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Abstract:

We present a system of parametric unimodal continuous distributions, containing all possible types of
score functions of prototypes. We call it a Johnson system since Johnson transformation is used for its
construction. The system contains many used probability distributions, some of them in reparametrized
forms, with unified meaning of parameters. Three non-Johnson systems are mentioned as well.
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1 Introduction

Distribution of random variable Y with distribution function F' is said to be supported by interval

Q C R if density f(x) = dF(x)/dx satisfies relation

f(x):{ >0 if z€0Q

=0 if zeR-0Q.

Johnson [1] proposed method for generating distributions of random variable X supported by

Q = (0,00) and Q = (0,1) by means of transformation ¢ : R — Q defined by

Y=p X)) = logX if Q=1(0,00)

Y=¢1(X) = log if Q=1(0,1), (1.1)

1-X
where Y is a 'prototype’ supported by R. He considered the normal [1], Laplace [2] and logistic [3]
prototypes. In present paper we use modified transformation (1.1) to a construction of a system of
continuous distributions on arbitrary interval support, which is complete from the point of view of
behaviour of score functions of 'prototypes’ in infinity.

The transformed distributions are generated by mapping 1 : @ — R given by

x if (a,b) =R
log(z — a) if —co<a<b=o00
n(z) = log((g:;)) if —co<a<b<oo
log(b — x) if —co=a<b< oo

which is the Johnson transformation adapted to arbitrary interval support. For the sake of simplicity

of the formulas, results are presented on 'Johnson’s supports’ Q@ = (0,00) and Q = (0,1).

2 Parent distributions
2.1 Prototypes

Distribution G supported by R is called a prototype. Denote by g its density and by S its score

function

8() = - 0. 1)

We choose the simplest prototypes which cover possible types of the behaviour of the score function
in infinity:

UE: unbounded, exponentially increasing
UP: unbounded, polynomially increasing

BB: bounded

BR: bounded redescending



UB: unbounded when z — —oo and bounded when x — oo

BU: bounded when x — —oco and unbounded when x — oo.

The selected score functions and corresponding densities of prototypes are given in Table 1. The

densities are unimodal. It holds that ¢’(0) = 0 so that
S(0) =0. (2.2)

Table 1. Prototype distributions.

type  distribution 9(y) S(y)
UE * %67 coshy sinh y
UupP normal \/%e_ %_1’12 Y
UB  extreme value e %e ¢’ 1—¢7¥
BU Gumbel eve eV —1
B logistic e f:y)Q tanh
1 2

BR Cauchy el ﬁ
K =2Ky(1)

2.2 Transformed distributions

The density of transformed distribution F = Gn is

f(@) = g(n(@))n’ (2). (2.3)

The densities of distributions from Table la transformed to @ = (0,00) and Q = (0,1) are given in

Table 2 and Table 3, together with the transformed scores of the prototypes,

T(z) = S(n(z)). (2.4)

(2.4) was detected (see [4]) as an important characteristic of transformed distributions. In the same
paper it was shown that T' can be found without necessity to determine the prototype by the use of

formula

1 d 1
1@ = i (@) (25)
From (2.4) and (2.2) it follows that

T(n*(0)) =0, (2.6)

which is, together with (2.2), a condition used throughout the paper for checking the correctness of

the proposed score functions and their transformed versions.

3 Parametric families

Parametric families on R are constructed in three steps.



Table 2. Transformed distributions on (0, co).

type distribution f(x) T(z)
—L(z T
UE GIG e 2(1+1/2> La—1/z)
UP  lognormal ﬁe‘ilog “” log x
UB  Fréchet 9%2671/1 1-1/z
BU  exponential e * r—1
B log-logistic @ 221—1}
og T
BR log—CauChy ra(1+log? x) 1+10§2 T
Table 3. Transformed distributions on (0, 1).
type  distribution f(x) T(x)
1 B ) z—1/2
UE Ka:(l—:c)e 2 i - ) z(l—x)
UP  Johnson Up m gzl 155 log -
UB m%ef(lfz)/z 17;/2
BU (ljw)2 e—z/(l—z) 1;7142
BB uniform 1 x—1/2
1 1 2log 755
BR mx(1—x) 1+log? s 1+10g211fﬂc

3.1

Introduction of shape parameters

Score functions from Table 1 were provided by two shape parameters o > 0 and v > 0 in such a way

that S(0;«,v) = 0. Results are given in Table 4.

Table 4. System of Johnson prototype families with shape
parameters a, v.

type 9(za,v) S(za,v)
2_p—1 _ oz —z _
UE wPlE2PT =G (eFtve™?) (e —ve*) —p
2I(p(a\l/;) — Lzt 2a-!—l a
UP me 2 5 sgn z |Z|
UB F‘Ez)efo‘ Taent a(l—e™?)
BU fye™ —ae alz—1)
1 ez z—1
BB I/QB(ua,loz) (52+1/11,)[1+V]01 az;,—l/u
BR B(%,a—3) (1+23)« 1422

B and I' are the beta and gamma functions, K, is the Bessel
function of the third kind, p = (1 — v)/2 and A\ = (a +
2)/(a+1).

The meaning of the introduced parameters a and v is as follows. For distribution with a symmetric

parent, a means the excess. Parameter v € (0, 00) characterizes the non-symmetry. This is apparent

from Fig. 1, showing densities of type BB,

gpp(x;1,v) =" /(e” + 1/v)',

for some values of v. Finally, parameter a of asymmetric and mutually symmetric distributions UB



and BU characterizes both the excess and non-symmetry simultaneously.
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Figure 1. Densities of prototypes of type BB with various values of the parameter

of non-symmetry v.eps

The transformed score functions of prototypes and the densities of transformed distributions on

(a,b) are T(x; o, v) = S(n(x); , v) and f(z; o, v) = g(n(z); o, v)n' (x).

3.2

Introduction of location and scale parameters

Let © € R be the location and o > 0 the scale. By setting z = w in Table 2, where

y— K (3.1)

g

w =

is a 'pivotal variable on R’ (c.f. [5]), one obtains parametric distributions G, »,4,, with densities and

transformed score functions of the prototype

G(y; u,0,0,v)

S(y; u,0,0,v)

= o lg(wia,v) (3.2)
1 d

g(w; o, v) dy?

(w; o, v) = 0718 (w; o, 1) . (3.3)

g has mode at p and S(M; p,o,o,v) = 0. p1 is taken as a measure of central tendency of G .a,1-

3.3 Transformed families

The transformed location of the prototype,

t=n""(n),



will be called the Johnson parameter of transformed distribution Fy ; o, = G 0,q,.7. Using (2.3) and

(3.2), (2.4) and (3.3), the density and transformed score function of Fj ; o, are

flast,o,av) = o ltg(n(w);a,v)n (z) (3.5)
T(z;t,o,a,v) = o 'S(nw);a,v) (3.6)

where we denoted
n(w) = 12 =10 (3.7)

(3.7) can be called a ’pivotal variable on Q’. By setting y = n(w) in Table 4 and by using relations
(3.5) and (3.6) one obtains a system of transformed distributions on arbitrary support. The Johnson

parameter (3.4), the explicit form of which is

u if 9=R
. ekt if Q= (a,)
= M .
b if Q= (a,0)
bk if Q= (—o0,b),

can be considered as a measure of the central tendency of transformed distributions [6]. For dis-
tributions with support @@ # R, the scale parameter is often expressed by means of its reciprocal

value

B=1/0.
4 Johnson system of distributions on (0, c0)
On Q = (0,00), it holds that n(z) = logx, n'(x) = 1/, and the pivotal variable (3.7) is
z = n(w) = log(z/t)". (4.1)
Let us present some members that occurs in statistical literature.

Type UP. The densities of distributions of this type are

1 —1l(log |2 |B)1te
f(a:;tasaa): 2)\1"(}\)x6 2( g|t| )

where A = (a+ 2)/(a + 1). Distributions of the "Johnson triplet’ [1, 7] are

Q distribution f(x;t,s,1) T(x;t,s,1)
R normal ﬁe’%(%;)z =k
(0,00) lognormal ﬁe*élog () log (£)” ,
z(1—t)\B
(0,1)  Johnson’s Up me*%bﬁ(m—m) log (f((ll:g)



and the transformed score functions of the prototypes are

a+1

T(ait, B,0) = = (log | £17) " sgn (o/t — 1)

Type UB. The densities of the family with non-symmetric prototypes skewed to the right are

ol

it = 22 (2) o0

f(x;t, 8,1) is the Fréchet distribution. The transformed scores of the prototypes are
T(z;t,s,a) = all — (x/t)~"].

Type BU. The family with non-symmetric prototypes skewed to the left, with densities

« Ba 2\8
f(l',t, 57 Oé) - FB(Z)ZC (%) eia(?)[v

is called by [8] the general gamma family. Members of the family are distributions

Weibull flz;t,6,1)
gamma flx;a/y,1,a)
chi-squared  f(z;v,1,1/2)
Rayleigh f(z;av/2,1/2,1)
Maxwell f(z;aV/3,2,3/2)

and the transformed scores of the prototypes are
T(x;t,s,0) = al(z/t)" —1].

Type BB. The densities of heavy-tailed distributions of type BB are

B (z/t)7e

f(l‘;t,ﬁ7a,l/) — I/O‘B(I/Oé,Oé)IB [({E/t)ﬂ + 1/1/](1+V)a

and transformed score functions of the prototypes are

(z/t)% —1

T(x;t, B, a,v) = am.

In [8], a family with densities

g (/)"
&, 0)z [(x/y)P + 1]+

fTB(x;’Yaﬂ75a6) = B(

is called the transformed beta family. By (2.5), the corresponding transformed scores of the prototypes

are
d(x/v)’ —e

Trp(x;v,B,¢e,0) = (x/y)84+1"

(4.3)



Since Trp(v;v, B,€,0) # 0 if € # §, the parameter 7 is not a Johnson parameter. Comparing (4.3)

with (4.2), one obtains relation
fTB(x; v, ﬁ? g, 5) = f(.’I:, ’7(5/5)1/57 57 67 5/5)

Belonging to this type is the ’beta triplet’

Q distribution flz;1,1,p,q) T(x;1,1,p,q)
1 eP® qe”—p
R prototype beta WW " Fq
. 1 ‘,L‘P* —
(0, OO) beta—prlme mw q;:_qp
(0,1) beta B(zlnq) P 1 —2)t (p+q@r—p
some other members of this type are distributions
log-logistic flz;t,6,1,1)
Fisher-Snedecor  frp(z;ve/v1,1,11/2,12/2) = f(x;1,1,v2/2,11 /va)
Burr III flz;EYe e 1, k)
Burr XII flx;k=Ye ek, 1/k)
Lomax fTB(x;laLLa) Zf(x;l/a,l,a,l/a)

Type BR. This type contains heavy-tailed distributions with densities

1 1
B(y, 0= 3) [1+log*(x/t)7]
Members are log-Cauchy distribution f(x;¢,3,1) and Student z distribution f(z;c/2,1,(c + 1)/2)

fla;t,s,0) =

(c.f. [9]). The transformed scores of the prototypes are redescending functions

. _ 2alog(z/t)?
T(ast, f,0) = 1+ log?(z/t)8"

Type UE. Belonging to this type is a generalized inverse Gaussian family [7] with densities

(/D i serae),

TP, q,A) = x
where p, ¢, A € (0,00). From (2.5) one obtains
1
Tare(w;p, g, \) = 5(2?33 —q/z) = A (4.4)

Tera(1;p,9,A) = 0 if A = (p — ¢)/2. In this case, (4.4) can be generalized for the Johnson and /3

parameters. By setting p = o and ¢ = va one obtains a family with densities

VP2 (z/t)P s s
Flast, Bya,v) = L0 o=5[@/0) +v/t)7"]
( ) 2K, (on/v)x

where p = (v + 1)a/2. The transformed score functions of the prototypes are

T(x;t,B,a,v) = % [(a:/t)ﬁ - V(a:/t)*ﬁ} —(1-v)a/2.



The two frequently used families of type UE, the Wald and inverse Gaussian, was chosen perhaps
owing to a simple normalizing constant. Both of them cannot be further generalized for the John-
son and @ parameters. A composite distribution belonging to type UE is the Birnbaum-Saunders

distribution [7] with transformed score function of the parent distribution in form

_ . 4.5
T 2 14=x (4.5)

(4.5) is rather complex, but it satisfies condition (2.6) and is therefore ready to be generalized for the

pivotal variable (4.1).

5 Systems on finite intervals

From Table 1, by using n'(x) = 1/2(1 — ) instead of n'(z) = 1/« and by setting

n@ = nt) _ (:((11_—3)"

where 3 = 1/s, we obtain the Johnson system on (0,1). A few practically used distributions of this
system are listed in ’triplets’ in the preceding section.

Let us briefly introduce three non-Johnson systems on finite intervals, originated by transforma-

tions
i) m:(0,1) >R n(x) = —log(—logz)
(i) n:(-L,1)—>R n(z) = tanh 'z
(i) 7n:(—7/2,7/2) >R n(z) = tanz
(i) Set ¢ = —logx, so that n'(x) = 1/xq. The distributions given in Table 1 can be used as

prototypes. By (2.5), the transformed scores of the prototypes are

T(x)=1-q—aqf'(z)/f(x).

The parent distributions can be provided by shape parameters and by ’pivotal quantity on (0,1)’,

1/s e”

which is in this case z = log(t/q)'/*, where t = —logr. k = e~ " is the image of the location u of

the prototype.

(i) Since tanh™!(z) = 3 log ;—f&, this system is similar to the Johnson system on Q = (—1,1).

(iii) In "tan 2’ system, n’(z) = cos~2 x. By (2.5),

T(x) = sin 2z — cos® ' () / f(z). (5.1)

In order to obtain simple forms of the densities, simple forms of (5.1) should be chosen. Our proposals

are listed in the second column of Table 3. In the third column of the table there are the densities



computed by the integration of (5.1), in next columns are the densities and score functions of the

prototypes.

Table 5. Parent distributions of ‘tan z’ system and their prototypes.

type 1'(z) f(z) 9(y) S(y)
UFE tan x me_%taH%C \/%—We_%f Y

. — — 2
BB sin me 1/cosx 2K1<1)€ 1+y \/#7
BR sin 2x 1/7 %ﬁ 13_yyz
BR— sin2x —cos’x Le® 1 Hlya et v ﬁ;;
BR+  sin2z + cos® x e’ ” 1 H_lyg —tan”ly fﬂ;;
c= 67(/2 _ 6_7\'/2‘

In Table 5, type BR is a parent of the Burr XI distribution and the prototype BR is a parent of
Pearson IV distribution (cf. [7]). The score function of prototypes BR; and BR_ do not satisfy con-
dition (2.2) so that the pertaining densities cannot be provided by the location and scale parameters.

Let us put
W
[1+(y—1/2)2]

2y
[L+(y+1/2)%]

The corresponding densities are

Sa, (y) = Sa_(y) =

1
1+ (y+1/2)%

-1
9+(y) = et /)

and

— ;eftanfl(yfl/m
c[l+(y—1/2)? ’

where ¢ = €™/2 —e~™/2. g, and g_ are the heavy-tailed asymmetric parents of type BR (see Fig.2),

9-(y)

which can be included into prototype distributions of the Johnson system in Table 1.

density

Figure 2. Densities ¢g_, go,1,1 (Cauchy) and g .eps

They can be further provided by shape parameters and finally by pivotal variable on R. Their



transformed versions can be provided by ’pivotal quantity on (—m/2,7/2)” which appears to be

Bsin(xz —t)

z = f(tanz — tant) = p——
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