z ST Y ={y1,...,ys} € Q.
As consideration conflicts per elements is used both for pure and potential conflicts, trivial conflicts
w; X w; appear in set expressions of potential conflicts X x Y for w; from X NY. Trivial conflicts are
not conflicts in fact as belief mass of singleton is not in conflict with itself, thus we can unify w x w
with w for any w € Q, and consequently also w; X w; X ... X w; with w; and w; X w; X w; X ... X w; with
w; X wj in general.

Using the consideration of conflicts per elements we can observe that pure conflicts are sets of
(non-trivial) elementary conflicts, potential conflicts are sets of both trivial and non-trivial elementary
conflicts, i.e. both elements of €2 and trivial conflicts between/among them.

Because of the assumption of commutativity and associativity of a final combination rule, also a
relation of conflict should be commutative and associative. Thus w; X w; is assumed to be equivalent to
wj X w;, i.e. they are conflicts of the same type: w; X w; ~ w; Xw;, and (w; X w;) X wy ~ w; X (Wj Xw) ~
w; xwj xwy. Consequently we obtain e.g. wq Xwa Xwa Xw1 ~ w1 Xwy 7% w1 Xwa Xws, etc. for elementary
conflicts; and {w1} x {wa} X {wa} X {w1} ~ {w1} X {ws} ~ {we} x {wi} ~ {wi} x {w1,wa} x {wa} #
{w1} X {wa, w3} # {wi} x {wa} x {ws}, ete., for conflicts in general.

It is time to present the last but the principal assumption for conflicts, which appears in the name
minC combination: to decrease a number of conflicting belief masses and to decrease a number of types
of (non-elementary) conflicts only minimal conflicts with respect to conflictness of included elementary
conflicts are considered, where w; <. w; X w; <. w; X wj X wg, etc. Le. non-conflicting elements are
preferred to elementary conflicts which include them and ’shorter’ elementary conflict are preferred
to ’longer’ ones in which the ’shorter’ ones are included. Thus we obtain e.g. {wi,wa} X {w1,ws} =
{w1 X wi,w1 X wo,we X wy,ws X wa} ~ {wy, w1 X wa,wa} ~ {wy,ws} as non-conflicting w; and ws (i.e.,
trivial conflicts) are less conflicting than w; X we. Analogously we obtain X ~ X x X for any X C Q
as it was assumed. And the same holds also for any pure or potential conflict X.

3.4 Generalized level of minC combination

Equivalence of conflicts and its classes — types of conflicts, i.e., generalized frame of discernment
generated from three-element classic frame Q = {A, B,C}, were found in [4, 7], and rules were
established to determine to which element of the generalized frame multiples of generalized bbm’s
should be assigned when generalized bba is combined with classical one or when two generalized bba’s
are combined. There are the following 8 types of conflicts A x B, A x C, Bx C, A x BC, B x
AC, C x AB, x, [, and the following 3 types of potential conflicts JA, OB, OC, where A x B is an
abbreviation for {A} x {B} = {Ax B}, Ax BC is an abbreviation for {A} x {B,C} = {AxB,AxC},
x is an abbreviation for A x B x C, O is an abbreviation for ABx ACx BC ~ {AxB,AxC,BxC},
OA is an abbreviation for AB x AC ~ {A, B x C}, etc.

Rules for assigning of multiples of gbbm’s are presented in several lemmata and summarized in
tables there. We recall the table for combination of a generalized basic belief assignment with a classic
one, see Table 3.1, for a table for combination of two generalized bba’s see [4, 7].

A final value m(A) of the generalized bba m is obtained as a sum of all multiples corresponding
to cells in the table which contains A. For example we can compute:

m(X) = Zgg‘(/jg@ m1(U)-ma(V)+(my(X)-mz(0X) +m1 (0X)-me(X)), where X, U,V C Q, |X| =
L

m(X) = ZZE\E;(,CU m1(U) - ma(V), where X, U,V C Q, |X]| > 1;

where X, U,V C Q, |X|=1; etc.

Specially,

m({A}) = Svov—a, ma(0)ma(V)+(ma({A}) ma(04) +mi (D4) ma({A}) = ma ({A})ma({A}) +



Table 3.1: The table of combination of a generalized bba with a classical one on = {A, B,C'}.

{AY | (B] [ (CJ_[{B.C} [{A.C} [{AB] [(4,B.C}
{A} {A} Ax B AxC |Ax BC| {A} {A} {A}
{B} Ax B {B} BxC {B} Bx AC| {B} {B}
{C} AxC BxC {C} {C} {C}y CxAB| {C}
{B,C} A x BC {B} {C} {B,C} | OC OB {B,C}
{A,C} {A} B x AC {C} ac {A,C} OA {A,C}
{A, B} {4} {B} C x AB OB OA {A,B} | {A, B}

(A B0y | (4] | {By | {C] |(B.Cy [{A.C) [{A,B} [AB.C]
Ax B Ax B Ax B X AxB |AxB |AxB | AxB
AxC AxC X AxC |AxC |AxC |[AxC | AxC
BxC X BxC BxC |BxC |BxC |BxC | BxC
AxBC |AxBC | Ax B AxC |AxBC|Ax BC|Ax BC|Ax BC
B x AC AxB |BxAC | BxC | Bx AC|B x AC |B x AC|B x AC
C x AB AxC BxC |CxAB |[Cx AB|C x AB|C x AB|C x AB

X X X X X X X X

O Ax BC |Bx AC |C x AB O O O O
OA {4} Bx AC |C x AB O OA OA OA
OB A x BC {B} C x AB OB O OB OB
ac Ax BC |Bx AC {C} ac aoc O aoc

1({4}) - m2({A, B}) + mi({A}) - m2({A, C}) + mi({A}) -m2({A, B, C}) + mi({4, B}) - ma2({A}) +
1({4,C}) -ma({A}) + mi({A, B, C}) - ma({A}) + mi({A}) - ma2(0A) +
1(HA4) - ma({A}),

(HA4) = vav=ry, mi(U) -ma(V) + 2 aycv(ma(U) - ma(0A4) +ma (O4) - m2(U)) +

my(0A) - mp(0A) = mi({A, B}) - m2({A,C}) + mi({A, C}) - ma({A, B}) + ma(0A) - ma({A, B}) +
my(0A) - ma({A, C}) +mi(0A) - me({A, B, C}) + mi({A, B}) - ma(0A) + mi({A, C}) - ma(0A) +
m1({4, B,C}) - ma(0A) + my(OA) - me(0A4), ete.

Unfortunately there is neither general formula for computing m(A) for arbitrary A from the gen-
eralized frame nor any formula nor table for combination of generalized basic belief assignments
generated from more-element frames of discernment in [4] nor in [7]. Formulation of such formulas is
a principal part of this paper, see Sections 5 and 7.

m
m
m
m

3.5 Final results of the minC combination

As it was already mentioned, reallocation of the conflicting masses to non-conflicting focal elements
is the final step of the minC combination. This step is very easy for potential conflicts which are
simply relocated to their non-conflicting parts (to the sets of their trivial elementary conflicts). A
proportionalization of pure conflicts follows it. Three proportionalizations are very briefly presented
in [4] and [7]. We do not recalled them here because a presentation of different proportionalizations
(and distributions more generally) is presented in Section 6 in more detail. The basis of a present new
presentation of the minC combination is an analysis and description of a mathematical structure of
generalized frames of discernment, see the next section.

The generalized level of minC combination gives non-negative weights to all elements of a gener-
alized frame of discernment, i.e., also to types of conflicts and types of potential conflicts.

The generalized level of minC combination is associative and commutative operation and it com-
mutes also with coarsening of frame of discernment.

Unfortunately proportionalizations of conflicting belief masses break associativity of the minC
combination. Hence all the input bba’s must be combined on the generalized level at first, and a
proportionalization may not be performed before finishing of the generalized level combination. Thus
it is useful to keep both the final proportionalized results and the working generalized level ones,



because of to be prepared for possible additional source of belief, which we possibly need to combine
together with the present input beliefs, i.e., with the present result of the combination respectively.

4 Structure of generalized frame of discernment

Let us look for a mathematical structure of minC generalized frame of discernment {2}, generated by
Q = {wi,...,w,}. In the previous section we have recalled the special case of a generalized frame of
discernment generated by classic 3-element frame of discernment Q@ = {wy,...,ws} = {a,b,c}. The
table shows us to which element of €2, should be assigned multiples m; (X )m2(Y") on generalized level
for any X,Y € ,. Thus the table defines a mapping t : 0, x Q; — Qg for || = 3.

What are general properties of mapping ¢ 7 ¢ should be:
— idempotent — as we want to assign mi(X)maq(X) back to X
— commutative — as we want to obtain commutative combination, thus also mj(X)ms(Y) and
m1(Y)mz(X) should be assigned to the same t(X,Y) = (Y, X)
— associative — the property follows again from desired property of a final combination rule.

What are the elements of €, ?
1) X C Q, ie., sets of elements {wx1,...,wxky }
2) pure conflicts: X xY for XNY =0, i.e. e.g, {w;,w;} or more generally {wx11 X... XWx1ky,, Wx21 X

e X WXy oy WXmL X oo X WXmkx,, 1y 1-€., S€ts of non-trivial elementary conflicts,
3) potential conflicts X UY, where X C  and Y is a pure conflict, i.e.: {wxi,...,wxky, wx11 X
e X WX Tkxys WX21 X eoe X WX2hixns ooy WXml X eoe X WXmkixm }»> 1-€. set of both trivial and non-trivial

elementary conflicts.
Thus the elements of the generalized frame of discernment are constructed from elements of €2 using

sets (grouping several elements together) and of idempotent, commutative and associative operation
t.

We can show that the minC generalized frame of discernment, i.e., a structure of pure and potential
conflicts, forms a distributive lattice £(Q2) = (L(2), A, V), where operatlon meet A coincides with the
above operation ¢, i.e. X ANY =t(X,Y), e.g. {wi} AMw;} = t({wi}, {w;}) = {wi} x {w;} = {wi x w;}
for 0 <i#j <mn,
and operation join V performs creation of sets of elements of , i.e. for example, {w; }V{w,} = {w;i,w;})
for0<i#j<n.

In full generality we have:

XVY={w|lweXorweY and (—-FIw)(w € XUY, w <. w)},

XAY ={w|weXNY or [w=wy1 X wWy2 X ... XwWyk,, where (Jz € X)(z <. w), Ty € Y)(y <.
w) and (-3’ <, w)((Fr € X)(z <cw'),(Fy € Y)(y <c w'))]}, i.e.,, meet X AY contains w € X NY
and elementary conflicts of elements from X with elements from Y, where only minimal conflict w.r.t.
to <. are considered.

Where it is further defined: z x x =z, y x x = x y, and w1 = 11 X T12 X ... X T1p, ¢ Ta1 X Tag X
o X Xog, = wo iff (Vo1)(Fxom) (15 = Tam), 1.€., wy is less conflicting than wq or wy is subconflict of
elementary conflict ws (ws contains all elements from w; + possibly some other(s)). Thus any trivial
conflict w; X w; is <.-less than any elementary conflict which contain wj;, i.e. non-conflicting elements
(trivial conflicts) are preferred in A.

We can notice that V coincides with U when it is applied to non-conflicting arguments (i.e. to
arguments which are sets of trivial elementary conflicts): when all w € X are non-conflicting, i.e.,
w = w; for some i, there cannot be any less conflicting element in X UY, hence w € X - w € X VY,
and similarly for w € Y. In general X VY is X UY from where all non-minimal conflicts w.r.t. <,
are removed.

We can also notice that A coincides with N when if X CY or Y C X:
let X CY,we€ X bealsoin X NY = X, as we suppose only minimal conflicts in X, all w € X are
also in X A'Y (neither any elementary conflict w’ € X nor any w” € Y can be less conflicting than
w), thus no element of X is removed; and for any wgy = wy, X ... X Wy, X Wy, X ... X wy, we have
Wy = Wy X .o X Wy, <¢ Wy, Where wy is already in X = X NY.

Note that we really need to distinguish between operations A and N, because {w;} N {w;} = 0



whereas {w;} A{w;} = {w; xw;} # 0. When identifying A and N we put all the conflicts together into
one class and we obtain the non-normalized Dempster’s rule.

We have already shown reflexivity, commutativity and associativity of A (as properties of ¢(_,_)),
the same holds also for V;
reflexivity: X VY = {w|w € X and -(Fw’')(w’ € X, w' <. w)} = X, because we suppose only <.
minimal elementary conflicts in X;
commutativity: X VY ={w|(w € X or w € Y) and -(Fu') (w' € X UY, v’ <. w)} = {w]|(w €
YorweX)and ~(Fu)(w eYUX)w <, w)} =Y VX;
associativity: (X VY)VV =XV (Y VV), analogically.

The rest is to prove absorption and distributivity of operations A and V.

XANXVY) weXANXVY)iffweXN(XVY)orw=uw, X..Xwy, Xwy X..Xwy,, thus
iff we XN (X UY) possibly without some non-minimal elementary conflict(s) (from V) and possibly
with some other elementary conflict(s) (from A); X N (X UY) = X, there in no <. elementary conflict
in X VY, thus nothing is removed, and all elementary conflicts w = wy, X ... X Wy, X Wy, X ... X Wy,
are already in X, hence X A (X VY) = X.

XVXAY) we XV(XAY)iff we XU (X AY) possibly without some non-minimal elementary
conflict(s), thus iff w € X U (X NY") possibly without some non-minimal elementary conflict(s) and
possibly with some other(s) w = wg, X ... XWg,, Xwy, X ... Xwy,; XU(XNY) = X, elementary conflicts
possibly added from X AY cannot be minimal in X, thus they are immediately removed, there is no
<. elementary conflict in X AY than in X, hence nothing from X is removed, X V(X AY) = X, and
absorption is proved.

Distributivity: X A (YVZ): we XA (Y V Z) iff w e X N (Y UZ) where non-minimal elementary
conflicts from Y U Z are removed and minimal elementary conflicts wy, X ... X wg;, X Wy, X ... X wy,
and wz, X .. X Wy, X Wy X oo X wy, are added; (X AY)V (X AZ): we (XAY)V(XAZ)iff
we (XNY)U(XUZ) = XN(YUZ) where minimal elementary conflicts wy, X ... X wz, Xwy, X ... X wy,
are added to X NY and wy, X ... X Wy, X Wy, X ... X wy, are added to X N Z and finally non-minimal
elementary conflicts from (X AY)U (X A Z) are removed, i.e., elementary conflicts wxy € X AY, such
that there exists wxz € XA Z, wxz <. wxy, and elementary conflicts wxz € X A Z, such that there
exists wxy € X AY, wxy <. wxz are removed; there is X N (YU Z) = (X NY)U (X N Z), the same
elementary conflicts are added in both the cases, thus it remains to show that same elementary conflict
are removed in both the cases. If elementary conflict w which is not minimal in Y U Z appears in
(XAY)U(X AZ) it can be minimal there only if it differs from the corresponding minimal elementary
conflict with some w;s from X hence it is among elementary conflicts added to X N (Y V Z) i.e. it is
returned to X N(Y'UZ). On the other side if elementary conflict w is non-minimal in (X AY)U(X A Z)
it is either non-minimal also in Y U Z or it is some of conflicts added to (X NY) U (X N Z), hence it
is also added back to X N (Y U Z). Hence the same elementary conflicts are added and removed in
both the cases and we have proved X A(YVZ)= (X AY)V (X A Z).

A proof of the second equality X V(Y A Z) = (X VY) A (X V Z) is analogous.

Thus we have verified that A and V satisfy all the properties of lattice operations meet and join,

hence £(Q2) = (L(2), A, V) is really a distributive lattice. Thus the following statement holds.

Statement 1 MinC' generalized frame of discernment generated by classic Shaferian frame of dis-
cernment Q forms a distributive lattice L(2) = (Q, A, V), where operations A and V are defined as it
is above.

We can notice that the absorption property corresponds with elimination of non-minimal conflicts
in the minC combination, let e.g. X = {w;}, Y = {ws}. From equation X V (X AY) = X we
have {w1} V ({w1} A {ws}) = {w1,w1 X wa} = {w1}, and from equation X A (X VY) = X we obtain
{wi} A ({w1} VA{wa}) = {w1} x {w1,w2} = {w1, w1 X wa} = {w1}. Similarly, we can notice that
the distributivity equation (X VY)A (X V Z) = X V (Y A Z) corresponds with arising of potential
conflict in the minC combination, see e.g. ({w1} V {w2}) A ({w1} V{ws}) = {w1,wa} x {w1,ws} =
{w1, w1 X w3, wo X w1, wy X w3} = {wy, wa X w3} = {w1} V {wa} A {ws}). Of course also the other
distributivity equation X A (Y VZ) = (X AY) V (X A Z) is in accordance with minC combination:
{wib A ({wa} V{ws}) = {wi} x {ws, w3} = {wr X wa, w1 X ws} = ({wi} A{wa}) V ({wi} A{ws}).



Hence all the properties of lattice operations either correspond to some properties of the minC
combinations or they are simply in accordance with the minC combination.

The above results correspond with an observation from [21] that a minC generalized frame of
discernment generated by classic 3-element frame € corresponds with a DSm hyper-power set D€, i.e.
with Dedekind lattice (©,N,U) generated by 3-element frame ©. But we must pay attention that it
can be 0; N 0; # 0 for i # j in DSm theory in general, as overlapping of elements is allowed in there,
whereas it is always w; Nw; = 0 for 7 # j in our classic approach. Hence we really need an extra meet
operation A different from intersection N here, as it is already mentioned above.

We have to mention that the elementary conflict ordering <, is a partial reverse of lattice ordering
< defined as x <y iff t Ay =xordually asx <y iff t Vy =y, seeeg. zAyAz <z Ay as
(xAyAz)AN(xAy) =xAyAz whereas tAYyAz =x Xy Xz >, x Xy = x Ay, there is no <. ordering of
sets of elementary conflicts thus {x,y} and {z,y, 2z} are <.-non-comparable whereas zVy < zVyV z,
and similarly t AyAw < (zAy)V (vAw) for <.-non-comparable sets of elementary conflicts {z x y xw}
and {z X y,v X w}.

5 General schema of minC combination

We can present a general schema of minC combination now. m® is computed on L£(£2), such that
m1(X)m2(Y) should be allocated to ¢(X,Y) = X AY. L(Q) is closed with respect to A thus there is
no problem with empty set, hence we can simply use a generalization of non-normalized conjunction
rule to £(Q):
mP(A) = > my (X)ma(Y)
X,YEL(), XAY=A

for all A € L(Q).

It is obvious that m° is commutative, associative, and non-idempotent operation. It holds neu-
trality of the vacuous belief function VBF as X A (w1 V... Vw,) = X for any X € £().

Hence we have a simple and effective expression of minC on the generalized level. The rest is
expression of potential conflicts relocation and of proportionalization of pure conflicts.

Potential conflict relocation. If we combine only 2 belief functions, i.e. m® is computed directly

from two classic FB’s, the situation is quite simple: m;(W) = 0 for W € L(Q)\'P(Q2) and potential
conflicts arise just for X, Y C Q, such that X NY #£0, X Y, Y € X, hence we can simply relocate
m%(X xY) to X NY. Thus we can write m*(A4) = m°(A4) + doxnv=a, xgyygx M (X)ma(Y) =
Y oxry—a M1 (X)mo(Y) for any 0 # A € P(Q).

To keep as much as associativity as possible in a combination process, we have to compute all
combinations on the generalized level before potential conflict relocation. When processing more than
two input belief functions, let us say k, we cannot use m; values as here m® is combination of my,
with a result of generalized combination of the other & — 1 inputs (or more generally a combination
of results of generalized combinations of 0 < m < 1 and k —m inputs). Thus we have to compute m!
directly from mP.

If a relocated potential conflict P arise as Py X...x Ps = Py A...AP; for P; C Q we can relocate m(P)
to Py N...N Py analogically to the previous case. We can express any P; as {wj1, ..., w;s, }, and it holds
that Py N...N P, # 0, otherwise P would be a pure conflict. As we can rewrite any expression of any
element of £() to conjunctive normal form, we can use the above idea for any potential conflict X in
the following way. We express P in conjunctive normal form CNF(P) = Py APy A... A P, and relocate
m(P) to Py N Py N...N Pg. For simplification of formulas we define (X as X = X; N XaN...N Xy
for any X € £(Q), where X1 A X5 A ... A X is CNF(X).

Hence we can express m! as it follows:

m'(A) = m®(A) + X xsa xer@), 0 x=aM"(X) =X xer), nx=am(X), for all 0 # A € P(Q).

We have > XeP(Q) m!(X) < 1 as gbbm’s of pure conflict have not yet been assigned to elements
of P(Q). We can set m!(A) = 0 for any A € L(2)\P(Q2) such that (A # 0, because its ghbm has
already been relocated to (A € P(€). Nothing is done with pure conflict in this step, thus we can
write m!'(A) = m°(A) for A such that (| A = (). Hence we obtain Yo Xer) m'(X) =1.



Final classic bba m we obtain after proportionalization of gbbm’s of pure conflicts:

m(A) = m'(A) + Z prop(A, X)m®(X)

XeL(Q)
NXxX=0,ACUX

= > m'(X) + Y prop(4,X)m(X)

XeL(e) XEL(Q)
NXx=A NXxX=0ACUX

for all ) # A € P(R), where prop(A, X)m°(X) is a proportion of gbbm of pure conflict X which should
be assigned to A, and |J X is defined as |y X = X; UXoU...UX}, where CNF(X) = X1 AXo AL A X,
m(0) =0 (=m°(0) =m*(0)).

It holds that }°ycpq) m'(X) = 1: it was Yo xer( m®(X) =1, all A € L(Q)\P(2) such that
N A # 0 has been relocated to elements of P(Q) already in gbba m!, and all such that () A = () have
been proportionalized among elements of P(€)) within construction of the final bba m. Thus m is a
correctly defined classic bba defined on P ().

When considering various proportionalizations of conflicting belief masses, the minC combination
is a family of different rules in fact. Every particular one is given by its corresponding proportional-
ization.

There are several different proportionalizations suggested in [4, 5, 7, 8], we will discuss them in
the following section.

6 Distribution of pure conflicts

As we already have a simple expression for both the generalized level of minC combination and the
potential conflicts relocation, we can concentrate ourselves to proportionalization and to reallocation
of conflicting belief mass in general. An original simple idea of proportionalization was used in the
proportionalized rule of combination [3]. m1(X)m2(Y) is distributed among X, Y, X UY in proportion
of mg(X),mg(Y) and mg (X UY). This idea was included also among several proportionalizations
published in the original papers about minC combination [4, 7] and in the paper about combination
per elements [5]. Let us make an overview of all these proportionalizations together with conflict
reallocation in classic combination rules. As the conflict reallocation in the classic rules is computed
from input belief masses and similarly proportionalizations in [4, 7] was presented only for a case of
combination of two belief functions, we suppose that m? is a result of combination of 2 FB’s now.
Thus there is a one-to-one correspondence between type of pure conflict and a couple of subsets of
the frame of discernment.

Let us distribute bbm m®(X x Y) of a pure conflict X x Y of two sets X, Y C Q, i.e. XNY = 0.
There are at least 10 following variants of conflict distribution:

(d0) Yager’s approach: whole m%(X x Y)) is simply relocated to €,

(d1) Demspter-Shafer approach: m°(X x Y) is distributed (normalized, proportionalized) among all
W CoQ,

mP(X x Y) is proportionalized among all singletons {w;}, where w; € Q,

Dubois-Prade approach: whole m®(X x Y') is relocated to X UY, see also (1) in [5],

m®(X x Y) is proportionalized among singletons {w;}, where w; € X UY, see (0) in [5],
m%(X x Y) is proportionalized between X and Y, see (2) in [5],

m%(X x Y) is proportionalized among X, Y and X UY, see (a) in [4, 7],

m%(X x Y) is proportionalized among all W € P(X)UP(Y), see (3) in [5],

( )

m%(X x Y) is proportionalized among all W € P(X UY), see (c) in [4, 7] and (4) in [5],



(d9) m°(X x Y) is proportionalized among all sets {w;}, {w;}, {w;,w;}, where w; € X,w; € Y, see
(b) in [4, 7].

All these distributions is easily generalizable to the case n-ary combination, where basic belief
mass M (X1)me(Xa)..m,(X,) of conflict X; X ... x X, should be distributed. As it was mentioned
above we have a different situation in reallocation of pure conflict in the minC combination as it is
binary operation and we have to distribute m°(X) of pure conflict not knowing the original input
bbm’s. E.g. pure conflicts X7 = {w1,wa,ws,ws} X {ws,ws} x {ws,ws}, Xo = {ws,wa} X {ws,ws},
and X3 = {ws, w4} X {ws,ws, w7, ws} are equivalent, they have the same CNF (w3 V w4) A (w5 V wg),
and we cannot recognize from which input bbm’s it has been arised. We can reformulate the above
distributions (d0) — (d9) as it follows:

(d0) whole m®(X) is simply relocated to €, as before,

(d1) Demspter-Shafer approach: m®(X) is distributed (normalized, proportionalized) among all W C
Q, as before,

d2) m®(X) is proportionalized among all singletons {w;}, where w; € €2, as before,
d3) whole mY(X) is relocated to |J X, see (1) in [5],

9(X) is proportionalized among singletons {w;}, where w; € |J X, see (0) in [5],

3

d5

3

(d2)
(d3)
(d4)
(d3)
(d6)

d6 is proportionalized among W € P(C(X)), where C(X) = {X1, ..., X} such that

X) =X A A Xp,

)
(X) is proportionalized among X;, where CNF(X) = X A ... A X, see (2) in [5],
]( )
NE(
d7) m%(X) is proportionalized among all W € Ulf P(X;), where X; € C(X), see (3) in [5],
mO(X) is proportionalized among all W € 73(U]1C X;), where X; € C(X), see (4) in [5],
(d9) (d9) has a generalization for n-ary combination, but there is no reasonable generalization of (d9)

when m(X) should be proportionalized without knowledge of all the original individual input
belief masses.

ad (d1): we have to note that (d0) differs from Yager’s approach here, as a conflicting bmm
combined with any bbm’s is conflicting again a the resulting multiple of bbm’s is relocated to €2 here,
whereas conflicting multiple of two elements is immediately relocate to € and after to any bbm which
comes with another input bba.
ad (d3): we have to note that similarly (d3) differs from Dubois-Prade approach here. Let us asume
e.g. conflicts X7, X5, X3 from the above example. |JX; = X2 =UX3as CNF(X;) = CNF(X,) =
CNF(X3), hence m®(X;) is always relocated to {ws,ws,ws,ws} = w3 V wy V ws V wg, whereas m®(X;)
should be located to {wy,ws, ws,ws,ws,ws} and m®(X3) should be relocated to {ws, wy,ws, ws, w7, ws +
with the n-ary Dubois-Prade rule.

We can reformulate the distributions (d0) — (d4) as it follows:
distro(Q, X) =1, distro(4,X) =0 for A #Q,

propi (A, X) = mei(‘:})(m,for@#AGP(Q), 0+ W eP),

props({w;}, X) = %, distra(A, X) =0 for |[A] > 1,

distrs(IU X, X) =1, distra(A,X)=0for A # X,

props({w}, X) = %, distry(A, X) = 0 otherwise.
reux m w

As it was mentioned in [5] proportionalization prop, given by distribution (d4) is too sensitive
to bbm’s of singleton, if nothing is assigned to singletons in m!, i.e., if nothing is assigned do sin-
gletons and to potential conflicts containing just one non-conflicting element in m® m(X) cannot be
proportionalized, thus this proportionalization is not very useful, the same holds also for props corre-
sponding to distribution (d2). Distributions (d0) and (d3) relocate whole bbm of the conflict to one
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subset of € thus they are not proportionalizations in fact, on the other hand they are simple from
the computational point of view. Proportionalization prop; corresponding to (d1) in normalization in
fact, thus it enables only another expression for Dempster’s rule. Hence the distributions (d0) — (d5)
are not very interesting from the point of view of minC which idea is based on proportionalization of
different types of conflicts. Nevertheless we can all of them use in the minC combination, it is enough
to generalize our general schema in the following way

m(A) = Y m(X) + > distr(A, X)m°(X)
XeL(Q) XeL(Q)
Nx=A Nx=0ACUX
for all ) # A € P(2), where dzstr(A X)ise 1ther an expression for proportionalization or another
reallocation of conflicting bbm m°(X). m(0) =

6.1 Proportionalization of pure conflicts

Let us turn our attention to more prospective distributions (d5) — (d8) now. In all of them m°(X) is
proportionalized among some sets W; from P(|J X) according their bbm’s m!(W;), if all these bbm’s
are equal to zero, i.e., if proportionalization ratio is equal to 7 2”, we have to define how allocate same
portions of m°(X) to sets W;. There are 2 ways how to do it: 1) divide m°®(X) by the number w of

sets W; and relocate % to every W; or 2) assign whole m®(X) to union of the sets W;, i.e. all
the subsets of the union obtain 0 bbm, i.e., the same (zero) portion of m%(X), and whole m°(X) is
a part of plausibility of whole |J X and all its subsets. According to the way of solving proportions
”%” we distinguish 2 variants of all proportionalizations(d5) — (d8). Similarly we can solve ” 2" also
n (d2) and (d4), where we divide m°(X) by n or by ||J X| respectively, or we relocate whole m®(X)
to © or to | JX. On the other hand we do not solve ” O” for prop; as it is the only distribution which
keeps associativity of non-normalized conjunctive rule and ” 8” arises in the case of prop; only for
input beliefs which are in full conflict. Hence we do not make any definition breaking associativity of
combination using prop;.

props;(A, X) = %, for A € C(X), where 3y co(x) mt (W) > 0,
propsi(A, X) =0, for A¢ C(X), where ZWeC(X) mY(W) > 0,

props1 (A4, X) = WIX)I’ for A € C(X), Xwecx) mt (W) =0,

props1(A, X) =0, for A ¢ C(X), Yweex) mt (W) =0,

propsa(C(X), X) =1, where ZWGC(X) mY(W) =0,

props2(4, X) =0, for A# C(X), Y yec(x) m (W) =0,

prope;(A, X) = ZW@:Z&)W(WV for A € P(C(X)), where ZWGP(C(X)) mY (W) > 0,
propei(A, X) =0, for A ¢ P(C(X)), where } Sy cp(c(x)) mt (W) > 0,

prope1 (A, X) = W for A € P(C(X)), Xwepc(x) mt (W) =0,

prope (4, X) =0, for A ¢ P(C(X)), Xwepc(x) m' (W) =0,

prope2(P(C(X)), X) =1, where } v cpc(x)) m*(W) =0,

prope2(A, X) =0, for A# P(C(X)), Xwepcx)) mY (W) =0,

propri(A, X) = WEU;:(S:: T for A € U’f P(X;), where X; € C(X) and ZWGU’fP(X,;) mY (W) >
0,

prop7; (A, X) =0, for A ¢ Ulf P(X;), where X; € C'(X) and ZWEU;"'P(Xi) m*(W) > 0,
k
X)) = m, for A € J; P(X;), where X; € C(X) and 3 yc e p(x,) m*(W) =0,
X) =0, for A ¢} P(X;), where X; € C(X) and Sweyt pixy M (W) =0,
Uy P(Xi), X) =1, where X; € C(X) and Yy e p(x,) m (W) =0,
propra(A, X) =0, for A +# U’f P(X;), where X; € C(X) and ZWGUI;P(&) mt(W) =0,
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1
propg; (A, X) = *ﬁ:)ml(w), for A € P(UX), where 3 cp( x) mt (W) > 0,
propsi(A, X) =0, for A ¢ P(UX), where >y cp () x) m* (W) > 0,
props1 (A4, X) = m, for A € |J} P(X;), where Sweyt pixy M (W) =0,
propsi(A, X) =0, for A¢ JX, where 3y c e px, m (W) =0,

propsa(P(UJX),X) =1, where ZWEP(U X) mY (W) =0,
(A,X) =0, for A#JX, where EWGP(U x) m' (W) =0,

Using the above proportionalizations we have 8 different variants of minC combination for i =
5,6,7,8, 7 =1,2. We can express them with a general formula as it follows:

m(A) = m'(A) + Y prop;(A X)m’(X)

XeL£(Q)
NX=0,ACU X

= Z m?(X) + Z prop;; (A, X)m°(X)
XeL() Xer()
NXxX=A NXx=0ACUX

for all ) # A € P(Q),
m(0) = 0.

Proportionalizations prope; correspond with the original idea of proportionalization of a conflict
U xV among U,V, and U UV when just two beliefs are combined. Proportionalizations props;
proportionalize the same conflict only among Uand V. Proportionalizations propr; distribute conflict
X among subsets of W; € C'(X) and props; among all subsets of | J X.

Distribution 1) of m%(X) in the case of ” %” ratio to k same pieces more corresponds to the original
idea of proportionalization as all the corresponding set obtain the same part of m°(X).

Let us note that distribution 2) of m°(X) in the case of ”3” (i.e. relocation of whole m®(X)) is the
same for all proportionalizations propss, ....., propss. We have: P(X) ={Y|Y C X} =Jycy Y =X
and X = XjA....AX. Further C(X) = {X1,..., X3} = X;U..UX, = J X, P(C(X))=C(X)=UX,
UPX:) =UX: =C(X)=UX, P(UX) =UX, and U,,cx{wi} = UX. This relocation of m"
to the only set corresponds to the fact that all m®(W) are zero for the sets W among which m°(X)
should be redistributed, thus we distribute also same zero proportions of m®(X) to these sets and
the 'remaining’ whole m?(X) is assigned to [J X as we have no other reason to distribute it to less
subsets.

7 Final formulas for minC combination

The proportionalizations props; and props; are more favourable to the others. They also correspond
to proportionalizations (a) and (c) in the original papers [4, 7] about the minC combination. Thus,
we present the minC combination rule parameterized with propg; and propgs for example of the final
formulas for the minC combination. Let us substitute props: and propss for prop;; to the general
schema of the minC combination:

mi(A) = Y m®(X) + > propi;(A, X)m°(X)
XeL() XEL(Q)
nx=A NX=0ACUX

for all D # A € P(QQ),
m;;(0) = 0.

For proportionalization propg; we obtain:

me1(A) = E mO(X) + g propGl(A,X)mO(X)
XeL(Q) XeL(e)
nx=A NX=0ACUX
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for all ) #£ A € P(Q),

mm(@) =0.
Using the formulas for proportinalization propg; we obtain the following:
m'(A)
me1(4) = m®(X) + m%(X)
X;a:m xec(g): YLwepcao ™ (W)
nNx=A NXx=0ACUX

for A € P(C(X)), where } >y cp(c(x) mt (W) > 0,

0 1 0

XeL() XeL(Q)
nx=Aa NXx=0ACUX

for A € P(C(X)), Xwepc(x)) m (W) =0,

XEL()
nNx=A

for A ¢ P(C(X)),
m61(®) =0.

For proportionalization propgs we obtain:

mg2(A4) = Z m®(X) + Z propsz(A, X) m°(X)
XeL(Q) XeL(Q)
nx=A NXx=0ACUX

for all ) # A € P(Q),
mgz2(0) = 0.
Using the formulas for proportinalization propss we obtain the following;:
m'(A
mga(A) = Z m®(X) + Z (4) m°(X)

1
Xer£() Xer£(Q) ZWGP(U x)m (W)
NX=A NX=0 ACU X

for A € P(UX), where >y cp ) x) m (W) > 0,
maPJX) = 3 w0 + Y mi(x)

XeL() XeL(n)
NX=A NX=0ACUX

where 3y cp x) mt (W) =0,

Xer(Q)
nx=A

otherwise,

Le., for A ¢ P(UX), and for A # X, where Yy cp xym' (W) =0,

mga(0) = 0.

Let us remember: m°(A) = Yoxvec), xay—ami(X)ma(Y) for all A € L(2), where m; are classic
or generalized bba’s. m!(A) = doXer(Q), | X=A m9(X), for all ) # A € P(2), when computed from
gbba m®, or equivalently, m!'(A) = 2oxver(), xny—aMmi(X)ma(Y), for all 0 # A e P(Q), when
computed from two classic or generalized bba’s m;.
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8 Examples

Let us show computation of minC combination on several examples. We will start with the well known
Zadeh’s example. Further we present minC results for Smets’ bomb example and one more example
which distinguishes different proportionalizations.

8.1 Zadeh's example

Let us have two following input bba’s m; and mgy on a frame Q = {wy,ws, w3 }:

mi({wi}) = 0.99, mi({ws2}) =0, mi({ws}) = 0.01,

mg({wl}) = 0, mg({w'g}) = 099, mg({wg}) = 0.01.

On the generalized level on £(2) we obtain

mP(w1) =0, m®(wq) =0, m®(w3) = 0.0001,

mP (w1 A wa) = 0.9801, m°(wy A ws) = 0.0099, m°(ws A ws) = 0.0099.

Because m®({ws}) > 0 and {w3} is the only non-conflicting focal, both m®(w; Aws) and m°®(ws Aws) are
whole relocated to ws for any proportionalization prop;;, i =5,...,8,7 =1,2: as {wz} € C(wi1 Aws) =
{{ur} {ws}} = Ui P(Xi) = P({n}) UP({ws}) = {{or}} U {{ws}} = {{wi} {ws}} € P(Clwr A
w3)) = {{wi},{ws}, {wi,ws}} = Jwi A ws, and analogically {ws3} € C(ws A ws3) = Ule P(X;) C
P(C(wz Aws)) = Jwa A ws.

As mY(X) =0 for all X € |Jw; Awa, a proportionalization ratio is not defined (it is for wy Awa,
thus m®(w; Aws) is either distributed in the same portions between {w1 }, {w2} with prop;; with prop;;
for ¢ = 5,7, or among {ws }, {wa}, {w1,ws} with prop;; for i = 6,8, or it is whole relocated to {wy,ws}
with prop;s for i =5,...,8.

Hence we obtain resulting:

mil({wl}) = 0.490057 mil({wg}) = 0.490057 mil({wl,wg}) = 0, mil({wg}) = 0.0199, for ¢ = 5, 7,
mﬂ({wl}) = 03267, mﬂ({wQ}) = 03267, mil({wl,wQ}) = 03267, mﬂ({wg}) = 00199, for ¢ = 6, 8,
mig({wl}) = 0, mig({wz}) = 0, mig({wl,wg}) = 09801, mig({W3}) = 00199, for i = 5, ) 8
according to used proportionalization prop;;.

77%77)

8.2 Smets’ bomb example

Let us have a frame Q = {w1, wa, w3} = {SmallBomb, BigBomb, FalseBomb} and two observers.
The first observer reports a small bomb, i.e. mi({w1}) = 1, whereas the second reports a big bomb,
ie. mQ({WQ}) =1.

On the generalized level we obtain m°®(w; Aws) = 1 and after redistribution of conflicting belief masses
we obtain resulting:

mi1({w1}) = 0.5, my1({wa}) = 0.5, my; ({wi,w2}) = 0, using proportionalization prop;; for ¢ = 5,7,
or

mi1({w1}) = 0.3333, mi1({w2}) = 0.3333, mi1({w1,w2}) = 0.3333, using proportionalization prop;;
for ¢+ = 6,8, or

mi2({w1}) =0 ma({wa}) = 0, mu2({w1,w2}) = 1, using proportionalization prop;s for i = 5,6,7, 8.
m;;(X) = 0 for all other X € P(Q) for all i =5,...,8, j =1,2.

All the results correspond with our expectation that the observed object is a real bomb (not a false
bomb).

8.3 A new example

Let us have two input bba’s m; and mgy on a frame Q = {w;,ws, w3} again:
mi({wi}) = 0.5, mi({wr,wa}) = 0.3, mi({wr, w2, ws}) =0.2,
mg({W3}) == 0.6, mg({w17w27w3}) =04.

On the generalized level on £(£2) we obtain four non-conflicting focal elements:
mP(w1) = 0.20, m®(w3) = 0.12, m®(w; V wy) = 0.12, m® (w1 V wa V ws}) = 0.08,
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and two conflicting focal elements m®(w; A w3) = 0.30, m°((w1 V wa) A ws}) = 0.18, there are no
potential conflicts, thus m*(X) = m°(X).

> XeC(wiAws) m(X) = m®(w;y)+m®(w3) > 0 and m* (w1 Vws) = m° (w1 Vws) = 0, hence m® (w3 Aws)
is proportionalized between {w;} and {ws} for any proportionalization prop;; for i =5,...,8, j = 1,2,
as zero portion of m®(wy A ws) is relocated to {wy,ws} with prop;; in this case® .

DX €C((wr Veon) Aws) m(X) = m® (w1 Vws)+m®(w3) > 0 and m! (wg) = mt (w1 Vws) = m(waVws) =
0, thus m°((w; V wa) A ws) is proportionalized:
between {wi,ws} and {ws} in ratio 1 : 1 with proportionalization props; for j =1, 2,
among {wy,ws}, {ws} and {wy,ws,ws} in ratio 3 : 3 : 2 with proportionalization props; for j = 1,2,
among {wn }, {w1,wa}, and {ws} in ratio 5 : 3 : 3 with proportionalization propr; for j =1,2,
or among {w1}, {ws} {w1,ws}, and {wy,ws, w3} in ratio 5 : 3 : 3 : 2 with proportionalization props;°
for j = 1,2, respectively.

Thus we have ms;({w1}) = 0.20 + 50.30, ms;({ws}) = 0.12 + 20.30 + 5 0.18, ms; ({w1,ws2}) =
0.12+ 1 0.18, ms;({w1,wa,ws}) = 0.08, for props;, and analogically for the other proportionalizations.

Hence we obtain resulting:
m5j({w1}) = 03875, m5j({w3}) = 03225, m5j({w1,w2}) = 0.2100, m5j({w1,w2,w3}) = 00800,
mﬁj({wl}) = 03875, mgj({wg}) = 03000, mgj({wl,WQ}) = 01875, mGj({wl,wg,wg}) = 01250,
m7j({w1}) ~ 046937 m7j({w3}) ~ 02816, mgj({wh(.ug}) ~ 01692, m7j({w1,w2,w3}) = 00800,
mgj({wl}) ~ 0.45677 mgj({wg}) ~ 02740, mgj({whwg}) ~ 0.1615, mgj({wl,wg,w;;}) ~ 0.10777
myj({wa}) = mi;({wr, ws}) = mi;({we,ws}) =0 for any ¢ = 5,...,8, j =1,2.

We can notice that there is no difference between using proportionalizations prop;; and prop;s for
; = 52(96)7 in this example, it is due to the fact that ) Xeo(x) > 0 for all conflicting focal elements

S .

For distinguishing of all 8 different proportionalizations prop;; for i = 5,...,8, 7 = 1,2, we need a
more complicated example, we need to add at least another two elements to ).

9 A comparison with another combination rules

Let us start with a simple case of 2-element frame of discernment Qs = {wy,w,}. There is only one
type of conflict wy; X wy on 9, thus the generalized level of minC coincides with the non-normalized
conjunctive (non-normalized Dempster’s) rule @ there. MinC with any proportionalization prop;; for
1=1,6—8, 7 =1,2 for any set of input belief functions which are not in full conflict (contradiction),
i.e. mY({w1 X wa}) < 1, coincides with Dempster’s rule and with proportionalized combination from
[3]. Because the idea of proportionalizations of conflicts was only briefly sketched in [7], the problem
of fully conflicting belief functions is not discussed there at all. Dempster’s rule is not and it cannot
be defined for belief functions which are in full contradiction, whereas minC combination is defined
there, because it has to solve similarly contradictions which are not full, see e.g. Zadeh’s example.

On general n-element frame of discernment 2, = {wy, ...,w, } the minC combination with propor-
tionalization proji; for j = 1,2 coincides with Dempster’s rule @ for any set of inputs which are not
in full conflict.

The minC combination with proportionalization projo; for j = 1,2 for any two input belief func-
tions coincides with Yager’s rule ®. It can differ from ® when more input belief functions are combined,
as all combination is performed on the generalized level at first, and conflict mass is assigned to €2,
in the end when all combination on the generalized level is already finished. It coincides with k-ary
Yager’s rule when £ input belief functions is combined.

The minC combination with proportionalization projs; for j = 1,2 for any two input belief func-
tions coincides with Dubois-Prade’s rule @. Analogically to the case of propy;, it can differ from @
when more input belief functions are combined, as all combination is performed on the generalized

5To strictly follow the formulas from the previous section, it would be more correct to say that m®(w; A w3) is
proportionalized among {w1}, {ws} and {w1,w3} in ratio 5: 3 : 0 for proportionalizations prop;; for i = 6,8, j =1, 2.

6Let us note again that more correct it would be to say that m°((w1 V wa) A w3) is proportionalized among {w1},
{wa}, {ws} {w1,w2}, {w1,ws}, {w2,ws}, and {w1,wz,w3} inratio 5: 0:3:3:0:0: 2 with proportionalization props;
for j =1,2.
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level and conflict mass is assigned to unions in the end when all combination on the generalized level
is already finished. It coincides neither with k-ary Dubois-Prade’s rule when & input belief functions
is combined, because U(Uf:1 X;) C Ule X; (not equal) in general, see also Section 6.

The minC combination with proportionalization projs; for j = 1,2 for any two input belief func-
tions coincides with the proportionalized combination from [3]. Analogically to the cases of propy;
and props;, it can differ from the proportionalized combination when more input belief functions are
combined, as all combination is performed on the generalized level and conflict mass of pure conflicts
is proportionalized in the end when all combination on the generalized level is already finished.

It coincides neither with k-ary proportionalization rule when k input belief functions is combined,
because P(C(X1 U...U X)) € P(X;U..UXy) in general.

10 Related works

In this section we briefly mention another related approaches, namely approaches where a lattice
structure is used for combination of belief functions. We also briefly recall an atempt to simplify a
computation of the minC combination using coarsening and refinement.

We have to start with the already mentioned proportionalized combination [3] which was the
predecessor of the minC combination which uses a proportionalization of conflicts; it was defined on
the classic structure of the power set of a frame of discernment P(2). Beside it, we have to mention
also a combination 'per elements’ from [5]; unfortunately mathematical structure of this combination
has not been investigated till now.

Among lattice-based combinations we have to mention Besnard et al. approach [1] at first. Their
lattice propositional space (2, R) corresponds with a minC generalized frame of discernment. But its
motivation is a possibility to represent belief that two or more elements can appear simultaneously.
Moreover, to express that some elements are mutually exclusive, there is an exclusivity relation £ on
02, If wy and wo are mutually exclusive (i.e., (w1, ws) € &) it holds that wy A ws ~ L, where L is the
least element of R and = is an equivalence relation, thus all conflicts are equivalent in this approach.
Belief functions, plausibility and commonality functions are defined on evidential structure (2, R,E).
As Besnard’s approach was developed from TBM approach it is allowed that belief mass of 1, i.e,
conflicting belief mass, is positive.

Thus even if the propositional space corresponds to the generalized frame of discernment Besnard
et al. approach is quite different. We have to remember that all elements are supposed to be mutually
exclusive in the minC approach, and that the lattice structure serves on working internal level for
distinguishing of different types of conflicts. No belief functions, plausibility nor commonality functions
are defined on a minC generalized frame of discernment. Belief masses of conflicts are supposed to be
0, thus a proportionalization of conflicting masses is used in the minC approach to redistribute them
among non-conflicting elements, i.e., among elements of P ().

Further we have to mention DSm (Dezert-Smarandache of Demspter-Shafer modified) theory. DSm
approach is based on an assumption that elements of the frame of discernment can be overlapping,
it is analogous to simultaneous appearance of elements from 2. The lattice structure D is called
Dedekind lattice or hyper-power set of 2 in DSm theory. A structure, where all its elements can
be mutually overlapping, is called the free DSm model and it corresponds to Besnard’s propositional
space. There are allowed so called exclusivity constraints in DSm approach which defines which
elements are mutually exclusive; a set of these constraints corresponds to exclusivity relation £ in
Besnard’s evidential structure. A DSm model with constraints is called hybrid DSm model and it
corresponds with Besnard’s evidential structure.

Independently developed DSm approach is very close to Besnard’s approach, but not the same as
it is developed from the classic Dempster-Shafer theory, where m(@)) = 0, where () is the least element
of the hyper-power set D, this differs Besnard and DSm approaches. DSm theory is more general,
more elaborated, it allows e.g. a situation with concurrent appearance of any two elements but three
or more elements cannot appear simultaneously, i.e., the expressivity of DSm constraints is higher
than that of Besnard’s exclusivity relation on Q2. Moreover the non-existential constraints are used in
DSm theory for total exclusion of some elements from 2 during combination, this enables the so-called
dynamic fusion. To by-pass non-associativity, n-ary combination rules are used in DSm theory. A
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detail comparison of these very similar but different approaches would be an interesting task for a
future research.

Even if assumptions of the minC approach and of DSm theory are completely different the minC
generalized frame of discernment coincides with DSm hyper-power set (DSm free model). And DSm
classic rule for combination of belief functions defined on the free DSm model coincides with compu-
tation of m® on the minC generalized level. A comparison of the minC combination with the DSm
hybrid (DSmH) rule on Shafer’s DSm model has been published in [21], see Chapter 10 [8].

Generalization of minC to DSm hyper-power sets, i.e. a combination of two lattice-based ap-
proaches is just under development, see [11].

All of the combinations using lattice-based structure have high computing complexity in general,
because the size of a lattice generated from ) rapidly increases with n = |Q|. Therefore an idea of
coarsening of input belief functions to simple 2-element frames, computation of generalized level of the
minC combination there, and refinement of results back to the original n-element frame of discernment
was investigated in [6], see also [9]. This idea is based on commutation of the generalized level of minC
combination with refinement/coarsening and on simplicity of the combination on 2-element frames. It
was proved in [6] that a belief function Bel on n-element frame Q2 of discernment uniquely correspond
to a set of 2" ~! —1 belief functions on 2-element frames constructed by coarsening of 2 (by splitting of
Q) to two complementary parts). We can apply the same idea of splitting of a frame of discernment also
to minC generalized frames of discernment £(2), unfortunately such an expression of a generalized
basic belief assignment on n-element frame using generalized assignments on 2-element splitted frames
is not 1 to 1 in the case of minC generalized frames, and no procedure how to reconstruct resulting
generalized bba from those splitted ones has not been found for general belief functions.

A question of determination of a class of belief functions to which the above idea of refine-
ment /coarsening is applicable is a still open problem for a future research. Another open problem is
determination of a special class of belief functions where a complexity of the minC do not increase so
rapidly as it does in a general case.

11 Conclusion

A mathematical structure of the minC combination has been analysed in this contribution. It is
a lattice based structure. Based on it, formulas for computing of the minC combination has been
introduced. The new formulas express the minC combination for belief functions defined on arbitrary
finite frame of discernment. When considering various proportionalizations of conflicting belief masses,
the minC combination is a family of different rules.

An analysis of particular proportionalizations and more general redistributions of conflicting belief
masses has been presented.

Beside the analysis and new presentation of the minC combination, several important related
approaches is mentioned and their principal properties are compared.

The presented results can serve as a basis for more particular comparisons of alternative approaches:
of the minC combination, DSm hybrid rule, Proportional Conflict Redistribution (PCR) rule, and of
other rules from alternative approaches.
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