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Abstrakt
The paper surveys the basic knowledge about the specia class of fuzzy inference systems which is

the class of the radial implicative fuzzy inference systems. It is presented their definition together with
several important properties of them such as coherence and universal approximation property.

1. Radial fuzzy inference systems

The concept of fuzzy inference system (FIS) is well known over thirty years, e.g., [1]. The architecture of
standard FISis given by four building blocks, a fuzzifier, arule base, an inference engine and a deffuzifier.
The input signal flows from fuzzifier, through inference engine, which cooperates with a rule base, to the
deffuzifier. Mathematically, a FIS (in M1SO configuration) performsafunction from R" to R.

A “knowledge’ of aFISis stored in the rule base. Thisistradionally given by aset of m IF-THEN rules.
An IF-THEN rule has the canonical form

IF z,is Aj1 and x5 is Ajp and ... and z, is Aj, THEN yis B;, (4)span

where Aj;, B, i =1,...,n,7 =1,...,m arefuzzy sets defined on respective universal sets X1, ..., X,,
X; C R, Y C R. Thelinguistic connective and is represented by a ¢t-norm (associative, commutative,
monotone and conjunction-like operation from [0, 1]% to [0, 1], see [1, 2] for exact definition).

Consideringn > 1 we have antecedent of arulerepresentingafuzzy relationon X; x X» x - -+ x X, given
as

Aj (CB) = Ajl (371) *A]'2 (372) ket ok A]'n(l'n), (5)span

where x symbol represents a¢-norm. Having particular fuzzy sets given as Gaussians and ¢-norm as product
we have above as

A,(z) = exp l_wl e l_wl ..... e l_w] . (©span
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which is on base of Gaussians properties

- — Gy .
TR e NS R
i=1
where a; = (aji1,...,a;), a; € R™, is the vector of centers of particular fuzzy sets Aj;, b; =
(bj1,.-.,bjn), b € RY is the vector of theirs width parameters and || - ||, is the scaled Euclidean

norm defined as

lulle, =, Z B2 (8)span

Comparing the form of antecedent and succedent,
Aj(x) = exp [||z — a;][3] Bj(y) = exp [~ (y — ¢)/d?], (9span

we see that they have the same form. That is, their computationisgiven, up to dimension, by the ssmeradial
basis function. Actually, this property givesthe formal definition of radial FIS.

A FIS is cdled radid if there exists a non-increasing function act : [0,+00) — [0,1], act(0) = 1,
lims_, 4 act(s) = 0,andastrictly increasingfunctiong : [0, +00) — [0, +00), g(0) = 0, both continuous,
such that antecedent A;(x) and succedent B;(y) of the jthrule, j = 1,...,m, can bewritten as

Aj(x) = act( g(|z — a;lls;) ) and  Bj(y) = act (g (ly — ¢;l/d;)) - (10)span

On base of this definition we see that in above example the act functionis given as act(s) = exp(—s) and
g functionas g(s) = s%. Thereisaquestion if there can be defined another radial FISs on base of other well
known t-normssuch asLukasiewicz, definedaszxy = max{0,z+y—1}andminimumzxy = min{z,y}
and other shapes of fuzzy sets such as triangular ones. We have these two lemmas.

Lemmal.l Let A;;, B; betriangular fuzzy sets, i.e.,

}, Bj:max{(),l—‘u
d;

Tr; — aji

Aji = max {0, 1-—

} , (11)span

ji
and ¢-norm be chosen as minimum then resulting FIS isradial.

Proof: Considering antecedent of particular rule we have

T — Qj;

Ajx) = min{maX{O,l—

max {O,min {1 -

Aj(x) = max {0, 1- max{

il
)
} } . (14)

Aj(z) = max{0,1— ||z — a]'”ij 1 (15)span

ji
T — Qj;

&
&
I

T; — Qjj

Henceitis

where || - ||c,, isthe scaled cubic norm given as

Un

by

lallc, =max{ i
J bl

yen ey

} : (16)span

forb = (by,...,bn), b€ RY.
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Setting act(s) = max{0,1 — s} for s € [0, 4+00) and g(s) = s, we have

Aj(@) = act(g(lle—allcy,)), (17)

Bjly) = maX{O,l— m}=act<g (‘%)) (18)

J

Hence Mamdani |-FISisradia. O

Lemmal.2 Let A;;, B; betriangular fuzzy sets, i.e.,

}, szmax{o,l—‘w
dj

Ti — Ajg

Aji = max {0, 1-—

} : (19)span

ji

and ¢-norm be chosen as Lukasiewicz one then resulting FIS isradial.

Proof: By induction. Let n = 2 thenwe havefor ry = (2 — aj1)/bj1, 2 = (& — aj2)/bj2,

Aj(xz) = max{0,max{0,1— |r|} + max{0,1 — |ra2|} — 1}, (20)
max{0,1 — (|r1| + |r2])}- (21)

.

.

&
|

By the same manipulation we provethat for n. > 2 we have

Aj(z) = max {0, 1- i |rz|} . (22)span
i=1
Considering the scaled octaedric norm in R"™ defined as
lullow =3 il (23)span
we have
Aj(z) = max{0,1 — || — aj||o, } (24)span

Setting again act(s) = max{0,1 — s} for s € [0, +o0) and g(s) = s weobtainaradia FIS. O
Note that considering 7, normsin R™ defined for p > 1 by
Ip(u) = (Jur P + ... lun|P)'/? (25)span

then their scaled counterpartsfor b € R}

u [P N\ 1/p
() = (|—| +-+|— (26)span
by by,
arenormsin R™ aswell. Further it is
7 Up,
lp=1)s (W) = || + -+ | 75| = lullo,, (27)span
b1 b
pgrgoolp,,m):max{ Bl g [t } = llulles. (28)span

Thus we see that for the most important ¢-norms (any ¢-norm can be build from Lukasiewicz, product and
minimum ones [2]) and usual shapes of fuzzy sets (triangular, Gaussians) there exists corresponding radial
FIS.
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2. Radial implicative fuzzy inference systems

A particular IF-THEN ruleof arulebaseis mathematically represented by afuzzy relation. Itsform depends
on the shapes of fuzzy sets, used ¢-norm and interpretation of IF-THEN structure of a rule. Actualy, there
are two approachesknown in the literature. It is the conjunctive approach and the implicative approach [1].
On the base of conjunctive one so called conjunctive FISs are defined and on base of the implicative one
theimplicative FISs (I-FI Ss) are defined.

In an implicative FIS antecedent and succedent are combined by a proper fuzzy implication given as the
residuum of a¢-norm used for and connective representation. A residuum — of at-normisgenerally given
as (it isan operation from [0, 1]% to [0,1], see[1, 2])

x =y =sup{z*xz <y} (29)span
For the three basic normsit isgivenasz — y=1iff x < y (thisisageneral property of all residua) and for
T >yas
e Lukasiewiczt-norm:z > y=1—x+y
e productt-norm: z — y = y/z

e MinNimumt¢-norm:z -y =y

Hencein an I-FIS aparticular rule representation is given as
Rj(x,y) = Aj(x)— Bj(y), (30)
Rj(z,y) = (Aj(z1)* - x Ajn(zn)) = Bj(y). (31)

On base of this representation particular rules are combined to compound relation giving a fuzzy relation
representing the whole rule base. The combination is for implicative FIS given by the ¢-norm representing
afuzzy intersection. The t-norm is the same as used for and connective representation. Thus we have

RB((E, y) = ﬂ R] (:1), y) = Rl ((E, y) ko k Rn(ma y) (32)span

j=1

Now we can state the definition of radial I-FIS. A FIS isradia implicative oneif it is radia according to
definition 1 and it has the implicative representation of rule base.

3. Computation of radial |-FIS

A computation of standard FIS is given by the compositional rule of inference [1]. On base of this rule
output (fuzzy set B’) of inference engine, given as aresponse on input z*, has the form

B'(y) = sup{ 4. (z) x RB(z,y)}, (33)span
where A.,. (x) is the fuzzy set given by afuzzifier as a response on the crisp input * € R and x is the

t-norm used for and connective representation. Using singleton fuzzifier, which isthe most common choice
in practice, transforming a crisp input on fuzzy singleton, i.e.,

®\ Al _ 1 forx =x*
fuzz(x®) = AL.(x) = { 0 forw £z (34)span

and employing the fact that for any t-norm 0 x z = 2 x 0 = 0 we have above CRI rule (33) in the simpler
form of

B'(y) = RB(z",y). (35)span
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Further considering the computation of CRI rulein a more restrictive form, so called A-CRI rule, we have
above

B'(y) = A(RB(z",y)), (36)span
where A is an operation from [0,1] to {0, 1} defined as

1 forz=1,
A(x)_{ 0 forz€[0,1).

Sincefor any t-normitisxz xy = 1if and only if z = 1 and y = 1 we can (36) write as

B'(y) = A(Ri (2*,9)) % % A(Ba(a*,y)). (38)span

(37)span

So B'(y) = 1if and only if R;(x*,y) = 1 smultaneoudly for al j = 1,...,m. Otherwise B'(y) = 0.
Hence B’ isacrisp set.

Having particular rule represented in an implicative way it is R;(x*,y) = L if and only if itis A;(z*) <
B;(y), whichis given by the properties of residua. Considering an implicative FISto beradial we can state
these inequalities.

dj -|lz* = ajlle, > |y —cjl, (39)
lz* —ajlle; = |y —cil/dj, (40)
g™ = ajlle,) > glly —c;l/d;), (41)
act(g(|le” —a;lls;)) < act(g(ly — ¢;l/d;)), (42)
Aj(x*) < Bj(y). (43)
Hence the set of those y satisfying A;(z*) < B;(y)contains at least the closed interval

Ij =[ej —dj - [|2" = ajlly; , ¢j +dj - [|2" — ajllp;]. (44)span

Considering by definition interval I; such aset of thosey for which R;(x*,y) = 1 we see that the set of y
forwhich B'(y) = 1isgivenby theintersectionof I; forj = 1,...,m. Formally, we can write computation
of an inference engine using A-CRI rulein the case of radial I-FIS as

B' = ﬂ I;. (45)span

Since an intersection of intervalsisan interval aswell (we consider that it is non empty) it is straithforward
to consider as the final deffuzified output of aradial I-FIS the middle point of B', i.e.,

L(Ip Ip
y* = (B)W;R(B), (46)span

where L(Ip/), R(Ip/) aretheleft or theright limit point of B’, respectively.

Having stated the computation of aradial 1-FISwe can investigate some of its properties such as coherence
and universal approximation property. In the following sectionswe state important theoremsregarding these
properties without proofs.

4. Coherence

The question of coherenceisthe question if for any input is the output of radial 1-FIS always defined. That
is, forany «* € R™itis()I; # (). The answer on this question is given by the following theorem.

Theorem 4.1 Let bewy; for k,l =1,...,m givenas
M for k #1
Wy = llar — ail|E , (47)span
0 for k=1
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Thenradial I — FIS is coherent if and only if for all elementswy, itis

wy < min{dgag, dia}, (48)span
wherea;, j = 1,. .., m, are positive numbers such that
a;j - ||ulle < [lully, (49)span

for all u € R™.

5. Universal approximation property

The universal approximation property is an important property which justifies the employment of radial
I-FI Ss as controllersor other approximation tools. We are able to prove this property in the following form.

A system of functions G defined on hypercube H = [p1,q1] X - -+ X [pn,qn], i-€., H C R™, exhibits the
universal approximation property if for givene > 0 and any continuousfunction f : H — R thereexistsa
functiong € G suchthat foral « € H itis

|f(z) —g(z)| <e. (50)span

Theorem 5.1 Let G be the system of functions given by the computation of all coherent radial I — FISs
defined on given hypercube H, H C R™. Then G has the universal approximation property in the sense of
definition 5.

6. Conclusion

It was defined the class of fuzzy inference systemswhich wasthe class of radial implicative fuzzy inference
systems. It was shown that important ¢-norms can be combined with important shapes of fuzzy sets to
obtain radial I-FISs. It was shown that the computation of radial implicative FISsis given by intersection of
intervals and there was presented sufficient and necessary condition to radial I-FIS be coherent. Moreover,
the class of radial implicative fuzzy inference systems exhibits the universal approximation property.
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