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1 Intr oduction

Classificationtreeshave traditionally beengrown in a top-down manner, by a ”local” op-
timizationof individual splits,socalledrecursivepartitioning. Savický et al. [9] proposed
two bottom-up algorithmsaimedat the full optimizationof classificationtrees.Thealgo-
rithmswork for a limited number of binarypredictors,andtheir implementationis aimed,
apartfrom otherthings,at studying thedifferencebetweenfull optimizationandrecursive
partitioning.

Thealgorithmsconstructtreesof varioussizes,andeachof theresultingtreesattains
theminimum classificationerror(or cost)on thetraining datagiventhesize.We call such
treesoptimallytrainedtrees. Thecommontreegrowing methodologiesarebasedonakind
of searchfor treeswith good trade-off betweensizeanderror. Consequently, theoptimally
trainedtreesmay be expectedto have goodgeneralization properties,i.e. a small error
(cost)alsoon independentdatadrawn from thesamedistribution, not usedfor training. In
somecases,andin particular for theexperimentsreportedin Savicky et al. [9], this belief
is satisfied.

There are,however, alsocases,andthe present paperis focusedon them,whereop-
timally trainedtreesareworsethan the treesgrown by recursive partitioning. By more
detailedanalysisof thesesituations,weobtainnew examplesof situations,wherethepref-
erenceof smallmodelssuggestedby Occam’s razorprinciple doesnot improve thequality
of themodel. Theexperimentalresultsdemonstratingthis phenomenon contribute to the
current discussionon theextentto which theOccam’s razorprinciple is applicable in ma-
chinelearning, seee.g. [3], [8], [10]. Our experimentsareconceptually similar to those
of [8], but for a morecomplex situation. Using a substantiallymoreefficient algorithm
for treeoptimization,we work with muchlargertrees,which, moreover, neednotbeexact
trees,i.e. mayhavenonzeroerroron thetrainingset.

After preliminaries (basicsof the tree-basedmethodologies)in Section2 andremarks
ontheOccam’s razorprinciple in Section3, wedescribe thealgorithmsgrowing optimally
trainedtreesin Section4. In Section5 we dealwith our computationalexperiments.The
distributions usedandthestructureof theexperimentsaredescribedandtheresultsof the
experimentsarebriefly outlined. The detailednumerical resultsare left to Appendix A.
Someremarks concluding thepapermaybefound in Section6.

2 Decisiontr eesfor classificationproblems

Assumeaprobability distribution
�

on �������	� -tuples ��

������������
�������� , where
�� arepredic-
tors(numericalor categorical) and � is theclass(elementof a finite set � ). A classifieris
a function � , suchthat ����
 � ����������
 � � is a reasonableprediction of � , given 
 � ����������
 � . At
thesametime,by a classifierwe alsomeana representationof sucha function in theform
of, e.g., treediagram,list of discrimination equations,etc. (Notethata function mayhave
multiple representations, while it is uniquely determined by any of its representations.)
Whenever we use,throughout this paper, symbol � with possiblesubscripts,we meana
classifierasafunction, while  , againwith possiblesubscripts,will denoteatreerepresen-
tationof sucha function. Thefunctionrepresentedby  will bedenoted ��! . A classifieris
assumedto beusedin situations,wherethepredictors 
"� maybedirectly observed,while
theclass� maynot.

In order to measuretheerrorof a classifier , we usemisclassificationcosts#$��%&�(')� as
thepenalty for classifyingaclass% caseas' . Let *+��%&�(')� betheprobability thatacasefrom�

hasclass% andis classifiedas ' , i.e. *,��%-�.')�"/102���3/4%657� ! ��
��$����������
8�6�"/9')� . Theerror
of a classifier is measuredby theexpectedcostof its predictions,which is

:<; �� <�"/>=��? @BADC #D��%-�.')�,E�*,��%-�.')�B�
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Thisformula is alsousedto determinethesampleestimatesof theexpectedcostbasedona
dataset F . For this, let *�GH��%&�(')� besampleestimatesof thetrueprobabilitiesbasedon data
set F . Then : GH�� <�"/ =��? @BADC #D��%-�.')�,E�*8GH��%-�.')�B�
Thesimplestform of theestimates*+GH��%-�.')� is

*8GH��%-�.')�"/JI ��%&�(')�I � (1)

where I ��%-�('K� is the number of casesfrom class % classifiedas ' , and I is the overall
number of casesin F . Notethat this reducesto therelative numberof misclassifiedcases
in F when #D��%-�.')�"/L�NMPO �Q@ , whereO �Q@ is Kroneckerdelta,which is acommonsetting.The
estimates(1) areproper whenthedatain F aretheonly sourceof informationon * ; ��%-�('K� .
Often it is not the case. The joint probability * ; ��%&�(')� of the true andpredictedclasses
maybeexpressedastheproductof themarginal probability * ; ��%R� of trueclass% (socalled
prior probability, or, briefly, prior), andtheconditionalprobability * ; ��'�S %R� of thepredicted
class' giventhetrueclass% . Whenan“external” informationon theprior probabilitiesis
available,sothat * ; ��%R� is estimatedwith anumber TU� , theproper estimateof * ; ��%-�.')� is

* G ��%&�(')�"/1T8�VE6I ��%-�.')�I ��%R� � (2)

where I ��%R� is the number of class % casesin F . Note that (2) reduces to (1) when T � /
I ��%R��W I .

By a treeclassifierwith univariate splits, we understanda binary tree, whoseinter-
nal nodesarelabeledby testsbasedon singlepredictors andwhoseleavesarelabeledby
classes.For a numericalpredictor 
+� , thestandardunivariatetesthastheform 
H�YX[Z for
a real number Z , while for a categorical predictor, it hasthe form 
Y�]\4^ , where ^ is a
subsetof thefinite rangeof 
+� . Thetwo successorsof atestnodecorrespondto thepositive
andnegative answersto the testquestion.A tree  represents a function � ! ��
V������������
��6� ,
which is definedfor every vector 
 � ����������
 � of predictors asfollows. Startin theroot and
in eachtestnode, continueto thesuccessordetermined by theanswerto thetestquestion.
Thevalueof theleaf finally reachedis �6!
��
 � ����������
 � � . Let _ bethesetof leavesof  .

We investigate the methods of construction of treebasedclassifierson the basisof a
sampleF of I independent casesfrom

�
, which maybeconsideredasan Ia` ���b�L�c�matrix, whoserows correspond to the observedcases.Thefirst � columnsof thematrix

correspondto thepredictors andthelastcolumn correspondsto thedependentvariable.
Thestandard methodologiesof treeconstruction,suchasCART [2], C4.5[6], QUEST

[7] andmany others,arebasedonrecursivepartitioning. Thegeneralstructureof recursive
partitioning appliedto a learningsampleF consistsin iteratedsplitting of the data. In
eachstep,thedataaresplit by selectinganappropriatetestandthe two partsareformed
by casessatisfyingresp. not satisfyingthe testcondition. Then, theprocedureis applied
recursively to the two subsamples corresponding to the two successors,etc. The criteria
for selectingthetestconditionaresuchthatsplitswith larger differencein distribution of
classesbetweenthetwo successorsarepreferred. Thetreebasedmethods maybedivided
into two groups, according to the way of how the processof splitting is stoppedanda
“final” treeselected.Thesimplerapproachis basedona relatively strict stopping criterion
which requiresthateachsplit mustbeeffectiveenough. Whenno suchsplit is found for a
node, thesplitting of thenodeis stopped.The treeis completedwhenthesplitting of all
theleavesis stopped. Another, more sophisticatedapproachconsistsin growing first a big
tree,usingaweekstoppingcriterion, andonasubsequent pruning. Theextentof pruningis
givenby estimatesof trueerrorsof treesof differentsizes.For moredetailsonthemethods
andtheirapplications,seee.g.[2], [6], [4].
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Thegoal of theabove strategy is to producea tree,suchthat in mostof its leavesone
of the classeshasclearmajority. Although thereis no general guaranteethat the goal is
reached, it indeed happensin a lot of practicallyimportantcases.

3 Applicability of Occams’s razor princip le

In decisiontreeinduction, onehasto look for treeswhich arebothreasonably small and
accurateon trainingdata. It is important that this requirement includes to minimizealso
thesize. A large treecanreacha small error on trainingdataby adaptingnot only to the
general dependencein thedata,but also,too closely, to thespecificselectionof examples
thathappento bepresentin thetraining setandto casesaffectedby noise.Sucha treemay
have muchlargererroron unseencasesthanon training data.This phenomenon is called
overfit, andthe typical way to avoid it is to prefer smallertrees,even if they have a bit
larger error on training data.Thetypicalwayof doing thatis pruning, seee.g.[2], [6], [4].

Let uspoint out thatthepreferenceof smallmodelsis alsosupportedby PAC learning
theory, seee.g. [1]. Theresultis that if a model describedby a bit stringof length d cor-
rectly classifiese out of I independentcasesfrom a distribution

�
and f1/hgji)k(l m6nK���oMp � m p l<q m7r � , thenonecanmake theconclusionthattheprobability of thecorrectclassi-

ficationon
�

is at least �<M p on the level f of statisticalsignificance. If etsu���vM p � Iand d is a small fraction of I (dependingon the differencebetweene and ����M p � I ),
then f maybeexponentiallysmalland,hence, theconclusionmaybequitereliable. This
way, however, we obtainfor smallermodelsa higher lower boundof theprobability of the
correct classification,nota higher probability in itself. Thus,thePAC learning theorymay
encouragethepreferenceof smallmodels, but not to prove thatsucha strategy is always
helpful.

Although the exact conditions under which the preferenceof small modelshelpsare
not known, this preferenceis a widely usedandhelpful methodological suggestion.It is
usuallycalledOccam’s razorprinciple, sinceits nature is closelyrelatedto a well-known
criterion for theories in natural sciencesformulatedby W. Occamin 14th centuryas a
criticismof scholasticphilosphy. For moredetailsseee.g.[3] andthereferencestherein.

Besidesthe classicalinterpretation of Occam’s razorprinciple, it is also possibleto
consideranother principle,which is dual to it. Thereis typically a trade-off betweencom-
plexity of thesoughtmodel andits accuracy. Considertheregion of thereachable points
whose
 -coordinatein atwo dimensional diagramis thesizeof themodel and� -coordinate
is its error ontraining data.Thisregion is usuallyboundedbelow by anonincreasingcurve.
If it is,moreover, strictly decreasing, thentherequirementstominimizeeitherthecomplex-
ity or theerrorwhile preserving theotherparameter, arebothequivalent to restrictingto the
pointson thecurve. Hence,we canalsousethefollowing dualprinciple: “Amongmodels
of given complexity choosea model of thesmallesterror on the trainingdata”. This is a
frequentlyusedapproach.

Despitethe fact that the preferenceof small (moreaccurate)treestypically helpsto
achieve a goodgeneralization,thereis no guaranteethat it alwayshelps.Moreover, since
thesizeof thetreeandits error ontrainingdataarenot theonly parametersdetermining its
accuracy on the truedistribution, oneshouldexpect that therearesituations,wherethese
criteriaindeedleadto worseresultsthansomeothercriteria.

There are experimental resultsdemonstratingexamples of situations,wheresmaller
models canbeworse.

Murphy andPazzani[8] consider anartificial two classproblemwith 5 binary predic-
tors( 
 � 
8w�
8xjy]
�z�
8{ ). In 100independenttrials, they considera trainingset F � of 20cases
anda testingset FYw of 12 cases(thecomplement).For eachpair F � and F|w they construct
all thosetreesof sizesup to 10 thatexactly classify F � . For trials,wherethesmallestex-
act treeshave sizes4 and6, theclassifiersof sizes5 and7, resp.,have smallererrorson
average.

3



Webb[10] suggestedanextensionof thetree-growing algorithm C4.5,which is called
C4.5X.This extended algorithm addsto C4.5a postprocessingphase,which extends the
treeresultingfrom C4.5 with further nonredundant nodes. The new treedoesthe same
classificationof the training data,but frequentlyhasan improvedclassificationof unseen
cases.

4 Treeoptimization

In this section,we describe two treeoptimization algorithms suggestedin [9]. They are
designed, besidesotherthings, for experimentsaimedat studyingthedifferencebetween
recursive partitioning andtreeoptimization.

Definition 4.0.1 Thecost-complexity measureof  with arealvalued parameterf~}�� on
a training dataset F is � G ? �U�� ��"/ : G �� <�U�9f|Sc_ �S .
Definition 4.0.2 1. Tree is f -cost-complexity optimal on F , if it has the minimum

value of �YG ? � �� <� among all trees.

2. Tree  is optimally trainedon F , if it hasminimum
: G �� �� among all treesof the

sameSc_ �S .
Clearly, any f -cost-complexity optimaltreefor f~}�� is alsooptimally trained.Thereverse
is not true.

Wedescribetwo algorithmscalledAlgorithm1 and2. Algorithm1 findsatreewhichisf -cost-complexity optimal for a given f�}�� . Algorithm 2 findsanoptimally trainedtree
for every sizefrom oneupto agiven limit. Bothalgorithmsusethedynamic programming
approach. The original ideawassuggestedby [5] in connectionwith the smallestexact
representationof a functionon �c�����$� � by a tree.It wasadaptedfor constructing treeswith
nonzero classificationerror andfor datasets,whosepredictor vectorsmay not cover the
wholeset �	�����$� � .

Algorithms1 and2 maybeappliedto problemswith a limited number of binary pre-
dictors.In this case,thepredictor spaceof theconsidereddistribution is theBooleancube�c�6���D� � . Theideaof thealgorithms is to constructoptimal treesfor all subcubesof �c�6���D� �
containing at leastone training case,wherea subcube of �c�����$� � is a subsetof �	�����D� �
characterized by restrictingsomevariables to constants.This requires to extendslightly
theconcept of tree: We will understandby a treenot only a “total classifier”assigninga
classto anypredictor vector, but alsoa “partial classifier”thatclassifiesonly thosecases
thatbelong to a specificsubcube. In thelattercase,thedomain is a partof thedescription
of thetree.

Every subcubemay be representedby a string in �c�6�����-�K� � . Symbols0,1 represent
the valuesto which the corresponding variablesarerestricted. Symbol � representsfree
(unrestricted)variables. It follows that thereare � � subcubes of �	�����$� � . Thenumberof
freevariablesin a subcube is calledthedimension of thesubcube. Clearly, a subcubeof
dimension e containsg m elements.

For asubcube d andatree  testingonly variablesthatarefreein d , let ��d��� <� represent
tree  consideredasa representationof a function with domain d . We saythat �.dD�� <� is
formedby subtrees��d � �� � � and ��d	w��� Vw�� , if thesubcube d is a disjoint unionof subcubesd � �-d�w , therootof  teststhe(unique)variablewhich is setto differentvalues in d � and d	w ,
andthetwo subtreesof  areequalto  � and  Uw respectively.

For any pair ��d��� <� anda distribution
�

on �c�6���$� � ` � , we candefine
: ; �.d��� <� by

:<; �.d��� <�H/>=��? @BADC #D��%-�.')�,E�*
; ��d���%-�('K�B� (3)
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where* ; ��d���%&�(')� is theprobability thata casedrawn at random from
�

hasits predictor
vectorin d , belongsto class% , andis classifiedby  to class' . Similarly, for a dataset F ,: GH��d��� <� is defined as

: G"�.d��� <�H/ =��? @BADC #D��%-�.')�,E�*8GH��d���%-�('K�B� (4)

where* G �.dD��%-�.')� is anestimateof * ; �.dD��%-�.')� , givenby either

* G ��d���%-�.')�"/ I �.dD��%-�.')�I �
or

* G ��d���%&�(')�"/1T8� I ��d��.'�S %��"/1T��jE�I �.d���%-�.')�I ��%R�
whereI ��d���%-�('K� is thenumberof thoseclass% casesclassifiedas ' , whosepredictor vector��
 � ����������
 � � belongsto d , while I ��%R� and I havethesamemeaning asin (1) and(2). The
choiceof theestimateof * ; ��d���%-�.')� dependsof whetherthereis an“external” information
onpriors,or not. Obviously,

:�; ��d��� ���/ :�; ��d����� j���j� :<; �.d w �� w �
and : GH��d��� ���/ : GH��d � �� � �j� : GH�.d�w��� Vw��
for a tree ��d��� �� , which is formed by subtrees�.d � �� � � , ��dcw��� Vw�� .

Now, the definitions of optimality of the treesmay be formulatedfor the individual
subcubes.

Definition 4.0.3 Thecost-complexity measureof ��d��� <� with parameter f�}4� on a train-
ing dataset F is �|G ? � ��d��� <�"/ : GH��d��� <�U�tf|S�_ �S .
Definition 4.0.4 1. Tree �.d��� <� is f -cost-complexity optimal on F , if � G ? �j��d��� <��X� G ? �U��d��� o��� for all trees��d��� ���� .

2. Tree �.dD�� <� is optimally trainedon F , if
: GH�.dD�� <��X : GH��d��� <��� for all trees �.d��� ����

suchthat Sc_ � S�/�S�_ �S .
Again, any f -cost-complexity optimaltreefor ft}�� is alsooptimally trained.

For simplicity of formulatingthealgorithms, let I �����
U�K��%R� bethenumberof casesin F
with predictor vector �
�\��c�6���D� � andclass%�\b� .

4.1 Algorithm 1

Input: trainingdataset F , f9}�� , priors T � , costs#$��%-�('K� .
Output: f -cost-complexity optimaltree  .

Calculatethetableof I �R�6�
j����%R� for all �
�\��	�����$� � and %�\b� . This tableis usedin all
theremaining stepsof thealgorithm insteadof thedirectuseof F .

Considerall subcubesof �	�����$� � in anorder suchthatall cubesstrictly contained in a
subcube d areconsideredbefore d .

For eachsubcubed construct thetree ��d��� i � usingresultsfor smallersubcubesasfol-
lows:

1. Determine theminimum �<G ? � ��d��� �� amongthe trees �.dD�� <� with only oneleaf, i.e.
choosefor d thebestconstant from � .
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2. Foreach' suchthat 
 @ is afreevariablein d , determine ��G ? � ��d��� �� of thetree �.d��� <� ,
which tests
 @ in its rootandis formedby trees ��dK���� i�� � , ��dc�|�� iR� � constructedfor
subcubes d	� and d	� .

3. ��d��� i � is the treewith theminimum � G ? �U�.dD�� <� among the trees ��d��� <� considered
in thetwo previoussteps.

Theresultof Algorithm 1 is thetree ��d��� i � for d equalto thewholeset �c�6���D� � .
Lemma 4.0.1 For everysubcube d , tree ��d��� i � constructedby theaboveprocedure is anf -cost-complexity optimaltree.

Proof. Let usproceed by induction on thedimensionof thesubcube d . Thestatement
is clearly truewhenthereareno freevariables in d . Otherwise,let �.d��� 7��� beany treeon
thedomaind .

If S	_ o�.S�/�� , then �|G ? � ��d��� <���N}1�NG ? � �.dD�� i � , sinceAlgorithm 1 takesall constanttrees
on d into account,while selecting i .

Let Sc_ <��S)s�� , let 
 @ bethevariabletestedin theroot of  �� andlet ��d����� o�� � , ��dc�|�� o�� � be
thesuccessorsof theroot in  � . Considerthetrees�.d����� i�� � and �.d	�|�� iR� � constructedby
Algorithm 1 for dD� and d	� . By theinductionhypothesis,thesetreesare f -cost-complexity
optimal.Hence,wehave �<G ? � ��d��� o���"/[��G ? � ��dc���� o�� �&�v��G ? � �.d��|�� o�� �N}1�NG ? � �.dc���� iR� ���� G ? �U�.d � �� i � � . Sincethe tree formed by ��d � �� i � � and �.d � �� i � � belongs to the setof
candidatesconsideredwhile selecting i , we have � G ? �+��d��� o���|}�� G ? �+��d��� i � . �

4.2 Algorithm 2

Input: trainingdataset F , integer � , priors T � , costs#$��%-�.')� .
Output: optimally trainedclassificationtrees "�	���������� V� , where m hassize e .

Calculatethetableof I �R�6�
j����%R� for all �
�\��	�����$� � and %�\b� . This tableis usedin all
theremaining stepsof thealgorithm insteadof thedirectuseof F .

Considerall subcubes d in an order suchthat all cubescontainedin d areconsidered
before d . Construct��d��� i ? m � for all e�/ ���������B�-� for which theconstructionis possible
usingtheresultsfor smallersubcubesasfollows:

If e2/¡� , ��d��� i ? m � is thetree �.d��� <� with thesmallest
: G"��d��� �� among all onenode trees.

If e¢}1g , do thefollowing:

1. For all partitions e�/£e¤�¥�1e�� of the sizeof the treeandevery variable 
 @ that is
freein d , determine theerror of ��d��� <� , where tests
 @ in its root andis formedby��d � �� i � ? m � � and �.d � �� i � ? m � � constructedby thealgorithm for subcubesd � and d � .

2. Find and storeas ��d��� i ? m � the tree (or one of suchtrees,if more exist) with the
minimum erroron F amongthetrees �.d��� <� consideredin thepreviousstep,if there
is any.

Theresultof Algorithm 2 is thesequenceof thosetrees i ? m for eb/¦�D�������B�&� , thatwere
successfullyconstructed,whered is equalto thewholeset �c�6���D� � .
Lemma 4.0.2 For every d and e , tree ��d��� i ? m � constructedbytheaboveprocedure is opti-
mally trained.

Proof. Thestatementis clearly true for e�/u� , sinceall constanttreesareconsidered
while selecting i ? m .

Let us prove the statementfor e§}¨g by induction on the dimensionof the subcubed . If thereareno freevariables in d and e�}¡g , no treeis constructed. Let thedimension
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of d be nonzero, e1}¦g , andlet �.dD�� ���� be any treeon the domain d with SK_ o�(S+/ e . Let
 @ bethevariabletestedin theroot of  ©� , let ��dc�,�� o�� � , ��dc�N�� <�� � bethesuccessorsof the
root in  �� , and eK� , e�� their sizes,resp.Considerthe trees ��d����� iR� ? m � � and ��d��|�� iR� ? m � �
constructedby Algorithm 2 for subcubes d6� , dc� andsizeseK� , e�� , resp.By theinduction
hypothesis,thesetreesareoptimally trained.Hence,we have

: GH�.dD�� o���|/ : GH��dc���� o�� �j�: GH��dc�|�� o�� �|} : G"�.dc�+�� iR� ? m � �j� : G"��dc�N�� iR� ? m � � . Sincethetreeformedby ��dK���� iR� ? m � �
and ��d	�|�� i�� ? m � � belongs to thesetof candidatesconsideredwhile selecting i ? m , wehave: GH��d��� � �N} : GH�.dD�� i ? m � . �

4.3 Implementation and complexity of the algorithms

Both Algorithms1 and2 areimplementedin a singleC++ program. For eachof � � sub-
cubes,Algorithms 1 usesª3��S �2S � of memory cells andtests ª3���j� variants, eachof them
in constanttime. Thus,thespaceandtime complexities are ª3��S �2S � � � and ª3���U� � � , resp.
For Algorithm 2, thememory reserved for asubcube is ª3�&S �2S ��� , andthenumberof vari-
antsto be testedis ª3���j��� . This leadsto spaceandtime complexities ª3�&S �2S � � ��� andª3���U� � ��� ,resp.Thefactor � � in all theexpressionsmaybeimprovedto S FvS g � by storing
informationonly for subcubeswith at leastonetrainingcase.

Theoptimization algorithms canhardlybe utilized for problemsof practical interest.
Algorithm 2,however, maybeusede.g.for 10binarypredictorsand �«/¡��¬�� usingeasily
availablehardware.This is sufficient for nontrivial examples.

For the experimentsdescribedin the next Section,we used8 nodes (PC, 400 MHz
CPU,380MB RAM) of a Linux cluster. Analysisof 800training-testingdatasetpairsby
Algorithm 2 requiredapproximately9 hours.

5 Experiments

Weperformedextensivecomputationalexperimentswith artificial datain orderto compare
generalizationpropertiesof optimally trainedtreeswith thoseof the treesconstructedby
recursivepartitioning. Theoptimally trainedtreeswereconstructedby Algorithm 2 which,
according to our previous experience (seee.g. [9]) yields in most casesslightly better
resultsthan Algorithm 1. (The advantageof Algorithm 1 is in higher execution speed
andsmallermemory required.) CART [2] wasusedfor comparisonasa representative of
classicaltree-basedmethods.

Eachof the distributions usedin the experimentscanbe verbally characterizedasa
Booleanfunction contaminatedby an attribute noise,and by irrelevant noisevariables.
Oneof thedistributions,namely thedistributionbasedontheparityfunction, is specifically
designedfor thedemonstrationof thevirtue of theoptimization approach.Therestof the
distributions, beingbasedon monotonous functions, represents“the opposite endof the
scale”.

There werethreedifferent modesof experiment, referred to asExperiment I, II, and
III. They differ from eachother in the way of how a single“best” tree is selectedfrom
among a seriesof optimally trainedtreesof differentsizes.Themodescitedaredefinedin
paragraphs5.2,5.3and5.4.ExperimentI, wherethesizeselectionprocedureis effectively
the sameas in the “real-life” dataanalyses,wasenteredby all the distributionsstudied.
ExperimentsII andIII weremorespecificallyrelatedto thesearchfor anevidenceagainst
the Occam’s razorprinciple. Therefore the distribution basedon the parity function was
omittedfrom ExperimentsII andIII.
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5.1 Distrib utions usedfor the experiments

Theexperimentsreported in this paper usedistributions definedusingBooleanfunctions.
Theexactdescription of thedistributionsis asfollows: Let � be the total number of pre-
dictorsand I X�� bethenumberof relevantpredictors. Let ­ � ����������­ � beauxiliary (hid-
den)randomvariables distributeduniformly andindependentlyon �c�6���$� . Let ® � ����������® �
be independentrandom variables on �	�����D� satisfying 02��® � /¯�c��/ ° , where ° controls
the amount of noise. A casefrom

�
is generatedas ��
 � ����������
 � ���¤�¢/±��­ �³² ® � ��­ �7²® � �R´V��­ � ����������­ l ��� , where ² is addition modulotwo.

All thereportedexperimentsused��/¡��� predictorsandsomeof thefunctions ´ � �������B�R´$z
describedbelow asthefunction ´ . Themostdetaileddescription of theresultsis given for
experimentswith ´ � (parity function) and́�w (majority function). For ´�x (calledtwo thresh-
olds)and ´ z (calledtwo squares)only a few numericalresultsarepresented.

Let ´K���������B�R´ z bedefinedby

´ � ��
 � �������B��
8{c�µ/ 
 �"² 
�w ² ����� ² 
�{��
´DwD��
 � �������B��
8¶c�µ/  ¶z ��
 � ����������
�¶��B�
´DxD��
 � �������B��
8·c�µ/  zx ��
 � ����������
6zc�jy¸ zx ��
8{D����������
8·����
´$z���
 � �������B��
8·c�µ/ ¹ �Rº�k ��
 � �1E�E�Ec�t
6z�� w �§��
8{N�4E�E�Ec�~
8·c� w n �

where lm is aBooleanfunctionsatisfying

 lm ��
 � �������B��
 l �"/��³»
l= ��¼+� 
 � }1e��

and ¹ m is a 0/1-valuedfunctiondefinedby

¹ m ��
8��/��Y»a
P}1e��
Exact prior probabilities of thedistributionswereusedby bothAlgorithm 2 andCART.

Themisclassificationcosts#$��%-�.')� weresetto �DM³O �Q@ , whereO �½@ is theKroneckerdelta.Thus,
thetruemisclassificationcostof a treereducesto theprobability of incorrect classification.

Samplesfrom distributions
�

for all parametersettingsweregeneratedusingpseudo-
random generator MRG32k5aby P. L’Ecuyer [11], seealso[12].

5.2 Experiment I

Thefirst experimentis aimedatcomparisonof treeoptimizationandrecursivepartitioning
represented by CART [2] with Gini criterion and0SEselectionrule. The parametersof
CART wereselectedon thebasisof our preliminary experiments,wheretheseparameters
performedwell. The experiment is parametrizedby a distribution

�
, the size ¾ of the

sampleusedfor treeconstruction, themaximum size � of constructedtrees,andconsists
of thefollowing steps:

1. Construct two independentsamplesF�¿ and FNÀ from
�

of sizes S F|¿�S³/a¾ andS F�À¤SK/�Á&ÂDÃ�Ä6Åj�Æ¾cW$g�� .
2. Construct the optimally trainedtreesof all sizesup to � on Ç�¿ . Among these

treesfind the treewith the smallesterror on Ç<À . In the caseof a tie, choosethe
smallerone.Denotethis tree  HÈ(ÉBÊ .

3. UseCART to grow a treeusing F ¿ for growing and F À for validation (or “test
samplefor pruning”, usingterminology of CART). Denotetheresultingtree �Ë�Ì�Í Ê .

4. Determine thetrueclassificationerrors of  È(ÉBÊ and  jË�Ì�Í Ê usingtheinformationon
thedistribution

�
.

Theerrors of  È�ÉBÊ and  +Ë�Ì�Í Ê arerandom variables depending on Ç ¿ and Ç À . Repeat-
ing the procedure 100 times,we obtained100 independent realizationsof eachof these
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Figure1: Experiment I with parity ( ´~/£´V� ), attribute noiselevel °�/£�6� �Kg . Meantrue
errorsof 100treesgrown by Algorithm 2 andby CART for different sizes¾ of trainingdata
sets.

random variates. The expectederrors of  |È(ÉBÊ and  Ë�Ì�Í Ê wereestimatedby arithmetical
means.Moreover, standarderrors of theestimateswerecalculated, anda possiblediffer-
encebetweentheexpectederrorswastestedusingthetwo sidedpairedStudent’s t-test.We
performedtheabove experimentseveraltimesfor different values of ¾ , usingindependent
samplesfor each¾ . As aresult,for eachsize ¾ of Ç ¿ , wecouldcomparetheexpectederrors
of  È(ÉBÊ and  jË�Ì�Í Ê in termsof bothdescriptivestatistics,andstatisticalsignificance.

5.2.1 Resultsfor parity

We usethe function ´æ/ç´ � , the amount °h/è�6� �Kg of attribute noise,and sizes ¾�/Á&ÂDÃ�Ä6ÅV����� w ����Á�Â�Ã�Ä6ÅU����� wBé w&{ ������������Á&ÂDÃ6Ä6ÅV�R�c� x � , i.e. ¾3/ê�c�D�6���	ë$ì����������������D� . Themaximum
sizeof constructedtreesis �í/î���D� . Thesmallestexact treefor ´V� hassize32 andthe
sizesof tree  È�É�Ê do not exceed50 for datasizes¾]}4�D¬Kg (while for ¾�/æ����� and ¾�/���ë�ì
thereis a large variability of treesizes,andsometreesof sizescloseto or equalto 100
occur).

The resultof the experiment is that optimally trainedtreesclearly outperform those
from CART. This is demonstratedby the estimatedaverage errorsshown at Fig. 1. An
explanationis asfollows. Splittingonasinglerelevant predictor (anargumentof theparity
function) doesnot helpto separateclasses0 and1. Theparity function maybediscovered
only with adeeper“look-ahead”, whichis akey featureof theoptimization algorithm. The
recursivepartitioning is easilymisledto split onthenoisevariables,whichchangesthetask
of finding theunderlying structurein onedatasetto severalanalogoustaskswith smaller
datasets.This is, of course,harderand,hence, leadsto very large andimprecisetrees.

Detailedtablesof numerical resultscanbefound in Appendix A.1.

5.2.2 Resultsfor majority

We use the function ´¨/«´)w , the amount °ê/ï����� of attribute noise and sizes ¾L/Á&ÂDÃ�Ä6ÅV����� w ����Á�Â�Ã�Ä6ÅU����� wBé w&{ ������������Á&ÂDÃ6Ä6ÅV�R�c� x�é ¶�{ � , i.e. ¾ð/ç�c�D�����	ë$ì����������-ñ$¬�gD� . The maxi-
mumsizeof constructedtreesis �ï/��c¬D� . Thesmallestexacttreefor ´Vw hassize70,and
sizesof trees UÈ�ÉBÊ over 120areinfrequent(5%atmost)for ¾v}�ñD¬�g (9%for ¾o/1�6��¬ , 21%
for ¾³/���ë�ì ).

Theoptimally trainedtreesappeared to give worsegeneralizationthanCART for ¾3}���c¬ , asdemonstratedby Fig. 2, andthetablesin Appendix A.2.
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Figure2: Experiment I with majority ( ´�/æ´ w ), attributenoiselevel °�/¦�6��� . Meantrue
errorsof 100treesgrown by Algorithm 2 andby CART for different sizes¾ of trainingdata
sets.

5.2.3 Resultsfor two thr esholds

Functioń3/�´Kx , thenoiselevels °2/§��� ��g and�6��� , andsizes¾o/1Á&ÂDÃ6Ä6ÅV�R�c� w �B�&Á&ÂDÃ6Ä6ÅV�R�c� w�é w�{ ����������$Á&ÂDÃ6Ä6ÅV�R�c� x�é ¶�{ � wereused.Treesof sizesup to 160wereconstructedby Algorithm 2.
Thesmallestexacttreefor ´¤x hassize61.

For the smallernoiselevel, i.e. °�/ê��� ��g , the treesresultingfrom Algorithm 2 per-
formed worsethan thosefrom CART for sizesfrom 562 to 3162, while for the higher
amount of noise, °¢/������ , a similar resultwasobservedin anevenbroader rangeof sizes,
from 316to 5623.

Theresultsaresummarizedin AppendicesA.3 andA.4.

5.2.4 Resultsfor two squares

Function ´J/ò´�z , the noise levels °£/ó���&��� ��g and ����� , and sizes ¾4/óÁ&ÂDÃ�Ä�ÅV�R��� w ���Á&ÂDÃ�Ä6ÅV����� wBé w&{ �B���������KÁ&ÂDÃ�Ä6Åj�R��� xBé ¶&{ � wereused.Treesof sizesup to 160wereconstructed
by Algorithm 2. Thesmallestexacttreefor ´ x hassize88.

Foreachnoiselevel, thetreesgrownby Algorithm 2 had,onaverage,worsegeneraliza-
tion thanthosefrom CART for somedatasizes,andtherange of suchsizeswasthewider,
thehigher wastheamount of noise.Thus,for °�/�� (i.e. without theattributenoise),the
phenomenon wasobserved at sizes562and1000, for °¥/���� ��g therangewasextendedto
316-3162, andfor °2/4�6��� to 178-5623.

Theresultsaresummarizedin AppendicesA.5 to A.7.

5.3 Experiment II

In experimentI, thereis nocontrol ontherelationshipbetweenthesizesof  �È�ÉBÊ and  Ë�ÌBÍ Ê .
They are typically differentandany of themmay be larger. In order to make stronger
conclusion on the basisof our experiments,we introduced another setup,in which the
treeoptimization is forcedto usea treeof thesamesizeasCART. In this case,F À is not
usedin the treeoptimization part and,hence, we do not useit also in CART to achieve
a fair comparison. The required validation setsfor CART areobtainedby 10-fold cross-
validation, see[2].

ExperimentII consistsof thefollowing steps:
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Figure3: Experiment II with majority ( ´b/�´ w ), attributenoiselevel °P/��6��� . Meantrue
errorsof 100treesgrown by Algorithm 2 andby CART for different sizes¾ of trainingdata
sets.

1. UseCART with cross-validationto constructtree  ©�Ë�Ì�Í Ê on thebasisof thesampleF�¿ .
2. Construct theoptimally trainedtree  ©�È�ÉBÊ on FN¿ of thesamesizeas  ��Ë�Ì�Í Ê .
3. Determine theerrors of  ��È(ÉBÊ and  <�Ë�Ì�Í Ê on thedistribution

�
.

Theerrors of  ��È�É�Ê and  <�Ë�Ì�Í Ê on
�

arerandom variablesdepending on F�¿ . As in Ex-
periment I, we collected100 independent realizationsof eachof theserandom variates,
repeating the procedure100 times. We, again, estimatedthe expectederrorsof  �È(ÉBÊ and o�Ë�Ì�Í Ê , calculatedstandarderrors of theestimates,andtesteda possibledifferencebetween
theexpectederrorsusingthetwo sidedpairedStudent’s t-test.Weperformedtheaboveex-
periment several timesfor different values of ¾ , usingindependentsamplesfor each¾ . The
sizesanddatasetsusedfor ExperimentsII werethesameasthoseusedfor theExperiments
I for thesamedistribution.

Theexamplesdescribedin the following paragraphs,where  ¥�È�ÉBÊ is worsethan  ��Ë�ÌBÍ Ê ,
demonstratesituationswheretheminimizationof erroron trainingdatafor a givensizeof
thetreedoesnot improve thegeneralization.

5.3.1 Resultsfor majority

Thesamevaluesof ° , ¾ and � areusedasin thefirst experimentwith ´ w . By construction, o�È(ÉBÊ hassmallererrorontrainingdatathan  ©�Ë�Ì�Í Ê . However, asdemonstratedby Fig. 3, the
errorof  �È(ÉBÊ on

�
is larger on average thanthatof  �Ë�Ì�Í Ê for all sizesof thedatasets.The

numerical resultsaresummarizedin thetablesin Appendix A.8.

5.3.2 Resultsfor two thr esholds

Thesamevaluesof ° , ¾ and � areusedasin thefirst experimentwith ´ x .
For the smallernoiselevel, i.e. °L/õ��� ��g , Algorithm 2 was worsethanCART, as

regards generalization,at datasizesranging from 316 to 5623, while for °1/ê�6��� at all
eightsizes.

Theresultsaresummarizedin AppendicesA.9 andA.10.

5.3.3 Resultsfor two squares

Thesamevaluesof ° , ¾ and � areusedasin thefirst experimentwith ´ z .
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For thedistribution without any attributenoise,i.e. °P/�� , theoptimally trainedtrees
had,on average,worsegeneralizationthanthosefrom CART, for thedatasizesfrom 100
up to 1000.(Above this rangeof ¾ , theclassificationtaskappearedeasyfor bothmethods,
andtheresultswerecomparable.)For thebothpositivenoiselevels,i.e. °7/4�6� �Kg and0.1,
Algorithm 2 wasworsethanCART in thegiven sensefor all theeightdatasizes.

Theresultsaresummarizedin AppendicesA.11 to A.13.

5.4 Experiment III

Thedisadvantageof experimentII is thattheprocedureof theselectionof  P�È(ÉBÊ wasforced
to usethesizeof  v�Ë�Ì�Í Ê , without any opportunity of comparingestimatesof trueerrorsof
treesof different sizes. Hence,the comparison may not be really fair. In orderto avoid
thisproblem,wedesigned alsoanothersetup,whereoptimizationmethodis allowedto use
theinformationon theexactdistribution

�
to selectthesizeof theresultingtree.This,of

course,is notamodel of a reallife learning method, but it demonstratesthatthedeficiency
of treeoptimization for learning somestructurescomesalreadyfrom thetreeconstruction
part,andnot from thesizeselection.

ExperimentIII consistsof thefollowing steps:
1. UseCART with cross-validationto constructtree  ©�Ë�Ì�Í Ê on thebasisof thesampleF�¿ .
2. Determine theerrorof  ��Ë�Ì�Í Ê on thedistribution

�
.

3. Construct theoptimally trainedtreesfor all sizesup to � andselect � �È�É�Ê , which
hasthesmallesterroron

�
.

Theerrorsof  �� �È�ÉBÊ and ��Ë�ÌBÍ Ê on
�

arerandomvariablesdependingon F�¿ . As in Experi-
mentsI andII, wecollected100independentrealizations of eachof theserandomvariates,
repeating the procedure100 times for eachsize ¾ of F�¿ , usingindependentsamplesfor
each ¾ . We, again,estimatedthe expectederrors of  2� �È�ÉBÊ and  <�Ë�Ì�Í Ê , calculatedstandard
errors of theestimates,andtesteda possibledifferencebetweentheexpectederrors using
thetwo sidedpairedStudent’s t-test.Thesizesanddatasetsusedfor ExperimentsIII were
thesameasthoseusedfor theExperimentsI andII for thesamedistribution.

Notethat thesetof optimally trainedtrees,from which  2� �È(ÉBÊ is selected,containsalso
treeswith the minimum size amongtreeswith error not larger than the error of  P�Ë�ÌBÍ Ê .
Hence,theexamplesdescribedin thefollowing paragraphs,where  b� �È(ÉBÊ is worsethan ��Ë�ÌBÍ Ê ,
demonstratesituationswheretheminimization of sizefor a given bound on theerrordoes
not improve thegeneralization.

5.4.1 Resultsfor majority

Trees <� �È�É�Ê areworsethan  v�Ë�Ì�Í Ê for sizes¾©/u�c� x ����� xBé w&{ and ��� xBé { , i.e. ¾©/ 1000, 1778,
and3162, of S Ç ¿ S . The differencesin favor of CART at the sizescited, asdisplayed at
Fig. 4, do not seemto be convincing, but the tablesin Appendix A.14 demonstratehigh
levelsof statisticalsignificance.

5.4.2 Resultsfor two thr esholds

Thesamevaluesof ° , ¾ and � areusedasin theExperimentsI andII with ´ x .
For thenoiselevel °�/æ�6� �Kg , Algorithm 2 wasworsethanCART, asregardsgeneral-

ization,at datasizes1000and1778, while for °7/1�6��� at sizes3162 and5623.
Theresultsaresummarizedin AppendicesA.15 andA.16.

5.4.3 Resultsfor two squares

Thesamevaluesof ° , ¾ and � areusedasin theExperimentsI andII with ´jz .
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Figure4: ExperimentIII with majority ( ´¢/[´ w ), attributenoiselevel °¥/L�6��� . Meantrue
errorsof 100treesgrown by Algorithm 2 andby CART for different sizes¾ of trainingdata
sets.

For the distribution without any attribute noise,i.e. °§/ö� , the phenomenonof the
inferiority of the optimally trainedtreesin comparisonwith thosefrom CART was not
very marked. Only for onesize, ¾�/÷ñ$¬Kg , the comparison of the two methods yielded
a significant resultat the 5% level (*§/ø�6� �6��ì ), andfor another size, ¾�/ù�c�D�D� , the * -
valueof thet-testwasslightly above 5%(*¢/[��� �Kë$� ). For °7/[��� ��g , Algorithm 2 wasless
successfulthanCART, asregardsgeneralization,atsizesfrom562to1778(for ¾o/4ñ$¬Kg , the* -valueswas0.033, while for theothersizesmuchhigher levelsof statisticalsignificance
wereattained).For °�/h����� , therangeof sizeswhereAlgorithm 2 wasbeatenby CART
wasfrom 1778to 5623.

Theresultsaresummarizedin AppendicesA.17 to A.19.

6 Conclusion

Wehaveshown by theparityexample thatthereareproblemswhereelements of optimiza-
tion, if madecomputationallyfeasible,mayconsiderably helpto achievegoodgeneraliza-
tion in comparisonwith thetraditional tree-basedmethods.

We have, however, alsoshown clearly (usingstatisticaltestsof significance)that for
a kind of problemsoptimization yieldsworseresultsthanthemethodsbasedon recursive
partitioning. Moreover, by analysisof theseproblems,we derivednew examplesof situa-
tions,wherethepreferenceof smallmodelssuggestedby Occam’srazor principle doesnot
improve thequalityof themodel.

Further investigationof thesephenomenais neededin order to understandbetterthe
conditions, under which the optimization helps. This can lead to improvements of the
known treeconstruction techniquesby usingelementsof optimization whereappropriate.
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A Appendix

A.1 Experiment I, parity , noise2%

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 73.4 ú 1.7 22.2 ú 1.9
178 47.1 ú 2.2 50.2 ú 3.2
316 33.3 ú 0.3 116.2 ú 4.4
562 32.1 ú 0.1 212.5 ú 3.8
1000 32.3 ú 0.1 300.0 ú 7.3

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 0.76 ú 0.11 20.28 ú 1.70
178 4.37 ú 0.30 14.63 ú 1.52
316 8.25 ú 0.17 7.50 ú 1.00
562 9.23 ú 0.12 5.07 ú 0.20
1000 9.37 ú 0.10 6.62 ú 0.17

Erroronvalidation data:

datafiles Error (%) onvalidationdata(meanú SEM)
size Optimization CART
100 18.71 ú 0.72 41.72 ú 0.59
178 17.58 ú 0.47 40.19 ú 0.55
316 11.18 ú 0.34 36.80 ú 0.54
562 9.23 ú 0.19 32.06 ú 0.50
1000 9.12 ú 0.12 24.97 ú 0.42

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 21.68 ú 0.54 47.86 ú 0.36 0.000000
178 20.68 ú 0.38 44.21 ú 0.53 0.000000
316 12.06 ú 0.28 39.03 ú 0.53 0.000000
562 9.33 ú 0.04 32.15 ú 0.41 0.000000
1000 9.26 ú 0.01 25.24 ú 0.33 0.000000
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A.2 Experiment I, majority , noise10%

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 35.6 ú 2.9 17.4 ú 1.1
178 60.0 ú 5.0 24.3 ú 1.6
316 42.1 ú 3.9 38.2 ú 2.7
562 40.6 ú 2.6 53.6 ú 3.4
1000 56.2 ú 3.0 71.0 ú 3.2
1778 71.1 ú 2.6 78.0 ú 2.5
3162 73.7 ú 1.4 77.6 ú 1.8
5623 70.0 ú 0.5 72.0 ú 0.5

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 6.49 ú 0.70 10.82 ú 0.86
178 6.64 ú 0.64 12.11 ú 0.76
316 11.17 ú 0.62 12.72 ú 0.60
562 13.32 ú 0.44 12.95 ú 0.41
1000 14.26 ú 0.33 13.93 ú 0.24
1778 14.90 ú 0.16 15.14 ú 0.14
3162 16.06 ú 0.08 16.20 ú 0.08
5623 16.70 ú 0.05 16.68 ú 0.05

Erroronvalidation data:

datafiles Error (%) onvalidationdata(meanú SEM)
size Optimization CART
100 23.55 ú 0.53 26.22 ú 0.61
178 24.11 ú 0.41 26.43 ú 0.45
316 24.05 ú 0.31 24.47 ú 0.36
562 23.39 ú 0.25 23.25 ú 0.28
1000 22.25 ú 0.16 21.74 ú 0.20
1778 20.74 ú 0.14 19.90 ú 0.13
3162 18.79 ú 0.10 18.19 ú 0.10
5623 17.18 ú 0.08 17.04 ú 0.08

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 30.96 ú 0.20 30.72 ú 0.27 0.423116
178 29.02 ú 0.19 29.00 ú 0.23 0.931057
316 28.31 ú 0.18 27.13 ú 0.15 0.000000
562 25.89 ú 0.13 24.60 ú 0.11 0.000000
1000 24.02 ú 0.10 22.66 ú 0.11 0.000000
1778 21.71 ú 0.08 20.51 ú 0.08 0.000000
3162 19.17 ú 0.06 18.43 ú 0.07 0.000000
5623 17.31 ú 0.04 17.16 ú 0.03 0.000000
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A.3 Experiment I, function û�ü (two thr esholds),2% noise

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 34.8 ú 2.5 20.2 ú 0.7
178 45.9 ú 3.7 28.8 ú 1.1
316 39.8 ú 2.6 40.0 ú 1.4
562 43.6 ú 1.2 52.5 ú 1.1
1000 52.6 ú 1.2 59.5 ú 0.9
1778 60.9 ú 0.7 61.5 ú 0.4
3162 61.4 ú 0.1 61.1 ú 0.1
5623 61.0 ú 0.0 61.0 ú 0.0

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 3.00 ú 0.45 4.49 ú 0.51
178 3.14 ú 0.30 4.84 ú 0.42
316 3.63 ú 0.25 4.13 ú 0.28
562 3.58 ú 0.16 3.69 ú 0.14
1000 3.78 ú 0.09 3.83 ú 0.08
1778 3.83 ú 0.05 3.94 ú 0.05
3162 3.92 ú 0.04 3.94 ú 0.04
5623 3.95 ú 0.03 3.95 ú 0.03

Erroronvalidation data:

datafiles Error (%) onvalidationdata(meanú SEM)
size Optimization CART
100 14.85 ú 0.50 19.35 ú 0.53
178 12.38 ú 0.32 14.94 ú 0.47
316 10.45 ú 0.28 11.22 ú 0.31
562 7.78 ú 0.17 7.56 ú 0.19
1000 6.24 ú 0.10 5.45 ú 0.11
1778 4.71 ú 0.08 4.28 ú 0.06
3162 4.03 ú 0.05 4.01 ú 0.05
5623 4.00 ú 0.04 4.01 ú 0.04

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 21.71 ú 0.33 22.64 ú 0.34 0.032658
178 16.50 ú 0.27 17.36 ú 0.32 0.016207
316 12.35 ú 0.18 12.23 ú 0.19 0.601467
562 9.22 ú 0.10 8.35 ú 0.11 0.000000
1000 6.88 ú 0.06 5.78 ú 0.06 0.000000
1778 5.03 ú 0.04 4.43 ú 0.03 0.000000
3162 4.04 ú 0.01 3.99 ú 0.01 0.000972
5623 3.96 ú 0.00 3.96 ú 0.00 1.000000
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A.4 Experiment I with û6ü (two thr esholds),10% attrib ute noise

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 30.6 ú 2.8 15.6 ú 1.0
178 46.8 ú 4.7 25.9 ú 1.7
316 37.8 ú 3.2 32.1 ú 2.1
562 30.0 ú 1.3 39.6 ú 2.1
1000 37.6 ú 1.7 48.9 ú 2.1
1778 46.0 ú 1.4 55.2 ú 1.3
3162 53.2 ú 1.3 61.1 ú 1.3
5623 60.7 ú 0.8 63.1 ú 0.7

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 8.46 ú 0.84 13.15 ú 0.87
178 9.43 ú 0.82 12.95 ú 0.77
316 11.63 ú 0.55 14.56 ú 0.55
562 15.18 ú 0.31 15.16 ú 0.32
1000 15.99 ú 0.22 15.99 ú 0.21
1778 16.24 ú 0.14 16.33 ú 0.12
3162 16.71 ú 0.09 16.75 ú 0.08
5623 16.93 ú 0.06 16.98 ú 0.05

Erroronvalidation data:

datafiles Error (%) onvalidationdata(meanú SEM)
size Optimization CART
100 24.53 ú 0.48 27.93 ú 0.57
178 24.88 ú 0.40 27.36 ú 0.47
316 24.62 ú 0.29 25.85 ú 0.34
562 22.45 ú 0.26 22.88 ú 0.27
1000 20.91 ú 0.16 20.95 ú 0.18
1778 19.64 ú 0.12 19.35 ú 0.13
3162 18.47 ú 0.10 17.96 ú 0.10
5623 17.64 ú 0.06 17.32 ú 0.07

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 32.95 ú 0.27 33.11 ú 0.28 0.621602
178 31.09 ú 0.21 30.65 ú 0.24 0.114377
316 28.30 ú 0.20 27.66 ú 0.18 0.005723
562 24.81 ú 0.15 24.35 ú 0.13 0.001027
1000 22.19 ú 0.09 21.74 ú 0.09 0.000457
1778 20.34 ú 0.06 19.67 ú 0.06 0.000000
3162 18.87 ú 0.04 18.22 ú 0.04 0.000000
5623 17.82 ú 0.02 17.46 ú 0.03 0.000000
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A.5 Experiment I with two squareswithout attrib ute noise

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 36.4 ú 2.4 20.6 ú 0.7
178 62.6 ú 3.6 32.3 ú 0.9
316 65.5 ú 3.5 52.7 ú 1.1
562 67.1 ú 1.6 73.3 ú 0.8
1000 81.4 ú 0.5 84.7 ú 0.4
1778 87.7 ú 0.1 88.2 ú 0.1
3162 88.0 ú 0.0 88.3 ú 0.1
5623 88.0 ú 0.0 88.2 ú 0.0

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 2.49 ú 0.48 3.00 ú 0.41
178 1.03 ú 0.25 2.27 ú 0.27
316 0.84 ú 0.14 0.96 ú 0.19
562 0.35 ú 0.06 0.26 ú 0.04
1000 0.06 ú 0.01 0.06 ú 0.01
1778 0.00 ú 0.00 0.01 ú 0.00
3162 0.00 ú 0.00 0.00 ú 0.00
5623 0.00 ú 0.00 0.00 ú 0.00

Erroronvalidation data:

datafiles Error (%) onvalidationdata(meanú SEM)
size Optimization CART
100 14.14 ú 0.39 18.03 ú 0.56
178 11.04 ú 0.32 14.13 ú 0.45
316 8.03 ú 0.26 8.72 ú 0.29
562 4.48 ú 0.14 4.19 ú 0.16
1000 1.10 ú 0.07 0.95 ú 0.08
1778 0.06 ú 0.02 0.06 ú 0.02
3162 0.00 ú 0.00 0.00 ú 0.00
5623 0.00 ú 0.00 0.00 ú 0.00

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 20.80 ú 0.34 21.18 ú 0.34 0.394557
178 14.40 ú 0.25 15.88 ú 0.26 0.000007
316 10.03 ú 0.19 9.89 ú 0.20 0.553002
562 5.30 ú 0.13 4.41 ú 0.13 0.000000
1000 1.32 ú 0.07 1.00 ú 0.06 0.000035
1778 0.06 ú 0.01 0.08 ú 0.02 0.236657
3162 0.00 ú 0.00 0.00 ú 0.00 0.319749
5623 0.00 ú 0.00 0.00 ú 0.00 1.000000
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A.6 Experiment I with two squaresand 2% attrib ute noise

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 42.5 ú 2.7 18.5 ú 0.8
178 56.2 ú 3.6 31.6 ú 1.2
316 53.8 ú 2.9 53.4 ú 1.6
562 59.1 ú 1.9 73.0 ú 2.0
1000 75.7 ú 1.6 86.0 ú 1.7
1778 86.6 ú 1.0 87.7 ú 0.8
3162 88.1 ú 0.3 88.7 ú 0.2
5623 88.1 ú 0.1 88.5 ú 0.1

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 2.54 ú 0.42 6.25 ú 0.60
178 2.82 ú 0.40 4.50 ú 0.40
316 3.11 ú 0.28 3.29 ú 0.29
562 3.59 ú 0.22 3.39 ú 0.18
1000 3.61 ú 0.10 3.65 ú 0.09
1778 3.96 ú 0.05 4.10 ú 0.06
3162 4.17 ú 0.04 4.18 ú 0.04
5623 4.13 ú 0.02 4.13 ú 0.02

Erroronvalidation data:

datafiles Error (%) onvalidationdata(meanú SEM)
size Optimization CART
100 17.37 ú 0.46 20.73 ú 0.56
178 14.81 ú 0.36 17.88 ú 0.46
316 12.80 ú 0.24 13.44 ú 0.32
562 10.44 ú 0.17 10.38 ú 0.19
1000 7.81 ú 0.10 7.26 ú 0.13
1778 5.59 ú 0.10 5.17 ú 0.10
3162 4.37 ú 0.05 4.33 ú 0.05
5623 4.17 ú 0.04 4.18 ú 0.04

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 23.90 ú 0.30 24.83 ú 0.31 0.017956
178 19.72 ú 0.24 20.15 ú 0.24 0.186803
316 15.88 ú 0.18 15.13 ú 0.19 0.000945
562 12.24 ú 0.13 10.95 ú 0.14 0.000000
1000 8.62 ú 0.07 7.58 ú 0.08 0.000000
1778 5.83 ú 0.06 5.31 ú 0.05 0.000000
3162 4.37 ú 0.02 4.31 ú 0.02 0.006660
5623 4.18 ú 0.00 4.18 ú 0.00 0.740706
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A.7 Experiment I with two squaresand 10% attrib ute noise

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 30.9 ú 2.6 14.8 ú 1.0
178 32.7 ú 3.1 23.2 ú 1.5
316 31.9 ú 2.1 37.3 ú 2.5
562 34.7 ú 2.0 52.8 ú 3.1
1000 47.3 ú 2.2 65.4 ú 3.4
1778 59.8 ú 2.3 78.6 ú 2.9
3162 68.5 ú 1.8 82.0 ú 1.7
5623 84.0 ú 1.2 87.6 ú 1.2

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 7.72 ú 0.84 13.87 ú 0.90
178 10.51 ú 0.72 13.34 ú 0.64
316 12.82 ú 0.60 13.65 ú 0.60
562 15.11 ú 0.43 14.15 ú 0.39
1000 15.53 ú 0.29 15.30 ú 0.28
1778 16.31 ú 0.18 16.00 ú 0.14
3162 17.02 ú 0.11 16.88 ú 0.09
5623 17.07 ú 0.06 17.14 ú 0.05

Erroronvalidation data:

datafiles Error (%) onvalidationdata(meanú SEM)
size Optimization CART
100 24.56 ú 0.49 28.20 ú 0.57
178 24.56 ú 0.38 26.77 ú 0.46
316 24.80 ú 0.33 25.74 ú 0.37
562 24.19 ú 0.23 24.42 ú 0.25
1000 22.65 ú 0.18 22.69 ú 0.18
1778 21.19 ú 0.15 20.71 ú 0.15
3162 19.85 ú 0.11 19.43 ú 0.12
5623 18.61 ú 0.07 18.24 ú 0.07

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 33.47 ú 0.23 33.21 ú 0.25 0.360935
178 31.18 ú 0.16 30.50 ú 0.21 0.003009
316 29.22 ú 0.19 28.06 ú 0.19 0.000000
562 26.84 ú 0.13 25.85 ú 0.13 0.000000
1000 24.21 ú 0.10 23.71 ú 0.11 0.000030
1778 22.23 ú 0.07 21.30 ú 0.08 0.000000
3162 20.38 ú 0.04 19.65 ú 0.05 0.000000
5623 18.79 ú 0.03 18.34 ú 0.03 0.000000
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A.8 Experiment II with majority , noise10%

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 13.9 ú 1.1 13.9 ú 1.1
178 23.1 ú 1.6 23.1 ú 1.6
316 32.4 ú 2.3 32.4 ú 2.3
562 45.7 ú 3.0 45.7 ú 3.0
1000 63.4 ú 2.9 63.4 ú 2.9
1778 73.9 ú 2.4 74.1 ú 2.5
3162 76.4 ú 1.3 76.4 ú 1.3
5623 72.3 ú 0.6 72.3 ú 0.6

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 12.19 ú 1.02 13.50 ú 0.95
178 10.95 ú 0.84 12.35 ú 0.79
316 11.77 ú 0.57 13.42 ú 0.53
562 12.48 ú 0.45 13.86 ú 0.41
1000 13.22 ú 0.29 14.40 ú 0.26
1778 14.61 ú 0.16 15.27 ú 0.15
3162 15.91 ú 0.07 16.17 ú 0.07
5623 16.61 ú 0.05 16.65 ú 0.05

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 33.33 ú 0.30 32.08 ú 0.35 0.000000
178 31.03 ú 0.24 29.70 ú 0.27 0.000000
316 29.02 ú 0.17 27.42 ú 0.17 0.000000
562 26.59 ú 0.15 24.99 ú 0.12 0.000000
1000 24.43 ú 0.11 22.91 ú 0.09 0.000000
1778 22.17 ú 0.07 20.83 ú 0.08 0.000000
3162 19.51 ú 0.07 18.60 ú 0.06 0.000000
5623 17.57 ú 0.05 17.27 ú 0.04 0.000000
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A.9 Experiment II, function û�ü (two thr esholds),2% noise

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 17.9 ú 0.9 17.9 ú 0.9
178 29.8 ú 1.0 29.8 ú 1.0
316 41.6 ú 1.2 41.6 ú 1.2
562 53.9 ú 1.3 53.9 ú 1.3
1000 58.3 ú 0.8 58.3 ú 0.8
1778 61.1 ú 0.4 61.1 ú 0.4
3162 61.2 ú 0.1 61.2 ú 0.1
5623 61.0 ú 0.0 61.0 ú 0.0

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 4.83 ú 0.59 5.92 ú 0.60
178 2.53 ú 0.26 4.09 ú 0.31
316 2.25 ú 0.19 3.54 ú 0.23
562 2.61 ú 0.12 3.54 ú 0.15
1000 3.33 ú 0.07 3.85 ú 0.07
1778 3.80 ú 0.05 3.94 ú 0.05
3162 3.92 ú 0.04 3.93 ú 0.04
5623 3.95 ú 0.03 3.95 ú 0.03

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 24.42 ú 0.36 23.91 ú 0.36 0.152718
178 18.13 ú 0.29 17.75 ú 0.30 0.239262
316 13.52 ú 0.20 12.55 ú 0.19 0.000058
562 10.15 ú 0.13 8.77 ú 0.14 0.000000
1000 7.38 ú 0.09 6.03 ú 0.07 0.000000
1778 5.31 ú 0.05 4.58 ú 0.04 0.000000
3162 4.13 ú 0.03 4.03 ú 0.01 0.000102
5623 3.96 ú 0.00 3.96 ú 0.00 1.000000
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A.10 Experiment II with û6ü (two thr esholds),10% attrib ute noise

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 14.1 ú 1.1 14.1 ú 1.1
178 23.0 ú 1.8 23.0 ú 1.8
316 34.2 ú 2.2 34.2 ú 2.2
562 37.7 ú 1.8 37.7 ú 1.8
1000 43.7 ú 1.6 43.7 ú 1.6
1778 51.9 ú 1.1 51.9 ú 1.1
3162 60.4 ú 1.1 60.4 ú 1.1
5623 62.5 ú 0.6 62.5 ú 0.6

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 12.91 ú 1.01 14.44 ú 0.93
178 12.16 ú 0.82 13.78 ú 0.78
316 11.55 ú 0.54 13.78 ú 0.52
562 13.69 ú 0.37 15.27 ú 0.33
1000 15.09 ú 0.23 16.30 ú 0.20
1778 15.68 ú 0.11 16.49 ú 0.12
3162 16.32 ú 0.07 16.73 ú 0.07
5623 16.86 ú 0.05 16.98 ú 0.05

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 34.87 ú 0.33 33.94 ú 0.30 0.000675
178 32.64 ú 0.27 31.37 ú 0.28 0.000000
316 29.01 ú 0.19 28.25 ú 0.18 0.000070
562 25.66 ú 0.16 24.85 ú 0.16 0.000000
1000 22.84 ú 0.11 22.06 ú 0.10 0.000000
1778 20.67 ú 0.07 19.91 ú 0.07 0.000000
3162 19.19 ú 0.05 18.39 ú 0.04 0.000000
5623 18.02 ú 0.03 17.55 ú 0.03 0.000000
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A.11 Experiment II with two squareswithout attrib ute noise

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 18.4 ú 0.8 18.4 ú 0.8
178 34.5 ú 0.8 34.5 ú 0.8
316 50.0 ú 1.1 50.0 ú 1.1
562 73.0 ú 0.8 73.0 ú 0.8
1000 84.9 ú 0.3 84.9 ú 0.3
1778 88.0 ú 0.1 88.0 ú 0.1
3162 88.3 ú 0.1 88.3 ú 0.1
5623 88.2 ú 0.0 88.2 ú 0.0

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 3.41 ú 0.55 4.47 ú 0.56
178 0.76 ú 0.20 1.53 ú 0.24
316 0.56 ú 0.12 1.18 ú 0.16
562 0.06 ú 0.03 0.23 ú 0.04
1000 0.01 ú 0.00 0.04 ú 0.01
1778 0.01 ú 0.00 0.00 ú 0.00
3162 0.00 ú 0.00 0.00 ú 0.00
5623 0.00 ú 0.00 0.00 ú 0.00

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 23.50 ú 0.38 22.50 ú 0.43 0.001900
178 16.89 ú 0.26 16.01 ú 0.26 0.001433
316 11.60 ú 0.18 10.38 ú 0.21 0.000000
562 5.47 ú 0.14 4.51 ú 0.13 0.000000
1000 1.36 ú 0.07 1.05 ú 0.06 0.000002
1778 0.08 ú 0.02 0.09 ú 0.02 0.285809
3162 0.00 ú 0.00 0.01 ú 0.00 0.319749
5623 0.00 ú 0.00 0.00 ú 0.00 1.000000
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A.12 Experiment II with two squaresand 2% attrib utenoise

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 19.4 ú 0.9 19.4 ú 0.9
178 33.2 ú 1.2 33.2 ú 1.2
316 50.2 ú 1.6 50.2 ú 1.6
562 74.8 ú 1.8 74.8 ú 1.8
1000 82.5 ú 1.4 82.7 ú 1.5
1778 86.3 ú 0.8 86.3 ú 0.8
3162 88.5 ú 0.4 88.5 ú 0.4
5623 88.4 ú 0.1 88.4 ú 0.1

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 4.61 ú 0.65 5.66 ú 0.67
178 2.64 ú 0.36 3.78 ú 0.40
316 2.47 ú 0.22 3.50 ú 0.25
562 2.38 ú 0.12 3.07 ú 0.15
1000 3.17 ú 0.08 3.72 ú 0.09
1778 3.95 ú 0.05 4.11 ú 0.05
3162 4.15 ú 0.04 4.17 ú 0.04
5623 4.13 ú 0.02 4.13 ú 0.02

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 26.63 ú 0.32 25.43 ú 0.34 0.000017
178 21.48 ú 0.23 20.45 ú 0.27 0.000143
316 17.22 ú 0.19 15.47 ú 0.17 0.000000
562 12.94 ú 0.14 11.19 ú 0.13 0.000000
1000 9.18 ú 0.08 7.81 ú 0.09 0.000000
1778 6.22 ú 0.07 5.51 ú 0.06 0.000000
3162 4.58 ú 0.03 4.44 ú 0.03 0.000000
5623 4.20 ú 0.01 4.19 ú 0.01 0.009907
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A.13 Experiment II with two squaresand 10% attrib ute noise

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 14.7 ú 1.0 14.7 ú 1.0
178 26.9 ú 1.7 26.9 ú 1.7
316 39.9 ú 2.7 39.9 ú 2.7
562 45.1 ú 2.6 46.1 ú 3.0
1000 58.3 ú 2.5 58.9 ú 2.7
1778 67.9 ú 2.0 67.9 ú 2.0
3162 77.6 ú 1.7 77.9 ú 1.7
5623 84.7 ú 1.3 84.8 ú 1.3

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 11.70 ú 1.05 13.36 ú 0.97
178 9.80 ú 0.72 11.67 ú 0.70
316 10.96 ú 0.59 12.82 ú 0.59
562 13.05 ú 0.43 14.79 ú 0.39
1000 14.26 ú 0.31 15.61 ú 0.29
1778 15.56 ú 0.14 16.40 ú 0.14
3162 16.54 ú 0.10 16.91 ú 0.09
5623 17.03 ú 0.06 17.14 ú 0.06

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 35.01 ú 0.30 34.12 ú 0.30 0.000218
178 31.98 ú 0.20 31.04 ú 0.20 0.000002
316 29.89 ú 0.21 28.48 ú 0.20 0.000000
562 27.67 ú 0.15 26.38 ú 0.14 0.000000
1000 24.92 ú 0.11 23.98 ú 0.11 0.000000
1778 22.64 ú 0.07 21.53 ú 0.07 0.000000
3162 20.66 ú 0.05 19.89 ú 0.05 0.000000
5623 19.05 ú 0.04 18.59 ú 0.04 0.000000
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A.14 Experiment III with majority

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 58.2 ú 3.3 13.9 ú 1.1
178 120.9 ú 5.0 23.1 ú 1.6
316 38.6 ú 3.8 32.4 ú 2.3
562 32.7 ú 1.4 45.7 ú 3.0
1000 44.5 ú 1.6 63.4 ú 2.9
1778 61.6 ú 1.6 74.1 ú 2.5
3162 67.0 ú 0.9 76.4 ú 1.3
5623 69.3 ú 0.4 72.3 ú 0.6

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 4.79 ú 0.66 13.50 ú 0.95
178 3.76 ú 0.47 12.35 ú 0.79
316 11.32 ú 0.45 13.42 ú 0.53
562 14.03 ú 0.28 13.86 ú 0.41
1000 15.05 ú 0.21 14.40 ú 0.26
1778 15.36 ú 0.13 15.27 ú 0.15
3162 16.34 ú 0.07 16.17 ú 0.07
5623 16.72 ú 0.05 16.65 ú 0.05

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 28.60 ú 0.16 32.08 ú 0.35 0.000000
178 26.83 ú 0.15 29.70 ú 0.27 0.000000
316 26.75 ú 0.11 27.42 ú 0.17 0.000170
562 24.78 ú 0.09 24.99 ú 0.12 0.094232
1000 23.26 ú 0.07 22.91 ú 0.09 0.000044
1778 21.25 ú 0.07 20.83 ú 0.08 0.000000
3162 18.95 ú 0.05 18.60 ú 0.06 0.000000
5623 17.26 ú 0.03 17.27 ú 0.04 0.633092
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A.15 Experiment III with two thr esholdsand 2% attrib utenoise

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 49.4 ú 2.4 17.9 ú 0.9
178 58.7 ú 4.4 29.8 ú 1.0
316 55.3 ú 4.7 41.6 ú 1.2
562 45.3 ú 2.1 53.9 ú 1.3
1000 52.6 ú 0.7 58.3 ú 0.8
1778 61.0 ú 0.5 61.1 ú 0.4
3162 61.3 ú 0.1 61.2 ú 0.1
5623 61.0 ú 0.0 61.0 ú 0.0

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 1.03 ú 0.18 5.92 ú 0.60
178 1.89 ú 0.18 4.09 ú 0.31
316 2.92 ú 0.19 3.54 ú 0.23
562 3.48 ú 0.12 3.54 ú 0.15
1000 3.68 ú 0.08 3.85 ú 0.07
1778 3.81 ú 0.05 3.94 ú 0.05
3162 3.92 ú 0.04 3.93 ú 0.04
5623 3.95 ú 0.03 3.95 ú 0.03

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 18.84 ú 0.21 23.91 ú 0.36 0.000000
178 14.64 ú 0.19 17.75 ú 0.30 0.000000
316 11.07 ú 0.13 12.55 ú 0.19 0.000000
562 8.61 ú 0.08 8.77 ú 0.14 0.213052
1000 6.54 ú 0.05 6.03 ú 0.07 0.000000
1778 4.91 ú 0.04 4.58 ú 0.04 0.000000
3162 4.02 ú 0.01 4.03 ú 0.01 0.471820
5623 3.96 ú 0.00 3.96 ú 0.00 0.319749
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A.16 Experiment III with û�ü (two thr esholds),10% attrib ute noise

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 35.6 ú 2.9 14.1 ú 1.1
178 48.9 ú 5.1 23.0 ú 1.8
316 25.6 ú 1.5 34.2 ú 2.2
562 28.7 ú 0.8 37.7 ú 1.8
1000 33.5 ú 0.8 43.7 ú 1.6
1778 43.9 ú 0.8 51.9 ú 1.1
3162 52.0 ú 0.8 60.4 ú 1.1
5623 60.8 ú 0.6 62.5 ú 0.6

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 7.28 ú 0.74 14.44 ú 0.93
178 9.25 ú 0.62 13.78 ú 0.78
316 13.33 ú 0.34 13.78 ú 0.52
562 15.20 ú 0.24 15.27 ú 0.33
1000 16.27 ú 0.16 16.30 ú 0.20
1778 16.28 ú 0.11 16.49 ú 0.12
3162 16.71 ú 0.08 16.73 ú 0.07
5623 16.91 ú 0.05 16.98 ú 0.05

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 30.48 ú 0.19 33.94 ú 0.30 0.000000
178 29.02 ú 0.14 31.37 ú 0.28 0.000000
316 26.46 ú 0.15 28.25 ú 0.18 0.000000
562 23.76 ú 0.11 24.85 ú 0.16 0.000000
1000 21.52 ú 0.06 22.06 ú 0.10 0.000000
1778 19.96 ú 0.05 19.91 ú 0.07 0.419603
3162 18.69 ú 0.03 18.39 ú 0.04 0.000000
5623 17.76 ú 0.02 17.55 ú 0.03 0.000000
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A.17 Experiment III with two squareswithout attrib ute noise

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 57.8 ú 2.0 18.4 ú 0.8
178 84.1 ú 3.1 34.5 ú 0.8
316 80.4 ú 3.3 50.0 ú 1.1
562 72.6 ú 1.8 73.0 ú 0.8
1000 82.9 ú 0.7 84.9 ú 0.3
1778 87.7 ú 0.1 88.0 ú 0.1
3162 88.0 ú 0.0 88.3 ú 0.1
5623 88.0 ú 0.0 88.2 ú 0.0

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 0.12 ú 0.05 4.47 ú 0.56
178 0.20 ú 0.07 1.53 ú 0.24
316 0.30 ú 0.06 1.18 ú 0.16
562 0.18 ú 0.04 0.23 ú 0.04
1000 0.04 ú 0.01 0.04 ú 0.01
1778 0.00 ú 0.00 0.00 ú 0.00
3162 0.00 ú 0.00 0.00 ú 0.00
5623 0.00 ú 0.00 0.00 ú 0.00

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 17.55 ú 0.17 22.50 ú 0.43 0.000000
178 12.89 ú 0.14 16.01 ú 0.26 0.000000
316 9.10 ú 0.15 10.38 ú 0.21 0.000000
562 4.82 ú 0.10 4.51 ú 0.13 0.017849
1000 1.16 ú 0.06 1.05 ú 0.06 0.073756
1778 0.05 ú 0.01 0.09 ú 0.02 0.017893
3162 0.00 ú 0.00 0.01 ú 0.00 0.179556
5623 0.00 ú 0.00 0.00 ú 0.00 1.000000
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A.18 Experiment III with two squaresand 2% attrib ute noise

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 61.0 ú 2.3 19.4 ú 0.9
178 79.7 ú 3.7 33.2 ú 1.2
316 61.3 ú 3.7 50.2 ú 1.6
562 61.2 ú 1.5 74.8 ú 1.8
1000 75.0 ú 1.3 82.7 ú 1.5
1778 86.0 ú 0.8 86.3 ú 0.8
3162 88.2 ú 0.2 88.5 ú 0.4
5623 88.0 ú 0.0 88.4 ú 0.1

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 0.80 ú 0.17 5.66 ú 0.67
178 1.36 ú 0.19 3.78 ú 0.40
316 3.08 ú 0.25 3.50 ú 0.25
562 3.20 ú 0.15 3.07 ú 0.15
1000 3.58 ú 0.10 3.72 ú 0.09
1778 3.97 ú 0.05 4.11 ú 0.05
3162 4.17 ú 0.04 4.17 ú 0.04
5623 4.13 ú 0.02 4.13 ú 0.02

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 21.37 ú 0.20 25.43 ú 0.34 0.000000
178 17.56 ú 0.16 20.45 ú 0.27 0.000000
316 14.73 ú 0.14 15.47 ú 0.17 0.000201
562 11.43 ú 0.09 11.19 ú 0.13 0.032535
1000 8.26 ú 0.06 7.81 ú 0.09 0.000001
1778 5.71 ú 0.06 5.51 ú 0.06 0.000015
3162 4.35 ú 0.02 4.44 ú 0.03 0.000099
5623 4.17 ú 0.00 4.19 ú 0.01 0.003282
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A.19 Experiment III with two squaresand 10% attrib ute noise

Treesizes:

datafiles Treesize(meanú SEM)
size Optimization CART
100 40.9 ú 3.1 14.7 ú 1.0
178 39.8 ú 3.7 26.9 ú 1.7
316 27.1 ú 1.2 39.9 ú 2.7
562 31.2 ú 1.2 46.1 ú 3.0
1000 39.1 ú 1.3 58.9 ú 2.7
1778 53.2 ú 1.5 67.9 ú 2.0
3162 71.8 ú 1.5 77.9 ú 1.7
5623 85.8 ú 1.0 84.8 ú 1.3

Erroron training data:

datafiles Error (%) ontrainingdata(meanú SEM)
size Optimization CART
100 6.37 ú 0.68 13.36 ú 0.97
178 9.26 ú 0.63 11.67 ú 0.70
316 13.01 ú 0.35 12.82 ú 0.59
562 15.28 ú 0.29 14.79 ú 0.39
1000 16.32 ú 0.22 15.61 ú 0.29
1778 16.61 ú 0.14 16.40 ú 0.14
3162 16.81 ú 0.10 16.91 ú 0.09
5623 16.99 ú 0.06 17.14 ú 0.06

Trueerror:

datafiles Trueerrorin % (meanú SEM) p-value
size Optimization CART (paired t)
100 30.99 ú 0.13 34.12 ú 0.30 0.000000
178 29.56 ú 0.12 31.04 ú 0.20 0.000000
316 27.63 ú 0.13 28.48 ú 0.20 0.000000
562 25.73 ú 0.09 26.38 ú 0.14 0.000006
1000 23.47 ú 0.07 23.98 ú 0.11 0.000000
1778 21.79 ú 0.06 21.53 ú 0.07 0.000129
3162 20.14 ú 0.04 19.89 ú 0.05 0.000000
5623 18.70 ú 0.03 18.59 ú 0.04 0.000679
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