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Abstract:

Tightness of dimension-independent upper bounds on neural network approximation is investigated in the
framework of variable-basis approximation. Conditions are given on a variable basis that do not allow
a possibility of improving such bounds beyond O(nf(%+é)), where d is the number of variables of the
functions to be approximated. Such conditions are satisfied by sigmoidal perceptrons.
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1 Introduction

Feedforward networks are mostly simulated on classical computers; for such simulations, one of the
limiting factors is the number n of hidden units. Jones [9] has obtained insight into the reason that
some high-dimensional tasks can be performed efficiently by neural networks with a moderate number
of hidden units. He constructed incremental approximants with rates of convergence of the order of
O(n=%). The same estimates had earlier been proved by Maurey using a probabilistic argument (see
Pisier [18] and also Barron [2]). Barron [2] improved Jones’s [9] upper bound and applied it to neural
networks. Using a weighted Fourier transform, he described sets of multivariable functions that can
be approximated by perceptron networks having n hidden units within an accuracy of the order of
(’)(n*%). Such bounds are sometimes called “dimension-independent” as they do not depend on the
number of variables. However, such a term can be misleading, as sets of multivariable functions to
which such estimates apply become more and more constrained as the number of variables increases.

The Maurey-Jones-Barron upper bound is quite general, as it applies to nonlinear approximation
of the variable-basis type, i.e., approximation by linear combinations of n-tuples of elements of a given
set of basis functions. This approximation scheme has been widely investigated (see, e.g., DeVore
and Temlyakov [?] and the references therein): it includes splines with free nodes, trigonometric
polynomials with free frequencies, sums of wavelets and feedforward neural networks.

Several authors have further improved or extended these dimension-independent bounds. An
extension to L,-spaces, with p € (1,00), has been derived by Darken et al. [3] (with a rate of
approximation of the order of O(nfé), where ¢ = max(p, ﬁ)), and an extension to L..-spaces has
been obtained by Barron [1], Girosi [7], Gurvits and Koiran [8], Makovoz [16] and Kurkovd, Savicky
and Hlavackova [14].

Makovoz [15] improved Maurey’s probabilistic argument by combining it with a concept from
metric entropy theory, which he also used to show that in the case of Lipschitz sigmoidal perceptron
networks, the upper bound cannot be improved to O(n~%) for a > % + %, where d is the number of
variables of the functions to be approximated. A similar tightness result for perceptron networks was
earlier obtained by Barron [1], who used a more complicated proof technique. For the special case of
orthonormal variable-basis, Mhaskar and Micchelli [17], Karkova, Savicky and Hlavackova [14] and
Kirkova and Sanguineti [13] have derived tight improvements of Maurey-Jones-Barron’s bound.

In this paper, we extend tightness results derived by Barron [1] and Makovoz [15] for approximation
by convex combinations of functions computable by sigmoidal perceptrons to combinations of more
general basis functions satisfying certain conditions, that are fulfilled by standard neural-network
hidden units. These conditions are defined in terms of (i) polynomial growth of the number of sets of
a given diameter needed to cover such basis and (ii) sufficient “capacity” of the basis, in the sense that
its convex hull has an orthogonal subset that for each positive integer k& contains at least k? functions
with norms greater or equal to % The proofs of our results, which are only sketched here, are given

in [?].

2 Approximation by neural networks and by variable-basis functions

Approximation by feedforward neural networks can be studied in a more general context of approz-
imation by variable-basis functions. In this approximation scheme, elements of a real normed linear
space (X,]|.]|) are approximated by linear combinations of at most n elements of a given subset G.
The set of such combinations is denoted by span,G = {}., wig;;w; € R,g; € G}; it is equal to
the union of n-dimensional subspaces generated by all n-tuples of elements of G. G can represent the
set of functions computable by hidden units in neural networks. Such units compute functions of the
form ¢ : RP x RY - R, where R denotes the set of real numbers, ¢ corresponds to the type of unit,
and p and d to the dimension of a parameter space and an input space, resp.. The set of input/output
functions of a network with a single linear output unit and n hidden units computing the function
¢ is equal to span,Gy4, where Gy = {¢(a,-);a € RP}. Also multilayer networks with a single linear
output unit and n units in the last hidden layer belong to this approximation scheme; they compute
functions from span,G with G depending on the number of units in the previous hidden layers.



Recall that a perceptron with an activation function ¢ : R — R computes functions of the form
#((v,b),x) = (v-x+b) : R¥TIxR? - R, where v € R is an input weight vector and b € R is a bias.
By Py(v) = {f :[0,1]? = R; f(x) = ¢¥(v-x+b),v € R%, b € R} we denote the set of functions on [0, 1]
computable by ¢-perceptrons. The most common activation functions are sigmoidals, i.e., functions
o : R — [0,1] such that lim;, _ o(t) = 0 and lim;_, o(t) = 1; the discontinuous sigmoidal defined
as ¥(t) = 0 for t < 0 and 9(t) = 1 for ¢t > 0 is called the Heaviside function. A function o : R — R is
Lipschitz if there exists M > 0 such that |o(t) — o(t')| < M|t —¢'| for all ¢,¢' € R.

Rates of approximation of functions from a set Y by functions from a set M can be studied in
terms of the worst-case error formalized by the concept of deviation of Y from M and defined as
(Y, M) = 6(Y, M, (X,]|ll)) = supsey ||f — M|| = sup;cy infyen [|f — gl|- To formulate estimates of
deviation from span,G we need to introduce a few more concepts and notations. If GG is a subset of
(X, |I]l) and ¢ € R, then we define ¢cG = {cg;g9 € G} and G(c) = {wg; g € G,w € R&|w| < ¢}. The
closure of G is denoted by ¢l G and defined as Il G = {f € X;(Ve > 0)(3g € G)(|f —gl| < e)}. G
is dense in (X,]|.|]) if dd G = X. The convex hull of G, denoted by conv G, is the set of all convex
combinations of its elements, ie., convG = {3 1, aigi;a; € [0,1],>° " a; = 1,9, € G,n € N}
conv, G denotes the set of all convex combinations of n elements of G, i.e., conv, G = {>_1"_, a;gi; a; €
[0,1], 1", a; = 1,9; € G}. B,(z,]|.]|) denotes the ball of radius r with respect to the norm ||.|| centered
at x € X, i.e., Bp(z,||.]]) = {y € X;|ly — z|]| < r}. We write shortly B,(]|.]]) instead of B,.(0,]|.]|)-

The following estimate is a version of Jones’ result as improved by Barron [2] and also of earlier
result of Maurey. Recall that a Hilbert space is a normed linear space with the norm induced by an
inner product.

Theorem 2.1 Let (X, ||.||) be a Hilbert space, b a positive real number, G a subset of X such that for
every g € G ||g|| < b, and let f € clconvG. Then, for every positive integer n, ||f — conv,G|| <

[l
n

In the following, we shall sometimes refer to Theorem 2.1 and to its bound as Maurey-Jones-
Barron’s theorem and bound, resp. As conv,G C span, G, the upper bound from Theorem 2.1 also
applies to rates of approximation by span,G. However, when G is not closed up to multiplication by
scalars, conv (G is a proper subset of span GG, and hence also cl conv G is a proper subset of ¢l span G.
Thus density of span G in (X, ||.||) does not guarantee that Theorem 2.1 can be applied to all elements
of X. As conv,G(c) C span,G(c) = span,G for any ¢ € R, by replacing the set G by G(¢) = {wg;w €
R,|w| < ¢,g € G} we can apply Theorem 2.1 to all elements of U.cr cl conv G(c). This approach
can be mathematically formulated in terms of a norm tailored to a set G (in particular, to sets Gg
corresponding to various computational units ¢ in neural networks). Let (X, ]|.]|) be a normed linear
space and G be its subset, then G-variation (variation with respect to G) denoted by ||.||¢ is defined
as the Minkowski functional of the set ¢l conv G(1) = cl conv(G U —@G), i.e.,

Iflle = inf{c € Ry; f € clconvG(c)}.

G-variation has been introduced by Kurkovd [11] as an extension of Barron’s [1] concept of variation
with respect to half-spaces (more precisely, variation with respect to characteristic functions of half-
spaces) corresponding to perceptrons with Heaviside activation function. For functions of one variable,
variation with respect to half-spaces coincides, up to a constant, with the notion of total variation
studied in integration theory; for G orthonormal, it is equal to the Iy-norm with respect to G (see
[13]). The following theorem is a corollary of Theorem 2.1 formulated in terms of G-variation (see
[11]). Recall that for any G, the unit ball in G-variation is equal to ¢l conv(G U —Q).

Theorem 2.2 Let (X, ||.||) be a Hilbert space and G be its subset. Then, for every f € X and every
positive integer n, §(B1(||-l|g), span,G) < s—\/f"ﬁ, where s = sup e |lgll-

Thus all functions from the unit ball in Gg-variation can be approximated within SGT:L’ by ¢-
networks with n hidden units independently on the number d of variables. However, with increasing
number of variables, the condition of being in the unit ball in G¢-variation becomes more and more
constraining (see [14] for examples of functions with variations depending exponentially on d).



3 Covering numbers

Recall that for e > 0, the e-covering number of a subset K of a normed linear space (X, ||.||) is defined
as cove K = cove(K, ||.||) = min{n € Ny ;K C U™, B.(x;,||.]),z; € K} if the set over which the
minimum is taken is nonempty, otherwise cov.(K) = 4+00. The e-metric entropy of K is defined as
H_.(K) = logs cov- K.

The n-covering diameter of K is defined as diam,,(K) = inf{e € R4 ; K C U, B:(z;,]|.]|)}. When
the covering sets are open or closed balls of radius §, then diam,, (K) is the n-th entropy number e, (K)
(see [4, p.7]).

A subset {z1,...,2,} of K is called e-distinguishable if for each distinct pair x;, z; of its elements,
llz; — z;]| > e. The e-packing number of K, pack.K, is defined as the maximal cardinality of an
e-distinguishable subset of K. The e-capacity of K is defined as C.(K) = logs pack. K.

It follows directly from the definitions and the triangle inequality that packs.(K) < cov.(K) <
pack.(K). Obviously, the same relationships hold between H,.(K) and C. (K).

The following lemma gives an elementary estimate of covering numbers of balls in a norm on R".

Lemma 3.1 Let n be a positive integer, ||.|| be a norm on R"™ and € > 0, then (%)n < coveBi(||]]) <
(3)".

Proof. Let vol denotes the Euclidean volume in R™. For every € > 0, we have vol(B:(||.|]))
g™ vol(B1(]|.]]))- It follows from It follows directly from the definitions that cov. By (]|.||) vol(B:(]-]]))
vol(Bi([[.[]) and packs By (|-|]) vol (Be(|I-[1)) < wol(Bi([|.[])). Hence, packs: Bi(||.|[) < e < cove Bi(]L.[])-
Since packq:-K < cov. K < pack.K we have cov-Bi(||.]|) < pack-Bi(]|.]]) < (2)" < cove By([|.]]), and
hence ()" < cov-Bi(|I.]) < (2)". O

g

Y%

Lemma 3.2 Let (X, ||.||) be a Hilbert space, G its subset and sG = sup,cq
>0,

(1) €OV (145) (convn G, [|.|I) < (cove (G, |-1D)™ cove (By(I[-lleg ), [I-[le7) 5

(ii) cov.(14s4)(conv, G) < (cove G)" (%)n,

(1) cove(GU —@G) < 2cov: G.

gll. Then, for every

Proof. (i) Let B be an e-net in By (||.||;») with respect to [ and A be an e-net in G with respect to the
norm |.||. Let C' be a subset of convy, G formed by all expressions Y7 | b; g;, where (g1,...,gn) € G"
and (b1,...,b,) € B. We have cardC = (card A)" card B. Since ||y ;") bigi — Y iy bigill <
130, bigi— Sy biGill+ 110y bigi = S0y Bidill = 0y bi (g — gl + 10, (i — B dill <
Sy bile+ >0 |bi = bil llgill <e+esqg=e(l+sa), Cis an e(1+ sg)-net in conv, G with respect
t ILI.

(ii) follows directly from (i).

(iii) If C in an e-net in G, then —C in an e-net in —G and hence C U —C'is an e-net in GU —-G. O

4 Quasiorthogonal dimension

The cube {—1,1}™ is called the Hamming cube. Let h denotes a metric on {—1,1}™ defined as the
the number of coordinates at which two vectors differ; usually called the Hamming metric, it is just
the {;-norm.

A Hadamard matriz of order m is a set of pairwise orthogonal vectors in the Hamming cube
{—1,1}™ with a particular ordering. It is well-known that, except for m = 1 and m = 2, a Hadamard
matrix can only exist when m is divisible by 4 and this condition is believed to be sufficient. Kainen
and Kirkové [10] have generalized the concept of Hadamard matrix by allowing a certain tolerance in
the orthogonality condition. For e € [0, 1], they have defined an e-Hadamard matriz of order m as an
ordered set of vectors in {—1,1}"™ with all inner products of any two distinct rows in absolute value
less than or equal to me.

Let R(e,m) denote the maximal number of rows of an e-Hadamard matrix of order m. Since the
absolute value of the inner product of a pair of vectors in {—1, 1} is equal to an integer between 0 and



m, it follows that R(e,m) = R(%,m) for each £ € [0,1]. When & = £ then |u-v| < k. It is easy to
check that, for each two distinct vectors u, v in an e-Hadamard matrix of order m, h(u,v) > m(152).
When e = £ then h(u,v) > 2=k,

The following lemma gives a lower bound on certain covering numbers of the unit ball in variation

with respect to an orthogonal set.

Lemma 4.1 Let (X,||.||) be a Hilbert space, A be its orthogonal subset such that cardA = m and
minge 4 ||g|] = a. Then for each integer k such that 1 < k < m, covs,Bi(||.||a) > R (£,m), where

Ok = 751/ [m-k].

Proof. Let A = {g1,...,gm} and let My, be a £-Hadamard matrix of order m with R (£,m) rows.
We shall show that the set A(My) = {37 uigi;u € My} is 26, = 224 /[2-E]-separated. For

m
any two distinct vectors u,v € My, we have h(u,v) > mqu Thus the cardinality of the set I

of indices, representing the coordinates where u and v differ, satisfies [Z5%] < cardI < [Z5%].

Hence £ X7 (u; — vl = 20 eyl > 22\/T255]. Finally, cardA(M,) = R (£,m) and
A(My) C Bi(||.||4), imply that covs, (Bi(||-[[4)) > R (£,m). O

Lemma 4.1 gives a lower bound on certain covering numbers of balls in variation with respect to
an orthogonal set. For a smaller value of 0y, a similar lower bound on covs, B1(]|.]|4) can be obtained
even if the orthogonality condition on the set A is relaxed to e-nearly orthogonality.

A subset A = {g1,....gm} of a Hilbert space (X, ||.||) is called e-nearly orthogonal if Z;n:L#i lg: -
gjl<e, i=1,...m.

Hech-Nielsen introduced the concept of quasiortogonality. For ¢ € (0, 1), two vectors u,v € R™ are
called e-quasiorthogonal if [u-v| < el|u|| [|v||. If A = {g1,...,9m} is a set of pairwise e-quasiorthogonal
vectors in R", then A is (m — 1)e-nearly orthogonal (as 3 ,,; |gi - g;| < (m — 1)e).

Lemma 4.2 Let (X,||.||) be a Hilbert space, A be its e-nearly orthogonal subset such that cardA = m
and minge 4 ||g|| = a, and let e < \/a. Then for each integer k such that 1 < k < m, covs, (B1(]|.||a)) >

R (L, m), where &, = @\/@

Proof. Analogously as in the proof of Lemma 4.1 we derive that the set A(M) = {LX 3" wu;gi;u €
My} is 205 = 27"‘:;275‘1/ [2=k]-separated. A lower bound on || = > (u; — v;)gi| is calculated as

m

follows: Let z; = %\/,:(Uz —wv;), i € I. Then z; = :I:Lr, and [|L 37 (ui —vi)gill = Ll X gill =
VT S 2 gill, where r = cardI. Moreover, |7z gl = |20, Yy wixj dij|, where dj; =

m
z;xj. Since Y. ,x? = 1, it is sufficient to estimate from below the function f(z1,...,2,) =

| >i=1 >oj—1 iwjdij| on the unit sphere of R”™. Let D; be a matrix defined by Dr;; = dj;. Then
flzy,...,z) > 27\/’7\/ [Amin (Dr)|, where Apin(Dr) denotes the minimun eigenvalue of Dy. As Apin(Dy)| >

24/r|a?—¢| 24/|a%—¢| _k

[ ming, e 1912 —Sie s sy 19i°051] > la2 e, we get 11| S0, (wi—ovi)gs
O

Combining Lemma 4.1 with a lower bound on R (%,m) we get a lower bound on e-covering
number of balls in G-variation containing an orthogonal subset for € defined in terms of the cardinality
of such an orthogonal subset and the minimum of norms of its elements. The proof of the next
lemma is based on the exponentional growth of quasiorthogonal dimension studied in [10]. H(p) =
plog(p) + (1 — p)log(1 — p) denotes the entropy function.

Lemma 4.3 Let (X, ||.||) be a Hilbert space, G, A be its subsets such that A C By(]|.||g), 4 is a set
of m orthogonal elements and minye 4 ||h|| = a.

Then cov (IIlle) > 2°™, where b= H(3).

a_ By
m

m’

Proof. By [10, Theorem 3.4] for every positive integer m and k € {1,...,m — 1}, R(

B(%_,:m)v where Ay, x = [2=E=2] and B(\,m) = Y1, (7) is a partial sum of binomials.

4



As A, 2 = f%ﬁ] < 2 we can use the estimate B(\,m) < 2mH(%), that is valid for A < 3

(see [6]).
Ak PO
k am ! m—1 7mH( my;lm) " {kH( i ﬂil
ThuS,R(E,m)ZmZQ 2 =2
As the entropy function increasing and A, x = [mf2] = ok 1] < ok we get R(£,m) >
omH(*55)  Setting k = | 2| we have H (Z=£) = H (m;n%J > H (1)
By Lemma 4.1, covs, (B1(||-||4)) > R (%,m) > gmH (%) = 20 where b = H(i) O

5 Tightness of the bound (’)(n_%) on variable-basis approximation

To disprove for certain sets G the possibility of an improvement of Maurey-Jones-Barron’s upper
bound beyond O(n_(%Jr%)), we shall assume that such an improvement is possible and derive a con-
tradiction by considering its consequences on the growth of certain covering numbers of the unit ball
in G-variation.

We shall apply Lemma 4.3 to a ball containing a sequence of subsets with increasing cardinality,
that contain orthogonal elements with norms that do not vanish “too quickly”. More precisely, for a
positive integer d (corresponding, in the following, to the number of variables of functions in X'), we call
a subset A of a normed linear space (X, ||.||) not quickly vanishing with respect to d if A = Urepr, Ag,
where, for each k € Ny, card A, > k” and for each h € Ay, |[h]] > + (see [12]).

Recall that for f, g : Ny — Ny, g(n) < O(f(n)) if there exists ¢ € R4 such that for all but
finitely many n € N, g(n) < ¢ f(n). Makovoz [15] proved that when o is a Lipschitz sigmoidal, then
the rate of the order of O(n~2) in approximation of elements of the unit ball in Py(c)-variation by
convp(Py(0) U —Py(0)), that is guaranteed by Maurey-Jones-Barron’s theorem, cannot be improved
to O(n™®) for @ > § 4+ L. Our main theorem extends this Makovoz’s result to sets G of functions
of d variables that have covering numbers depending only polynomially on the number of variables d
and for which the unit ball in G-variation contains an orthogonal subset that is not quickly vanishing
with respect to d.

Theorem 5.1 Let (X, ||.||) be a Hilbert space of functions of d variables and G be its bounded subset
satisfying the following conditions:

(i) there exists a polynomial p(d) and b € R4 such that, for every e > 0, cov-(G) < b (%)p(d) ;

(i) there exists r € Ry for which B.(||.]|¢) contains a set of orthogonal elements which is not quickly

vanishing with respect to d.
Then §(B1(]|-[la), conv, (G U —G)) < O(n™%) implies o < 1 + 1.

Proof. Assume that there exists & > § + % such that, for all but finitely many n € Ny, §(B1(||.|c),
convn (G U —G)) < -&. Set § = 2. We shall derive a contradiction by comparing an upper bound
on covsBi(||.||¢) (obtained from the assumption (i) and this hypothetical upper bound) with a lower
bound on the same covering number (obtained from the assumption (ii) and Lemma 4.3). With-
out loss of generality assume sg = 1. By the triangle inequality, Lemma 3.2 and the assumption
(i), we get covsBi(||.|l¢) < covsjaconv, (G U —G) < (2cov5/,G)"(3)" < qngnHp(d)g—nll+e(d) —
a(n, d)no"1+2(D) where a(n,d) = a"4"(2+r(d) (2¢)=n(1+2(d) ~ On the other hand, using the assump-
tion (ii) set for each positive integer k, A, = LA, We have A, ), C Bi(||.|l¢) and by Lemma 4.3,
2
covz, Bi(||.|la) > cove, Bi(||.|a,..) > Qbkd, where b = H(i) and g = m Ifk <k= f—;d_“,
then § < e;. So for k an integer, set k = k. Then we get covs; By (||.]|c) > cove, Bi(||.||lc) > 20k >

a 1
1/241/d T7/oL174d . . . . 7 . .
geant/ZHE where ¢g = b () /#*17% which gives for large n a contradiction. If k is not integer, set

k= k] >k—1>% for k> 2, and get a contradiction in a similar way. |
Since both assumptions of Theorem 5.1 are satisfied by sets of functions computable by perceptrons
with Lipschitz sigmoidal activation, we get the following corollary.



Corollary 5.2 Let d, n be positive integers and let o : R — R be a Lipschitz sigmoidal function.
Then in (£2([0,1]7), [|.[l2),
6(Bl(||.||pd(a)),spann(Pd(U) U —Pi(0)) < O(n~%) implies a < % +

Ul

Proof. It is sufficient to check that both conditions (i) and (ii) from Theorem 5.1 are satisfied by
Pi(o). For the condition (i), see [15, Lemma 2]. The condition (ii) is guaranteed by the following
construction from [12]: set Ay = Ugenr, Aak, where Aqp = {hy;v € {1,...,k}?} C (£2([0,1]%),].]2),
with hy(x) = ey cos(2nv - x) : [0,1]¢ = R, ¢y = d/(x/ﬂZ?:l vi]), and v = (vy1,...,vq). It is shown
in [12] that for any positive integer d, Ag C By, s5(||-|lp,(s)) and that A = Ugenr, Aq is orthogonal not
quickly vanishing with respect to d. O

6 Discussion

We have stated conditions that prevent an improvement of Maurey-Jones-Barron’s upper bound to
O(n~%), for a > % + % As sets of functions computable by Lipschitz sigmoidal perceptrons satisfy
these conditions, it follows that one cannot improve the upper bound on the approximation rate for
one-hidden-layer networks with such perceptrons when the sum of the absolute values of the output
weights is kept below a certain fixed bound. It is an open problem whether Theorem 5.1 can be
generalized to approximation by linear instead of convex combinations (a special case of this problem
concerning one-hidden layer perceptron networks with a Lipschitz sigmoidal activation function and
unconstrained output weights was stated by Makovoz in [15]).

Better rates than O(n_(%*‘%)) might be achievable using networks with more than one hidden
layer since for some of such networks, sets of basis functions might be are much larger than in teh case
of one-hidden-layer networks, and thus they might not satisfy condition (i) on polynomial growth of
covering numbers.
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