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Abstract:

Two algorithms constructing the trees with a minimum misclassification error on the training data are
described. Results of numerical experiments focused on the comparison of these algorithms with the
classical tree construction by recursive partitioning are presented. For this purpose, several explicitly given
distributions were used. The trees are compared from the point of view of their generalization properties, i.e.
their error on unseen cases from the same distribution, not used for training. For some of the distributions,
the trees from the optimization algorithms clearly outperform those from recursive partitioning. For other
distributions, however, the situation is the opposite. The problems where optimization yields worse results
than CART are the main focus of attention. Since the size and error on training data of the trees obtained
by optimization do not exceed the corresponding parameters of the trees obtained by classical methods,
the result provides new examples of situations, where the preference of small models suggested by Occam’s
razor principle does not improve the quality of the model.
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1 Intr oduction

Classificationtreeshave traditiorally beengrown in a top-down mannerby a"local” op-
timizationof individual splits,socalledrecursve partitionng. Savicky etal. [9] proposed
two bottomup algorithms aimedat the full optimization of classificatiortrees. The algo-
rithmswork for alimited numker of binary predctors,andtheirimplemenationis aimed,
apartfrom otherthings,at studyirg the differencebetweerfull optimizationandrecursve
partitioring.

Thealgorithms constructireesof varioussizes,andeachof the resultingtreesattains
theminimum classificatiorerror (or cost)on thetraining datagiventhesize.We call such
treesoptimallytrainedtrees Thecomnontreegrowing methalologiesarebasednakind
of searchor treeswith goad tradeoff betweersizeanderra. Conseqgantly, the optimally
trainedtreesmay be expectedto have good generéization properties,i.e. a small errar
(cost)alsoonindeendentdatadravn from the samedistribution, not usedfor training. In
somecasesandin particula for the experimentsrepatedin Savicky etal. [9], this belief
is satisfied.

There are,however, alsocasesandthe presen paperis focusedon them,whereop-
timally trainedtreesare worsethanthe treesgrown by recusive partitionirg. By more
detailedanalysisof thesesituationswe obtainnew examgesof situationswherethe pref
erenceof smallmodelssuggstedby Occams razorprinciple doesnotimprove the quality
of the model. The exparimentalresultsdemorstratingthis pheromena contritute to the
currerni discussioron the extentto which the Occams razorprinciple is applicalte in ma-
chinelearning seee.g. [3], [8], [10]. Our expetimentsareconceptally similar to those
of [8], but for a more comple situation. Using a substantiallymore efficiert algorithm
for treeoptimization,we work with muchlargertrees which, moreover, neednot be exact
treesj.e. mayhave noreeroerroronthetrainingset.

After preliminares (basicsof the tree-tasedmethodlogies)in Section2 andremaks
ontheOccamérazorprinciplein Section3, we descrile the algoithmsgrowing optimally
trainedtreesin Section4. In Section5 we dealwith our compuationalexpeiments. The
distributions usedandthe structureof the experimentsaredescribedandthe resultsof the
expelimentsarebriefly outlined. The detailednumeical resultsare left to Appendix A.
Someremaks concluling the papemaybefound in Section6.

2 Decisiontr eesfor classificationproblems

Assumea prokability distribution D on (n + 1)-tuples(zy, ..., z,,v), wherez; arepredc-
tors (numerical or catgyarical) andy is the class(elementof afinite setC). A classifieris
afundion f, suchthat f(z1, ..., z,) is a reasoable predction of y, givenz, ..., z,. At
thesametime, by a classifierwe alsomeana represetation of sucha functionin theform
of, e.g, treediagram, list of discrimination equatioms, etc. (Notethata fundion mayhave
multiple representions, while it is uniqudy deternined by ary of its represetations.)
Wheneer we use,throudhout this paper, symbad f with possiblesubscriptswe meana
classifierasafunction while T, againwith possiblesubscriptswill denoteatreerepresen
tationof suchafunction. Thefunctionrepresetedby 7" will bedended fr. A classifieris
assumedo be usedin situationswherethe predctors z; maybedirectly obseved, while
theclassy maynot.

In order to measurehe errorof a classifierT’, we usemisclassificatiorcostsc(z, j) as
the peralty for classifyingaclassi caseasj. Let p(i, j) betheprobaility thatacasefrom
D hasclassi andis classifiedasy, i.e. p(i,j) = P(y = i A fr(z1,...,2,) = j). Theerra
of aclassifierT” is measuredby theexpectedcostof its predictiors, whichis

Rp(T) = ) (i, j) - p(i, )-

i,jEC



Thisformua is alsousedto determinghe sampleestimate®f theexpectedcostbasedna
dataset. Forthis,let p. (7, j) besampleestimate®f thetrue probabilitiesbasedn data

setL. Then
Re(T) = ) eli,j) - pelisi)-
ijeC

Thesimplestform of theestimate (i, 7) is

pC(ZJJ) = m(z,J)J (1)

m

wherem(i, j) is the numbe of casesfrom classi classifiedas j, andm is the overall
numker of casesn L. Notethatthis redu@sto therelative nunmber of misclassifieccases
in £ whenc(i, j) = 1 — 6;5, whered;; is Kronecler delta,whichis acomnon setting.The
estimateg1) areprope whenthedatain £ aretheonly sourceof informationonp p (i, 5).
Oftenit is not the case. The joint prokability pp (7, j) of the true and predictedclasses
maybeexpressedasthe product of the maminal probability p p (7) of trueclassi (socalled
prior prokability, or, briefly, prior), andtheconditicnal probability p p(j|¢) of thepredicte
classj giventhetrueclassi. Whenan“externd” informationon the prior prababilitiesis
available,sothatpp(4) is estimatedvith anumter 7;, the prope estimateof pp (i, j) is

pelinf) =i T, @

wherem(i) is the nunmber of classi casesn £. Notethat(2) reduce to (1) whenr; =

By a tree classifierwith univarate splits, we understanda binary tree, whoseinter
nal nodesarelabeledby testshasedon singlepredictas andwhaose leavesarelabeledby
classesFor a nunrerical predctor z;, the standardunivariatetesthastheform z; < a for
arealnumler a, while for a cateyorical predctor, it hastheform z; € A, whereA is a
subsetf thefinite range of z;. Thetwo successorsf atestnodecorrespondto thepositive
andnegdive answergo the testquestion.A treeT' represets a function fr(z1, ..., Z,),
whichis definedfor every vecta x4, ..., z,, of predictos asfollows. Startin therootand
in eachtestnodk, contirueto the successodetermine by the answerto thetestquestion
Thevalueof theleaffinally reactedis fr(z1, ..., z,). Let T bethesetof leavesof T.

We investigde the method of constretion of tree basedclassifierson the basisof a
sample£ of m independem casefrom D, which maybe consideedasanm x (n + 1)
matrix, whoserows correspnd to the obsered cases.Thefirst n columnsof the matrix
correspndto the predictas andthelastcolunm corresponddo the depemnientvariale.

Thestandad methodlogiesof treecorstruction,suchasCART [2], C4.5[6], QUEST
[7] andmary others arebasedn recusive partitioning. Thegereralstructureof recursve
partitioring appliedto a learningsample£ consistsin iteratedsplitting of the data. In
eachstep,the dataare split by selectingan apprgriatetestandthe two partsareformed
by casessatisfyingresp. not satisfyingthe testcordition. Then the procelureis apgied
recursvely to the two subsamies corresponéhg to the two successorstc. The criteria
for selectingthe testconditionaresuchthat splits with larger differencein distribution of
classedetweerthetwo successorareprefered. Thetreebasednethod maybedivided
into two groups, accordng to the way of how the processof splitting is stoppedand a
“final” treeselectedThesimplerapprachis basedn arelatively strict stoppirg criterion
which requilesthateachsplit mustbe effective enoudn. Whenno suchsplit is found for a
node the splitting of the nodeis stopped.Thetreeis comgetedwhenthe splitting of all
theleavesis stopped Another more sophisticatedppioachconsistin growing first a big
tree,usingaweekstoppingcriterion andonasubsequerpruring. Theextentof pruningis
givenby estimate®f trueerrorsof treesof differentsizes.For more detailsonthe methals
andtheirapgications,seee.qg.[2], [6], [4].



Thegod of the above strat@y is to producea tree,suchthatin mostof its leavesone
of the classeshasclearmajoiity. Although thereis no generbguarareethatthe goalis
reachedit indeal hapgensin alot of practicallyimportantcases.

3 Applicability of Occamssrazor princip le

In decisiontreeinduction, onehasto look for treeswhich areboth reasonaly smalland
accurateon training data. It is impoitantthat this requirenentincludes to minimize also
thesize. A largetreecanreacha small erra on training databy adaptingnot only to the
geneal dependencen the data,but also,too closely to the specificselectionof exanples
thathapperto be presenin thetraining setandto casesaffectedby noise.Suchatreemay
have muchlargererroron unseercaseghanon training data. This pheromena is called
overfit, andthe typical way to avoid it is to prefer smallertrees,evenif they have a bit
larger erra ontraining data. Thetypical way of doing thatis pruning, seee.qg.[2], [6], [4].

Let us point outthatthe preferenceof smallmodelsis alsosupmrtedby PAC learnirg
theory seee.g.[1]. Theresultis thatif a mocel describedy a bit string of lengths cor
rectly classifiesk outof m indepndentcasesrom a distribution D anda = 2°¢ (T;) (1-
g)kem—* < 1, thenonecanmale the condusionthatthe prabability of the correctclassi-
ficationon D is atleastl — ¢ onthelevel « of statisticalsignificane. If £ > (1 —&)m
ands is a small fraction of m (dependingon the differencebetweenk and (1 — &)m),
thena maybe exponentially smalland,hene, the conclwsion may be quitereliable This
way, however, we obtainfor smallermodelsa higher lower bownd of the probaility of the
corret classificationnota higher probability in itself. Thus,the PAC learnirg theorymay
encouagethe preferenceof small modds, but not to prove that sucha strateyy is always
helpfu.

Although the exact conditiors under which the prefeenceof small modelshelpsare
not known, this prefeenceis a widely usedandhelpful methalologicd suggestion.lt is
usuallycalledOccams razorprinciple, sinceits natue is closelyrelatedto a well-known
criterion for theoies in natura sciencesormulatedby W. Occamin 14th centuryasa
criticism of scholastighilosply. For moredetailsseee.g.[3] andtherefererestherein

Besidesthe classicalinterpraation of Occams razor prindple, it is also possibleto
consideranotter principle,whichis dud to it. Thereis typically atrade-df betweercom-
plexity of the soughtmodel andits accuagy. Considertheregion of the reachale points
whosez-coordnatein atwo dimensiol diagramis the sizeof themocel andy-coadinate
isits erra ontraining data.Thisregion is usuallyboundedbelov by anonincreasingcure.
If it is, moreover, strictly decreasinghentherequiementgo minimizeeitherthecompex-
ity or theerrorwhile preseving theotherparaméer, arebothequiaentto restrictingto the
pointsonthe curve. Hence we canalsousethefollowing dualprinciple “Amongmodels
of given compexity chosea mocel of the smallesterra on the trainingdata”. Thisis a
frequently usedappoach.

Despitethe fact that the prefaenceof small (more accuratereestypically helpsto
achieve agoodgenealization,thereis no guarateethatit alwayshelps. Moreover, since
thesizeof thetreeandits erra ontrainingdataarenottheonly paranetersdeternining its
accurayg on the true distribution, oneshouldexpect thatthereare situations wherethese
criteriaindeedeadto worseresultsthansomeothercriteria.

There are expelimental resultsdemastratingexamges of situations,wheresmaller
modés canbeworse.

Murphy andPazzani[8] consicer anartificial two classproblemwith 5 binary predc-
tors(z1x223 V z425). In 100indepadenttrials, they corsideratrainingsetL, of 20 cases
andatestingsetL» of 12 caseqthe comgement).For eachpair £, and £, they constrict
all thosetreesof sizesup to 10 thatexactly classify L. For trials, wherethe smallestex-
acttreeshave sizes4 and6, the classifiersof sizes5 and7, resp.,have smallererrorson
averag.



Webb[10] suggstedan extersion of the tree-gowing algoithm C4.5,whichis called
C4.5X. This extenced algorithm addsto C4.5a postppbcessingohase which exterds the
treeresultingfrom C4.5with further nonedundnt nodes. The new tree doesthe same
classificationof the training data,but frequently hasanimproved classificationof unseen
cases.

4 Treeoptimization

In this section,we descrile two tree optimizatian algorithns suggestedn [9]. They are
designedbesidestherthings, for expeiimentsaimedat studyingthe differerce between
recursve partitioring andtreeoptimization.

Definition 4.0.1 Thecost-canplexity measuref T' with arealvalued parametery > 0 on
atraining datasetL is Cz o(T) = R (T) + «|T|.

Definition 4.0.2 1. Treeis a-cost-conplexity optimal on £, if it hasthe minimum
valve of C (T') amory all trees.

2. TreeT is optimally trainedon £, if it hasminimum R (7") amorg all treesof the
samgT|.

Clearly, ary a-cost-canplexity optimaltreefor o > 0 is alsooptimally trained.Thereverse
is nottrue.

We describawo algorittmscalledAlgorithm 1 and2. Algorithm 1 findsatreewhichis
a-cost-conplexity optimal for agivena > 0. Algorithm 2 findsan optimally trainedtree
for every sizefrom oneupto agiven limit. Bothalgoithmsusethedynanic progammirg
apprach. The origind ideawas suggestedy [5] in conrectionwith the smallestexact
represetationof afunctionon {0, 1}" by atree. It wasadaptedor constricting treeswith
nonzro classificationerror andfor datasets,whosepredctor vectorsmay not cover the
wholeset{0,1}".

Algorithms 1 and2 may be appliedto prablemswith a limited numker of binary pre-
dictors. In this casethe predctor spaceof the considereddistributionis the Booleancube
{0,1}™. Theideaof thealgorithnsis to corstructoptimal treesfor all subculesof {0,1} ™
containng at leastonetraining case,wherea subcule of {0,1}" is a subsetof {0,1}"
charactered by restrictingsomevarialdes to constants.This requilesto extendslightly
the concep of tree: We will understandby a treenotonly a “total classifier’assigninga
classto any predicta vector but alsoa “partial classifier”that classifiesonly thosecases
thatbelorg to a specificsubcube. In thelattercase the doman is a partof the descriptio
of thetree.

Every subcubemay be repesentedy a stringin {0,1,«} ™. Symbols0,1 represent
the valuesto which the correspondig variablesarerestricted Symbol * repesentdree
(unrestricted)variables. It follows thatthereare3™ subcubse of {0,1}". The nunmber of
freevariablesin a subcule is calledthe dimensim of the subcule. Clearly, a subcubeof
dimensim k contain2* elements.

Forasubcule s andatreeT testingonly variadesthatarefreein s, let (s, T') represent
treeT corsideredasa representatiorof a function with domains. We saythat (s, T') is
formedby subtreeqs;,T1) and(s2,T»), if the subcie s is a disjoint union of subcies
s1, 2, therootof T teststhe (unique)variablewhichis setto differentvaluesin s; andss,
andthetwo subtree®f T areequalto 7'y andT’; respectiely.

For ary pair (s,T) andadistribution D on{0,1}"™ x C, we candefineR(s,T) by

Rp(s,T) = Y ¢(i,j) - pp(s,i,J), 3)
i,j€C



wherepp (s, i, ) is the probability thata casedravn at randan from D hasits predicta
vectorin s, belorgsto classi, andis classifiedby T to classj. Similarly, for adataset.,
R.(s,T) is definal as

R[,(S,T) = Z C(i,j) ']?[,(S,i,j), 4)

i,jeC
wherep, (s, i, ) is anestimateof pp (s, 4, ), givenby either

o m(s, i, ]
pL(Sﬂ@J) = %5

or
L G m(8yi,5)
pe(s,i,4) = mim(s, jli) = m; 7m(z)
wherem(s, i, j) is thenumkber of thoseclassi case<lassifiedasj, whosepredctor vecta
(z1,...,z,) belorgsto s, while m(i) andm have thesamemeanimg asin (1) and(2). The
choiceof theestimateof pp(s, i, j) depensof whetherthereis an“external” information
on priors, or not. Obviously,

Rp(s,T) = Rp(s1,T1) + Rp(s2,T>)

and
R;(s,T) = Ri(s1,T1) + Re(s2,T5)

for atree(s,T'), whichis formed by subtreegs,71), (s2,72).
Now, the definitiors of optimdity of the treesmay be formulatedfor the individual
subcules.

Definition 4.0.3 The cost-compexity measuref (s, T') with paranetera > 0 onatrain-
ing datasetL is C o(s,T) = Re(s, T) + /T

Definition 4.0.4 1. Tree(s,T') is a-cost-conplexity optimal on L, if C'r o(s,T) <
Cr.a(s,T") for all trees(s, T").

2. Tree(s, T) is optimally trainedon £, if R.(s,T) < R(s,T") for all trees(s,T")
suchthat|T"| = |T.

Again, ary a-cost-comgexity optimaltreefor a > 0 is alsooptimally trained.
For simplicity of formulatingthealgorithrs, let m({z}, ) bethenunberof casesn £
with predicta vecta z € {0,1}" andclassi € C.

4.1 Algorithm 1

Input; trainingdataset., o > 0, priors;, costsc(i, j).
Output:  a-cost-compexity optimaltreeT'.

Calculatethetableof m({z},4) for all z € {0,1}™ andi € C. Thistableis usedin all
theremainirg stepsof the algaithm insteadof thedirectuseof L.

Considerall subculesof {0,1}™ in anorde suchthatall cubesstrictly containel in a
subcule s arecorsideredbefore s.

For eachsubcubes constrat thetree(s, T's) usingresultsfor smallersubculesasfol-
lows:

1. Determire theminimum C »(s,T') amongthetrees(s, T) with only oneleaf, i.e.
chaoosefor s thebestconstanfrom C.



2. Foreachj suchthatz ; is afreevarieblein s, determire C o (s, T') of thetree(s, T'),
whichtestsy; in its rootandis formedby trees(s 1., Ts, ), (sr, Ts5) construtedfor
subcilbessy, andsg.

3. (s,T}) is thetreewith the minimum C (s, T) amag thetrees(s, T') considerd
in thetwo previoussteps.

Theresultof Algorithm 1 is thetree(s, T's) for s equalto thewholeset{0,1}".

Lemma4.01 For everysubcule s, tree(s,Ts) constructeddy the above procedue is an
a-cost-comfexity optimaltree

Proof. Let usprocee by inductin onthe dimensionof the subcule s. The statement
is clearly true whenthereareno free variadesin s. OtherwiseJet (s,T') beary treeon
thedomains.

If |T'| = 1,thenCy o (s, T") > Cr (s, Ts), sinceAlgorithm 1 takesall constantrees
on s into accountwhile selectingTs.

Let|T’| > 1, letz; bethevariabletestedn theroat of 7" andlet (s, %), (sr, Th) be
thesuccessorsf therootin T"'. Considetthetrees(sr,Ts, ) and(sg,Ts,) constrectedby
Algorithm 1 for s, andsg. By theinduction hypothesisthesetreesarea-cost-comgexity
optimal. HencewehaveCr o (s,T") = Cr,a(sL, T1)+Cr,a(sr, T) > Cr,a(sL, Ts, )+
Cr,a(sgr,Tsy). Sincethetreeformedby (s, Ts,) and(sg,Ts,) belong to the setof
candicitesconsideedwhile selectingl’s, wehave Cp o (s,T") > Cr o (5, T5). O

4.2 Algorithm 2

Input; trainingdataset., integer M, priors;, costse(i, j).
Output:  optimally trainedclassificatiortreesT, . .. , T, WhereT}, hassizek.

Calculatethetableof m({z},4) for all z € {0,1}" andi € C. Thistableis usedin all
theremainirg stepsof the algaithm insteadof thedirectuseof L.

Considerall subcules s in anorder suchthatall cubescontainedn s areconsiderd
before s. Construct(s,Ts ) for all £ = 1,..., M for which the corstructionis possible
usingtheresultsfor smallersubculgsasfollows:

If £ =1, (s,Ts,;) isthetree(s, T) with thesmallestR - (s, T) amory all onenoce trees.
If £ > 2, dothefollowing:

1. For all partitiors k = ki + kg Of the sizeof thetreeandevely variablex ; thatis
freein s, determire theerra of (s, T'), whereT testse ; in its rootandis formed by
(sz,Tsy k) @and(sg, Tsy, kg ) CONstructeddy thealgorittm for subcipess ;, andsg.

2. Find andstoreas (s, Ts,) the tree (or one of suchtrees,if more exist) with the
minimum erroron £ amongthetrees(s, T') consideredn the previousstep,if there

is ary.

Theresultof Algorithm 2 is the sequencef thosetreesT', ;, for k = 1,..., M, thatwere
successfullycorstructedwheres is equalto thewholeset{0,1}".

Lemma4.02 For everys andk, tree(s, T ) constructedy theabove procedue is opti-
mally trained.

Proof. The statements clearlytruefor k¥ = 1, sinceall constantreesareconsiderd
while selectingT’ .

Let us prove the statemenfor k¥ > 2 by induction on the dimensionof the subcule
s. If therearenofreevariabdesin s andk > 2, notreeis constructedLet the dimensim



of s benorzero,k > 2, andlet (s, T') beary treeon the domains with | 7’| = k. Let
z; bethevariabletestedin therootof T, let (s1, T} ), (sr,Ty) bethesuccessorsf the
rootin 7', andkr, kg their sizes resp. Considertthetrees(sr,, Ts, k) and(sr, Tsp kr)
constrictedby Algorithm 2 for subcibess 1, sg andsizeskr,, kg, resp.By theinductin
hypothesisthesetreesareoptimally trained.Hencewe have R (s, T") = Re (s, T1) +
R/ (sg, TII{) > R (s, TsL,kL) + RL(SRaTsR,kR)- Sincethetreeformedby (SL7T8L,ICL)
and(sg, Ts,. ks ) belong to thesetof candiditesconsideedwhile selectindl’s 1., we have
Re(s,T') > Re(s, Ts ). O

4.3 Implementation and complexity of the algorithms

Both Algorithms 1 and2 areimplementedin a single C++ progam. For eachof 3™ sub-
cubes Algorithms 1 usesO(|C|) of memay cells andtestsO(n) variarts, eachof them
in constantime. Thus,the spaceandtime comgexities areO(|C|3™) andO(n3"™), resp.
For Algorithm 2, thememay resered for asubcule is O(|C|M ), andthe nunberof vari-

antsto betestedis O(nM). This leadsto spaceandtime compleities O(|C|3"™ M) and
O(n3™M),resp.Thefactor3™ in all the expressionanaybeimprovedto |£|2™ by storing
informationonly for subcibeswith atleastonetrainingcase.

The optimization algorithrs canhardly be utilized for problemsof pradical interest.
Algorithm 2, however, maybeusede.g.for 10binarypredictasandM = 160 usingeasily
availablehardvare. Thisis sufiicientfor nortrivial exanples.

For the expeiimentsdescribedn the next Section,we used8 nodces (PC, 400 MHz
CPU,380MB RAM) of a Linux cluster Analysisof 800trainingtestingdatasetpairsby
Algorithm 2 requiredapproimately 9 houss.

5 Experiments

We perfamedextersive compuationalexperimentswith artificial datain orderto compae
genealizationpropertiesof optimally trainedtreeswith thoseof the treesconstricted by
recursve partitioning. Theoptimallytrainedtreeswereconstrictedby Algorithm 2 which,
accordng to our previous experience (seee.g. [9]) yields in mostcasesslightly better
resultsthan Algorithm 1. (The adwartage of Algorithm 1 is in higher execution speed
andsmallermemay requiled.) CART [2] wasusedfor compaisonasa repiesentatie of
classicatree-baedmethals.

Eachof the distributions usedin the experimentscanbe verkally chaacterizedas a
Booleanfundion contaninatedby an attribute noise,and by irrelevart noisevariabes.
Oneof thedistributions, naméy thedistributionbasedntheparityfundion, is specifically
designedor the demastrationof the virtue of the optimizéion appgoach. Therestof the
distributions, being basedon morotonaus functions, represents‘the oppaite end of the
scale”.

There werethreedifferent modes of expeliment, refered to as Expaimentl, 1, and
lll. They differ from eachotherin the way of how a single “best” treeis selectedfrom
amory a seriesof optimally trainedtreesof differentsizes. Themodescited aredefinedin
paragaphsb.2,5.3and5.4. Experinentl, wherethe sizeselectiornprocedures effectively
the sameasin the “real-life” dataanalyseswas enteredby all the distributions studied.
Expeimentsll andlll weremorespecificallyrelatedto the searcHor anevidenceagainst
the Occams razorprinciple. Therebre the distribution basedon the parity function was
omittedfrom Experimentd| andlll.



5.1 Distributions usedfor the experiments

The expelimentsrepotedin this pape usedistributions definedusingBooleanfunctions.
The exactdescripion of the distributionsis asfollows: Let n be the total numter of pre-
dictorsandm < n bethe numberof relevantpredctors. Let z4, ..., 2z, beauxiliary (hid-
den)randomvariales distributeduniformly andindepedentlyon {0,1}. Leté4,...,6,
be independentrancbm variatles on {0, 1} satisfyingP(¢; = 1) = v, wherew cortrols
the amouwnt of noise. A casefrom D is geneatedas (z1,...,Tn,y) = (21 ® 61,2, ®
0n,9(21,---, 2m)), Wwhere @ is addtion modulotwo.

All therepatedexpetimentsusedn = 10 predctorsandsomeof thefunctionsg q, .. ., g4
describedelow asthefunction g. The mostdetaileddescriptia of theresultsis given for
expelimentswith g, (paiity function) andgs (majoiity function). For g3 (calledtwo thresh-
olds)andg, (calledtwo squarespnly afew nunericalresultsarepresented

Letgy,..., g4 bedefinedby

g1(x1,...,25) = 1 OT2D...D x5,

g(x1,...,x7) = TH(x1,...,27),

g3(z1,...,28) = Ts(x1,...,24) VTy(x5,...,8),
ga(@1,-.,x8) = Quo((w1+-+-+2a)? + (35 + -+ +x5)?),

whereT};" is a Booleanfunction satisfying
m
Tlgn(mlr"amm) = ]-{:}sz > k,
i=1

and@y, is a0/1valuedfunctiondefinedby
Qrz) =12 >k

Exad prior probailities of thedistributions wereusedby bothAlgorithm 2 andCART.
Themisclassificatiomostsc(i, j) weresetto 1-d;;, whered;; is theKroneckerdelta. Thus,
thetruemisclassificatiortostof atreereducedo the probability of incorred classification.

Sampledrom distributions D for all parametesettingswere geneatedusingpseude
randon generatoMRG32I5aby P. L'Ecuyer[11], seealso[12].

5.2 Experiment |

Thefirst experimentis aimedat comparisonof treeoptimizationandrecursve partitioning
represeted by CART [2] with Gini criterionand OSE selectionrule. The paranetersof
CART wereselectedn the basisof our preliminary expetiments,wheretheseparaneters
perfamedwell. The expeiimentis paranetrizedby a distribution D, the size ¢ of the
sampleusedfor treeconstrction, the maxinum size M of corstructedirees,andconsists
of thefollowing steps:

1. Construt two indegendentsamplesC, and £, from D of sizes|{,| = ¢ and
|£,| = round(£/2).

2. Construt the optimdly trainedtreesof all sizesup to M on L,. Amongthese
treesfind the treewith the smallesterra on L. In the caseof atie, chosethe
smallerone.DenotethistreeT,,;.

3. UseCART to grow atreeusing £, for growing and £,, for validation (or “test
sampléefor pruning”, usingtermindogy of CART). DenotetheresultingtreeT ..

4. Determirethetrueclassificatiorerrois of T',,,; andT ...+ usingtheinformationon
thedistribution D.

Theerrors of Ty, andT,,,+ arerandm varialles depewling on L, andL,. Repeat-
ing the procedire 100 times, we obtained100 independen realizationsof eachof these
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Figure 1: Expeiment| with parity (9 = g1), attribute noiselevel v = 0.02. Meantrue
erross of 100treesgrown by Algorithm 2 andby CART for different sizes? of trainingdata
sets.

randon variates. The expectederrois of T,,: andT.,,: were estimatedby arithmetical
means.Moreover, standarcerras of the estimatesverecalculategd anda possiblediffer-
encebetweertheexpectecerras wastestedusingthetwo sidedpairedStuder' s t-test. We
perfamedthe abore expaimentseveraltimesfor different values of ¢, usingindepelent
samplegor each?. As aresult,for eachsizef of L ,, we couldcompmretheexpedederrors
of T, andT 4.+ in termsof bothdescripive statistics andstatisticalsignificance.

5.2.1 Resultsfor parity

We usethe function ¢ = ¢1, the amount v = 0.02 of attribute noise,and sizes?¢ =
round(102), round(10%-2%), . .. ;round(103), i.e. £ = 100,178, ..., 1000. The maximun
sizeof corstructedtreesis M = 100. The smallestexacttreefor g, hassize32 andthe
sizesof treeT,,,; do notexceed50 for datasizes? > 362 (while for £ = 100 and{ = 178
thereis a large variahlity of tree sizes,andsometreesof sizescloseto or equalto 100
occul.

The resultof the expetimentis that optimally trainedtreesclearly outpeform those
from CART. This is denonstratedby the estimatedaverage errorsshavn at Fig. 1. An
explarationis asfollows. Splitting onasinglerelevant predidor (anargumentof the parity
function) doesnot helpto separatelasse® and1. The parity fundion maybediscovered
only with adeeperlook-ahead, whichis akey featue of the optimizatian algorittm. The
recursve partitioring is easilymisledto split onthenoisevariableswhich changsthetask
of finding the undelying structurein onedatasetto severalanalogustaskswith smaller
datasets.Thisis, of courseharderand,hen, leadsto very large andimprecisetrees.

Detailedtablesof numeical resultscanbefound in Apperdix A.1.

5.2.2 Resultsfor majority

We usethe function ¢ = g2, the amowt v = 0.1 of attribute noise and sizes/ =
round(10?), round(10%2%), ... round(10%79), i.e. £ = 100,178, ...,5623. The maxi-
mumsizeof corstructedireesis M = 160. Thesmallestexacttreefor g, hassize70,and
sizesof treesT,,; over 120areinfrequent(5% atmost)for £ > 562 (9%for £ = 316, 21%
for £ = 178).

The optimally trainedtreesappeard to give worsegenealizationthanCART for £ >
316, asdemastratedoy Fig. 2, andthetablesin Apperdix A.2.
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Figure2: Expeiment| with majority (¢ = g¢»), attribute noiselevel v = 0.1. Meantrue
erross of 100treesgrown by Algorithm 2 andby CART for different sizes? of trainingdata
sets.

5.2.3 Resultsfor two thr esholds

Functiong = g3, thenoiselevelsy = 0.02 and0.1, andsizes/ = round(10?), round(102-2%),
..., round(10%7%) wereused. Treesof sizesup to 160wereconstructedy Algorithm 2.
Thesmallestexacttreefor g; hassize61.

For the smallernoiselevel, i.e. v = 0.02, the treesresultingfrom Algorithm 2 per
formed worsethan thosefrom CART for sizesfrom 562 to 3162 while for the higher
amount of noise,v = 0.1, asimilar resultwasobseredin anevenbroackr rangeof sizes,
from 316t0 5623.

Theresultsaresummariedin ApperdicesA.3 andA.4.

5.2.4 Resultsfor two squares

Functiong = g4, the noiselevels v = 0,0.02 and 0.1, and sizes/ = round(102?),
round(10%2%), ..., round(10%7%) wereused. Treesof sizesup to 160 wereconstructe
by Algorithm 2. Thesmallestexacttreefor g3 hassize88.

For eachnoiselevel, thetreesgrown by Algorithm 2 had,on average, worsegeneréza-
tion thanthosefrom CART for somedatasizes,andtherange of suchsizeswasthewider,
the higher wasthe amouwnt of noise. Thus,for v = 0 (i.e. without the attribute noise),the
pheromenam wasobsened at sizes562and1000, for » = 0.02 therangewasextencedto
3163162 andfor » = 0.1 to 1785623

Theresultsaresummariedin ApperdicesA.5t0 A.7.

5.3 Experiment Il

In experimentl, thereis no contol ontherelationshipbetweerthesizesof T',,: andTeq+-
They aretypically differentand any of them may be larger. In orderto make stronger
conclwsion on the basisof our experiments,we introduced anothe setup,in which the
treeoptimizatian is forcedto usea tree of the samesizeas CART. In this case,( , is not
usedin the tree optimization partand, herce, we do not useit alsoin CART to achieve
afair compaison. Therequired validation setsfor CART areobtainedby 10-fdd cross-
validatian, se€[2].
Experimentll consistof thefollowing steps:

10
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Figure3: Experinentll with majority (9 = g2), attribute noiselevel » = 0.1. Meantrue
erross of 100treesgrown by Algorithm 2 andby CART for different sizes? of trainingdata
sets.

1. UseCART with cross-alidationto constructreeT,, ..
Ly.

2. Construttheoptimally trainedtreeT’; ,, on L, of thesamesizeasTy,,.;.

3. Determiretheerrosof T, , andTy,,, onthedistribution D.

Theerrasof T, , andT,,,, on D arerancbom variablesdepewlingon £,. Asin Ex-
perimett |, we collected100 indeenden realizationsof eachof theserandm variates,
repeatig the procedire 100times. We, again estimatedhe expectederrorsof T'; , and
T!,+ calculatedstandarderrois of the estimatesandtesteda possibledifferencebetween
theexpectecerrors usingthetwo sidedpairedStudent t-test. We perfomedtheabore ex-
perimen several timesfor differert values of ¢, usingindependentsampledor each?. The
sizesanddatasetsusedfor Experimentd| werethesameasthoseusedfor the Experinents
| for thesamedistribution.

The exanplesdescribedn the following paragaphs,whereT'; , is worsethanT,,,,,
demastratesituationswherethe minimization of errorontrainingdatafor a givensizeof
thetreedoesnotimprove thegeneralizatio.

. onthebasisof thesample

5.3.1 Resultsfor majority

Thesamevaluesof v, £ andM areusedasin thefirst experimentwith g». By constrtion,
T,,; hassmallererrorontrainingdatathanT’,,,,. However, asdemastratedoy Fig. 3, the
errorof T,,, on D is larger on averag thanthatof T, for all sizesof the datasets.The

numeical resultsaresummarizedn thetablesin Appendx A.8.

5.3.2 Resultsfor two thr esholds

Thesamevaluesof v, £ and M areusedasin thefirst experimentwith g 5.

For the smallernoiselevel, i.e. v = 0.02, Algorithm 2 wasworsethan CART, as
regards genealization, at datasizesrangng from 316to 5623 while for v = 0.1 atall
eightsizes.

Theresultsaresummariedin ApperdicesA.9 andA.10.

5.3.3 Resultsfor two squares

Thesamevaluesof v, £ and M areusedasin thefirst experimentwith g4.

11



For the distribution without ary attribute noise,i.e. v = 0, the optimally trainedtrees
had,on average, worsegenealizationthanthosefrom CART, for the datasizesfrom 100
upto 1000. (Above this rangeof ¢, the classificatiortaskappe@redeasyfor bothmethals,
andtheresultswerecompaable.)For the bothpositive noiselevels,i.e. » = 0.02 and0.1,
Algorithm 2 wasworsethanCART in the given sensdor all theeightdatasizes.

Theresultsaresummariedin ApperdicesA.11to A.13.

5.4 Experiment llI

Thedisadwantageof experimentll is thatthe procedureof the selectiorof 7', wasforced
to usethesizeof T ,,.,, without ary oppatunity of conparingestimatesf true errorsof
treesof different sizes. Hence,the compaison may not be really fair. In orderto avoid
this prodem, we designé alsoanotter setupwhereoptimizationmethods allowedto use
theinformationon the exactdistribution D to selectthe sizeof theresultingtree. This, of
coursejs notamockl of areallife learnirg methal, butit demorstrateghatthedeficieny
of treeoptimizaion for learnirg somestructurecomesalreadyfrom thetreecorstruction
part,andnotfrom thesizeselection.

Experimentlll consistof thefollowing steps:

1. UseCART with cross-alidationto constructreeT/,,,., onthebasisof thesample
L.

2. Determiretheerrorof T,,,, onthedistribution D.

3. Construt the optimally trainedtreesfor all sizesupto M andselectT';,,,
hasthe smallesterroron D.

Theerrosof T, andT,,,, on D arerandbmvariadesdependingon L ,. Asin Expei-
mentsl andll, we collected100indepenlentrealizatiors of eachof theserancdbm variates,
repeatig the procedure100timesfor eachsize £ of £, usingindepenentsamplesfor
eachl. We, again,estimatedhe expectederras of 7, andT,,,,, calculatedstandad
errois of the estimatesandtesteda possibledifferencebetweerthe expeded errois using
thetwo sidedpairedStudents t-test. The sizesanddatasetsusedfor Experinentslil were
thesameasthoseusedfor the Expeimentsl andll for the samedistribution.

Note thatthe setof optimally trainedtrees from which 77, is selectedcortainsalso
treeswith the minimum size amongtreeswith erra not larger thanthe erra of 7/,,.,.
Hencetheexampesdescritedin thefollowing paragaphswhee T, is worsethanT,, ,,
demanstratesituationswherethe minimization of sizefor a given bound onthe errordoes
notimprove the genealization.

which

5.4.1 Resultsfor majority

TreesT,,, areworsethanTy,,, for sizes¢ = 10?,10%2® and10®?, i.e. £ = 1000, 1778
and3162 of |[L,|. The differencesin favor of CART at the sizescited, asdisplayel at
Fig. 4, do not seemto be corvincing, but the tablesin Appendx A.14 demastratehigh
levelsof statisticalsignificance.

5.4.2 Resultsfor two thr esholds

Thesamevaluesof v, £ and M areusedasin the Experimentd andll with g3.
For the noiselevel v = 0.02, Algorithm 2 wasworsethanCART, asregards geneal-
ization,at datasizes1000and1778, while for v = 0.1 atsizes31& and5623
Theresultsaresummariedin ApperdicesA.15andA.16.
5.4.3 Resultsfor two squares

Thesamevaluesof v, £ and M areusedasin the Experimentd andll with g4.

12
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Figured: Experimentlll with majoity (g = g2), attribute noiselevel v = 0.1. Meantrue
erross of 100treesgrown by Algorithm 2 andby CART for different sizes? of trainingdata
sets.

For the distribution without ary attribute noise,i.e. v = 0, the phenanenonof the
inferiority of the optimally trainedtreesin comprisonwith thosefrom CART was not
very marked Only for onesize,¢ = 562, the compaison of the two method yielded
a significan resultat the 5% level (p = 0.018), andfor anothe size,¢ = 1000, the p-
valueof thet-testwasslightly abore 5% (p = 0.073). For v = 0.02, Algorithm 2 wasless
successfulhanCART, asregadsgenealization,atsizesfrom 562to 1778(for £ = 562, the
p-valueswas0.033 while for the othersizesmuchhighe levels of statisticalsignificance
wereattained).For v = 0.1, therangeof sizeswhereAlgorithm 2 wasbeaterby CART
wasfrom 1778to 5623

Theresultsaresummariedin ApperdicesA.17to A.19.

6 Conclusion

We have shaovn by the parity exanple thatthereareprodemswhereelemerts of optimiza-
tion, if madecompuationallyfeasible may consideably helpto achieve goodgenertiza-
tion in compaisonwith thetraditioral tree-basedhethals.

We have, however, also shavn clearly (using statisticaltestsof significance)hat for
akind of prodemsoptimizaion yieldsworseresultsthanthe methals basedon recursve
partitioring. Moreover, by analysisof theseprablems,we derived new exampes of situa-
tions,wheretheprefeenceof smallmodelssuggestethy Occamsraza principle does not
improve the quality of themockl.

Further investigationof thesephenanenais neededn order to undestandbetterthe
condtions, under which the optimizatian helps. This canleadto improvements of the
known treeconstriction technigiesby usingelementf optimization whereapprriate.
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A Appendix

A.1 Experiment I, parity, noise2%

Tre

esizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 734 £ 17| 222 + 19
178 471 + 22| 502 + 32
316 33.3 £+ 03]1162 + 44
562 321 + 012125 + 3.8
1000 | 323 + 0.1|3000 + 7.3

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)
size Optimizatin CART
100 076 + 0.11 |20.28 =+ 1.7
178 437 + 0301463 =+ 1.2
316 825 + 017 | 750 =+ 1.00
562 923 + 0.12| 5.07 =+ 0.20
1000 | 937 + 0.10]| 6.62 =+ 0.17

Erroronvalidation data:

Tru

datafiles | Error(%) onvalidationdata(meant SEM)
size Optimization CART
100 1871 + 0.72|41.72 =+ 0.59
178 1758 + 047|409 =+ 0.55
316 1118 + 0.34|36.80 =+ 0.54
562 923 £+ 019|326 =+ 0.50
1000 912 + 012|249 <+ 0.42
eerrqa:
datafiles Trueerrorin % (meant SEM) p-value
size Optimization CART (pairad t)
100 2168 + 054|478 =+ 0.3 |0.0000®
178 2068 + 038|442 + 0.5 |0.0000®
316 1206 + 0.28|39.8 + 0.53 | 0.0000®
562 933 + 0.04|3255 + 0.4 |0.0000®
1000 926 + 0.01|2524 + 0.33|0.0000®
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A.2 Experiment |, majority , noise10%

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 356 + 29174 + 1.1
178 60.0 + 50243 + 1.6
316 421 + 39|382 £ 27
562 406 + 26|536 + 34
1000 |56.2 + 3.0|710 + 3.2
1778 | 711 + 26780 £ 25
3162 | 737 = 114|776 + 1.8
5623 | 70.0 £ 05|720 £+ 05

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimization CART

100 649 + 070|108 <+ 0.86
178 664 + 064|1211 + 0.76
316 1117 + 062|122 + 0.60
562 1332 + 044|12% + 041
1000 | 1426 + 033|138 + 024
1778 | 1490 + 0.16|154 + 0.14
3162 |16.06 + 0.08(16.0 +  0.08
5623 | 16.70 + 0.05|16.88 + 0.05

Erroronvalidation data:

Tru

datafiles | Error (%) onvalidationdata(meant SEM)
size Optimization CART
100 2355 + 053|262 =+ 0.61
178 2411 + 0412648 <+ 0.45
316 2405 + 031|244 <+ 0.36
562 2339 + 025|235 + 0.28
1000 | 2225 + 0.16|21.4 =+ 0.20
1778 | 2074 + 014|199 =+ 0.13
3162 |18.79 + 0.10|18.19 =+ 0.10
5623 | 17.18 + 0.08|17.04 =+ 0.08
eerrqa:
datafiles Trueerrorin % (meant SEM) p-value
size Optimization CART (pairad t)
100 3096 + 0.20|30.2 + 0.2Z7 | 042316
178 29.02 + 0.19]|29.M0 + 0.23 | 0.8B10Y
316 2831 + 0.18]27.13 + 0.15 | 0.0000®
562 2589 + 013|248 <+ 0.1 |0.0000®
1000 | 24.02 + 0.10|226 <+ 011 |0.0000®
1778 | 2171 + 0.08|205. + 0.08 |0.0000®
3162 |19.17 + 0.06|1843 <+ 0.0/ | 0.0000®
5623 | 1731 + 0.04|17.%6 + 0.03 | 0.0000®
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A.3 Experiment I, function g3 (two thresholds),2% noise

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 348 + 25(1202 + 0.7
178 459 + 37(288 + 1.1
316 398 + 26|400 + 14
562 436 + 12|525 £+ 11
1000 | 526 + 112|595 + 09
1778 | 609 + 07615 + 04
3162 | 614 + 0.1|61.1 £ 0.1
5623 | 61.0 + 0.0|610 + 0.0

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimizatian CART

100 300 £+ 045 |449 =+ 0.51

178 314 + 030|484 + 0.42

316 363 =+ 025|413 <+ 0.28

562 358 + 016|369 =+ 0.14

1000 | 3.78 + 0.09|383 =+ 0.08

1778 | 383 + 0.06|394 + 0.05

3162 | 392 + 004|394 + 0.04

5623 | 395 + 0.0 395 + 0.03
Erroronvalidation data:

datafiles | Error (%) onvalidationdata(meant SEM)

size Optimization CART

100 1485 + 050|193 =+ 0.53

178 1238 + 032|149 <+ 0.47

316 1045 + 0.28|11.2 <+ 0.31

562 778 £+ 0.17| 756 <+ 0.19

1000 6.24 + 0.10| 545 <+ 0.11

1778 471 + 0.08| 428 =+ 0.06

3162 403 + 0.05| 401 =+ 0.05

5623 400 + 0.04| 401 <+ 0.04
Trueerra:

datafiles Trueerrorin % (meant SEM) p-value

size Optimization CART (pairad t)

100 2171 + 033|226 + 0.3 |0.03263

178 1650 + 0.27|17.3% £+ 0.3 |0.016200

316 1235 + 018|123 <+ 0.19 | 0.601467

562 922 + 0.10| 835 + 0.1 | 0.0000®

1000 688 + 0.06| 578 =+ 0.06 | 0.0000®

1778 503 + 0.04| 443 £+ 0.08 | 0.0000®

3162 404 + 001] 399 <+ 0.01 | 0.000972

5623 396 + 0.00| 396 + 0.0 |1.0000®
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A.4 Experiment | with g3 (two thresholds),10% attrib ute noise

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 306 + 28156 + 1.0
178 468 + 47259 + 1.7
316 378 £ 32(321 + 21
562 300 £ 13(396 + 21
1000 | 376 + 117|489 + 21
1778 | 46.0 + 14552 + 1.3
3162 |532 + 13|61.1 + 1.3
5623 | 60.7 + 08631 + 0.7

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimization CART

100 846 + 084|131HB =+ 0.87

178 943 + 082|12.% =+ 0.77

316 1163 + 055(14% + 055

562 1518 + 0.31|1516 + 0.32

1000 | 1599 + 022|159 + 021

1778 | 16.24 + 014|163 + 0.12

3162 |16.71 + 0.09(16.5 + 0.08

5623 | 1693 + 0.06|16.8 + 0.05

Erroronvalidation data:

datafiles | Error (%) onvalidationdata(meant SEM)

size Optimization CART

100 2453 + 048|278 =+ 0.57

178 2488 + 040|273 =+ 0.47

316 2462 + 029|258 <+ 0.34

562 2245 + 026|228 <+ 0.27

1000 | 2091 + 0.16|20.% =+ 0.18

1778 | 1964 + 0.12|19.3% =+ 0.13

3162 | 1847 + 0.10|17.% =+ 0.10

5623 | 17.64 + 0.06|17.2 =+ 0.07

Trueerra:

datafiles Trueerrorin % (meant SEM) p-value
size Optimization CART (pairad t)
100 3295 + 0.27|331 + 0.2 |0.6216Q@
178 31.09 + 021|306 + 024 |0.11437
316 2830 + 020|276 =+ 0.183 |0.00573
562 2481 + 0.15|243% + 0.13 |0.0010Z
1000 | 2219 + 0.09|21.4 + 0.9 |0.0004%
1778 | 2034 + 0.06|19.6# + 0.06 | 0.0000®
3162 |18.87 + 0.04|182 + 0.4 |0.0000®
5623 |17.82 + 0.02|174 + 0.03 |0.0000®
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A.5 Experiment | with two squareswithout attrib ute noise

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 364 + 24|1206 + 0.7
178 626 + 36323 + 0.9
316 655 + 35|527 + 1.1
562 671 + 16|733 = 0.8
1000 | 814 + 005|847 + 04
1778 | 877 + 0.1/882 £ 0.1
3162 | 830 + 00|83 £ 0.1
5623 |88.0 + 0.0(882 + 0.0

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimizatian CART

100 249 + 048 |3.00 + 0.41

178 103 £ 025|227 =+ 0.27

316 084 + 014 096 <=+ 0.19

562 035 + 0.06]026 =+ 0.04

1000 | 0.06 + 0.00|0.06 =+ 0.01

1778 | 0.00 + 0.0 |0.01 + 0.00

3162 | 0.00 £ 0.0 |0.00 + 0.00

5623 | 0.00 + 0.00 | 0.00 + 0.00
Erroronvalidation data:

datafiles | Error (%) onvalidationdata(meant SEM)

size Optimization CART

100 1414 + 039|188 =+ 0.56

178 11.04 + 032|143 <+ 0.45

316 803 £+ 0.26| 872 <+ 0.29

562 448 + 0.14| 419 + 0.16

1000 110 £+ 0.07| 095 <+ 0.08

1778 0.06 + 0.02| 0.06 =+ 0.02

3162 0.00 + 0.00| 0.00 =+ 0.00

5623 000 £+ 0.00| 0.00 =+ 0.00
Trueerra:

datafiles Trueerrorin % (meant SEM) p-value

size Optimization CART (pairad t)

100 2080 + 0.34|21.18 + 0.3 | 0.3945%

178 1440 + 025|158 =+ 0.2 | 0.00000¢

316 10.03 + 0.19| 9.89 =+ 0.20 | 0.530@

562 530 £+ 0.13| 441 <+ 0.13 | 0.0000®

1000 132 + 0.07| 1.00 + 0.06 | 0.0000%

1778 0.06 + 0.01] 0.08 + 0.2 |0.2366%

3162 0.00 + 0.00| 0.00 + 0.00|0.31978

5623 0.00 + 0.00| 0.00 + 0.0 | 1.0000®
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A.6 Experiment | with two squaresand 2% attrib ute noise

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 425 + 27185 + 0.8
178 56.2 + 36316 + 1.2
316 538 + 29534 + 16
562 501 + 19|73.0 = 20
1000 | 757 + 16|86.0 =+ 1.7
1778 | 86.6 + 1.0)|87.7 £ 0.8
3162 [ 881 + 03887 £ 0.2
5623 |881 + 0.1|885 + 0.1

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimizatian CART

100 254 £+ 04 (625 =+ 0.60

178 282 + 040|450 =+ 0.40

316 311 + 028329 + 0.29

562 359 + 0.2 339 + 0.18

1000 |3.61 + 0.10|3.65 =+ 0.09

1778 | 396 + 0.06|4.10 =+ 0.06

3162 | 417 + 004|418 =+ 0.04

5623 | 4.13 + 0. | 413 + 0.02
Erroronvalidation data:

datafiles | Error (%) onvalidationdata(meant SEM)

size Optimization CART

100 1737 = 046|208 =+ 0.56

178 1481 + 036|178 <+ 0.46

316 1280 + 0.24|13.4 <+ 0.32

562 1044 + 0.17|10.38 <+ 0.19

1000 781 + 0.10| 7.26 =+ 0.13

1778 559 + 0.10| 517 <+ 0.10

3162 437 + 0.05| 433 =+ 0.05

5623 417 + 0.04| 418 <+ 0.04
Trueerra:

datafiles Trueerrorin % (meant SEM) p-value

size Optimization CART (pairad t)

100 2390 + 030|248 + 0.3 |0.0179%

178 19.72 + 0242055 + 0.2 |0.1368(8

316 1588 + 0.18|15.13 £+ 0.19 | 0.0009%6

562 1224 + 0.13|10% =+ 0.14 | 0.0000®

1000 862 + 0.07| 758 =+ 0.08 |0.0000®

1778 583 + 0.06| 531 + 0.06 | 0.0000®

3162 437 + 002] 431 £+ 0.2 | 0.00666

5623 418 + 0.00| 418 + 0.00 | 0.7407®
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A.7 Experiment | with two squaresand 10% attrib ute noise

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 309 + 26148 + 1.0
178 327 + 31(232 + 15
316 319 £ 221|373 + 25
562 347 £+ 20|528 + 3.1
1000 | 473 + 222|654 + 34
1778 |59.8 + 23|786 £ 29
3162 | 685 + 18820 + 1.7
5623 | 84.0 + 12|876 £ 1.2

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimization CART

100 772 + 084|13.8& <+ 0.90

178 1051 + 0.72|13.3% + 0.64

316 1282 + 060|136 =+ 0.60

562 1511 + 043|145 + 0.39

1000 | 1553 + 0.29|153 + 0.28

1778 |16.31 + 0.18|16.0 += 0.14

3162 |17.02 + 011|168 <+ 0.09

5623 | 17.07 + 0.06|17.14 £+ 0.05
Erroronvalidation data:

datafiles | Error (%) onvalidationdata(meant SEM)

size Optimization CART

100 2456 + 049|280 =+ 0.57

178 2456 + 0.38]26.7 <=+ 0.46

316 2480 + 033|254 <+ 0.37

562 2419 + 023|242 + 0.25

1000 | 2265 + 0.18|22.8 =+ 0.18

1778 | 2119 + 0.15|2071 =+ 0.15

3162 | 1985 + 0.11|19.8 =+ 0.12

5623 | 18.61 + 0.07|18.24 <+ 0.07
Trueerra:

datafiles Trueerrorin % (meant SEM) p-value

size Optimization CART (pairad t)

100 3347 £+ 023332 + 0.5 |0.3093%

178 3118 + 0.16 |30 + 0.21 | 0.0030®

316 29.22 + 019|286 <+ 0.19 | 0.0000®

562 26.84 + 0.13]258% <+ 0.13 | 0.0000®

1000 | 2421 + 0.10]23.71 + 0.11 |0.00003D

1778 | 2223 + 0.07|21.3 + 0.08 |0.0000®

3162 | 2038 + 0.04|19.6 + 0.6 |0.0000®

5623 |18.79 + 0.03|183% + 0.03 |0.0000®
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A.8 Experiment Il with majority, noise10%

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 139 + 121|139 + 1.1
178 231 + 16231 + 1.6
316 324 + 231|324 + 23
562 457 + 3.0|457 + 3.0
1000 | 634 + 29|634 + 29
1778 | 739 + 24 |741 £ 25
3162 | 764 + 13|764 £ 1.3
5623 | 723 £+ 06|723 £+ 0.6

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimization CART

100 1219 + 102|133 £+ 095

178 1095 + 084|123 + 0.79

316 1177 + 057|132 + 053

562 1248 + 045|138 + 041

1000 | 1322 + 029|144 + 0.26

1778 | 1461 + 0.16|15Z + 0.15

3162 | 1591 + 0.07(16.17 + 0.07

5623 | 16.61 + 0.05|16.66 + 0.05

Trueerra:

datafiles Trueerrorin % (meant SEM) p-value
size Optimization CART (pairad t)
100 3333 + 030|328 + 0.3 |0.0000®
178 31.03 + 024|290 + 0.Z7 | 0.0000®
316 29.02 + 0.17|27.42 <+ 0.17 | 0.0000®
562 2659 + 015|249 + 0.12 | 0.0000®
1000 | 2443 + 0.11]229 + 0.9 | 0.0000®
1778 | 2217 + 0.07]20.83 + 0.8 |0.0000®
3162 | 1951 + 0.07|188& <+ 0.06 |0.0000®
5623 | 1757 + 0.05|17.Z + 0.04 | 0.0000®
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A.9 Experiment Il, function g3 (two thresholds),2% noise

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 179 +£ 09|179 + 0.9
178 298 + 10298 + 1.0
316 416 + 122|416 + 1.2
562 539 + 113|539 + 13
1000 | 583 + 0.8|583 + 0.8
1778 | 611 + 04|611 + 04
3162 | 612 + 0.1|61.2 £+ 0.1
5623 | 61.0 + 0.0|610 + 0.0

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimizatian CART

100 483 + 039|592 + 0.60

178 253 + 0.6 |4.09 =+ 0.31

316 225 + 019 |354 <+ 0.23

562 261 + 012 | 354 <+ 0.15

1000 | 333 + 0.07|385 =+ 0.07

1778 | 380 + 0.06|394 + 0.05

3162 | 392 + 004|393 + 0.04

5623 | 395 + 0.0 395 + 0.03

Trueerra:

datafiles Trueerrorin % (meant SEM) p-value
size Optimization CART (pairad t)
100 2442 + 036|239 + 0.3 |0.15278
178 18.13 + 029|175 =+ 0.30 |0.2392&
316 1352 + 0.20|12.% <+ 0.19 | 0.00008B
562 1015 £+ 0.13| 877 £ 0.14 | 0.0000®
1000 738 £+ 0.09| 6.03 + 0.0/ | 0.0000®
1778 531 + 0.05| 458 + 0.04 | 0.0000®
3162 413 + 0.03]| 403 £+ 0.01 | 0.0001@
5623 396 + 0.00| 396 + 0.0 | 1.0000®
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A.10 Experiment Il with g3 (two thr esholds), 10% attrib ute noise

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 141 + 121|141 + 1.1
178 230 + 18230 + 1.8
316 342 + 22|342 + 22
562 377 + 18|37.7 + 1.8
1000 | 437 + 116|437 + 16
1778 | 519 + 11|519 + 1.1
3162 | 604 + 1.1|604 £ 1.1
5623 | 625 + 06625 + 0.6

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimization CART

100 1291 + 101|144 + 0093

178 1216 + 082|138 + 0.78

316 1155 + 054|138 + 052

562 1369 + 037|15Z + 0.33

1000 | 15.09 + 023|163 =+ 0.20

1778 | 1568 + 0.11|16.48 <+ 0.12

3162 |16.32 + 0.07(16.3 + 0.07

5623 | 16.86 + 0.05|16.8 + 0.05

Trueerra:

datafiles Trueerrorin % (meant SEM) p-value
size Optimization CART (pairad t)
100 3487 + 0.33|33% + 0.3 |0.0006H6
178 3264 + 0.27|31.% + 0.2 |0.0000®
316 29.01 + 019|285 + 0.13 | 0.00000
562 2566 + 0.16|24.% <+ 0.16 | 0.0000®
1000 | 2284 + 0.11]22.066 <+ 0.10 | 0.0000®
1778 | 20.67 = 0.07]199 + 0.07 | 0.0000®
3162 |19.19 + 0.05(183® + 0.4 |0.0000®
5623 |18.02 + 0.03|17.% + 0.03 |0.0000®
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A.11 Experiment Il with two squareswithout attrib ute noise

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 184 + 0.8|184 + 0.8
178 345 + 08345 + 0.8
316 500 £+ 111|500 + 1.1
562 730 £+ 08|73.0 = 0.8
1000 | 849 + 03|849 + 0.3
1778 |88.0 + 0.1/880 £ 0.1
3162 |[883 + 0.1(883 £ 0.1
5623 | 882 + 0.0(882 + 0.0

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimizatian CART

100 341 + 0.5 |447 =+ 0.56

178 076 = 020|153 =+ 0.24

316 056 + 0.12 | 118 <+ 0.16

562 006 + 008|023 =+ 0.04

1000 | 0.01 + 0.00]|0.04 + 0.01

1778 | 0.01 + 0.00|0.00 + 0.00

3162 | 0.00 £ 0.0 |0.00 + 0.00

5623 | 0.00 + 0.00 | 0.00 + 0.00

Trueerra:

datafiles Trueerrorin % (meant SEM) p-value
size Optimization CART (pairad t)
100 2350 + 0.38|22% + 0.43 |0.00190
178 16.89 + 0.26|16.a0 =+ 0.26 |0.00143
316 1160 + 0.18|10.383 <+ 0.2 | 0.0000®
562 547 + 0.14| 451 + 0.13 | 0.0000®
1000 136 + 0.07| 1.05 + 0.06 | 0.0000@
1778 008 + 0.02| 0.09 + 0.2 |0.2858®
3162 000 + 0.00| 0.01 + 0.00|0.31978
5623 0.00 + 0.00| 0.00 + 0.0 | 1.0000®
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A.12 Experiment Il with two squaresand 2% attrib ute noise

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 194 + 09194 + 0.9
178 332 + 12332 + 1.2
316 50.2 + 16|502 + 1.6
562 748 + 18|748 + 1.8
1000 | 825 + 14|827 + 15
1778 | 86.3 + 08863 + 0.8
3162 | 885 + 04885 £+ 04
5623 | 884 + 0.1|884 + 0.1

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimizatian CART

100 461 + 06 |566 =+ 0.67

178 264 + 03 |3.78 =+ 0.40

316 247 + 0.2 | 350 =+ 0.25

562 238 + 0.12 | 3.07 =+ 0.15

1000 | 3.17 + 008|372 + 0.09

1778 | 395 + 0.06|411 + 0.05

3162 | 415 + 004|417 + 0.04

5623 | 4.13 + 0. | 413 + 0.02

Trueerra:

datafiles Trueerrorin % (meant SEM) p-value
size Optimization CART (pairad t)
100 2663 + 0.32]|2543 + 0.3 |0.0000¥
178 2148 + 0.23]|204 <+ 0.2Z7 |0.00014
316 1722 + 0.19|154 <+ 0.17 | 0.0000®
562 1294 + 0.14|11.19 + 0.13 | 0.0000®
1000 9.18 + 0.08| 7.81 + 0.0 |0.0000®
1778 6.22 £+ 0.07| 551 <+ 0.06 |0.0000®
3162 458 + 0.03| 444 <+ 0.08 | 0.0000®
5623 420 + 0.01] 419 <+ 0.01 | 0.00990¢
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A.13 Experiment Il with two squaresand 10% attrib ute noise

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 147 + 1.0|147 + 1.0
178 269 + 17269 + 1.7
316 399 £+ 27(399 + 27
562 451 + 26|46.1 + 3.0
1000 | 583 + 25|589 + 27
1778 | 679 + 20|679 £ 20
3162 | 776 = 17779 + 1.7
5623 | 847 + 113|848 + 13

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimization CART

100 11.70 £+ 105|133 + 097

178 980 + 0.72|11.6e7 =+ 0.70

316 1096 + 059|128 + 059

562 13.05 + 043(14P® £ 0.39

1000 | 1426 + 0.31)|156 =+ 0.29

1778 | 1556 + 0.14|16.40 =+ 0.14

3162 | 1654 + 010|169 + 0.09

5623 | 17.03 + 0.06|17.14 £+ 0.06

Trueerra:

datafiles Trueerrorin % (meant SEM) p-value
size Optimization CART (pairad t)
100 3501 + 030|342 + 0.3 |0.00028
178 3198 + 0.20|31.4 + 0.20 | 0.0000@
316 2989 + 0.21|2848 <+ 0.2 |0.0000®
562 2767 = 0.15]26.3 <+ 0.14 | 0.0000®
1000 | 2492 + 0.11]23.8 <+ 0.1 |0.0000®
1778 | 2264 + 0.07]21.83 + 0.0/ | 0.0000®
3162 | 2066 + 0.05|19.8 + 0.6 |0.0000®
5623 | 19.05 + 0.04 |18 + 0.4 |0.0000®
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A.14 Experiment Il with majority

Treesizes:

datafiles Treesize(meant+ SEM)
size Optimizatian CART
100 582 + 33|139 + 1.1
178 1209 + 50231 + 1.6
316 386 + 38324 £+ 23
562 327 + 14457 £+ 3.0
1000 445 + 16|634 £+ 29
1778 616 + 16|741 + 25
3162 670 + 09|764 + 13
5623 69.3 + 04723 £+ 0.6

Errorontraining data:

Tru

datafiles | Error (%) ontrainingdata(mean+ SEM)
size Optimization CART
100 479 +£ 066|133 £+ 095
178 376 £+ 047|12% + 0.79
316 1132 + 045|132 + 053
562 1403 + 028|138 + 041

1000 | 1505 + 021|144 + 0.26

1778 | 1536 + 0.13|15Z + 0.15

3162 |16.34 + 0.07|16.17 + 0.07

5623 | 16.72 + 0.05|16.66 + 0.05

eerrqa:

datafiles Trueerrorin % (meant SEM) p-value
size Optimization CART (pairad t)
100 2860 + 0.16|32.8 + 0.3 | 0.0000®
178 2683 + 0.15|29.0 + 0.Z7 | 0.0000®
316 2675 + 0112742 <+ 0.17 | 0.0001D
562 2478 + 0.09|249 + 0.12 | 0.00422
1000 | 2326 + 0.07]229 + 0.9 |0.00004
1778 | 2125 + 0.07]20.83 + 0.8 |0.0000®
3162 | 1895 + 0.05|188& <+ 0.06 |0.0000®
5623 | 17.26 + 0.03|17.Z + 0.4 |0.63302
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A.15 Experiment Il with two thresholdsand 2% attrib ute noise

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 494 + 241179 + 09
178 587 + 441298 + 1.0
316 553 + 47416 + 1.2
562 453 + 211|539 £ 13
1000 | 526 + 0.7|583 + 0.8
1778 | 610 + 05|611 + 04
3162 | 613 + 0.1|61.2 £ 0.1
5623 | 61.0 + 0.0|610 + 0.0

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimizatian CART

100 103 + 018|592 + 0.60

178 189 £+ 0.18 | 409 =+ 0.31

316 292 + 019 |354 <+ 0.23

562 348 + 0.12 | 354 <+ 0.15

1000 | 368 + 0.08|385 =+ 0.07

1778 | 381 + 0.06|394 + 0.05

3162 | 392 + 004|393 + 0.04

5623 | 395 + 0.0 395 + 0.03

Trueerra:

datafiles Trueerrorin % (meant SEM) p-value
size Optimization CART (pairad t)
100 1884 + 0.21]239 <+ 0.3 |0.0000®
178 1464 + 019|175 £ 0.3 | 0.0000®
316 11.07 + 0.13|12% <+ 0.19 | 0.0000®
562 861 + 0.08| 877 + 0.14|0.230%
1000 654 + 0.05| 6.03 =+ 0.0/ | 0.0000®
1778 491 + 0.04| 458 + 0.04 | 0.0000®
3162 402 + 0.01]| 403 £+ 0.01 |0.4718D
5623 396 + 0.00| 396 + 0.00|0.31978
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A.16 Experiment Ill with g3 (two thresholds),10% attrib ute noise

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 356 + 29141 + 1.1
178 489 + 51230 + 1.8
316 256 + 15|342 + 22
562 287 + 08|37.7 + 1.8
1000 | 335 + 0.8|437 + 16
1778 | 439 + 08519 + 1.1
3162 | 520 + 08|604 £ 1.1
5623 | 60.8 + 06625 + 0.6

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimization CART

100 728 + 074|144 <+ 0.93

178 925 + 062|138 =+ 0.78

316 1333 + 034|138 + 0.2

562 1520 + 0.24|15Z + 0.33

1000 | 16.27 + 0.16|16.3 =+ 0.20

1778 |16.28 + 0.11|16.48 + 0.12

3162 |16.71 + 0.08(16.3 + 0.07

5623 | 1691 + 0.05|16.8 + 0.05

Trueerra:

datafiles Trueerrorin % (meant SEM) p-value
size Optimization CART (pairad t)
100 3048 + 0.19|33.9% + 0.3 | 0.0000®
178 29.02 + 0.14|31.% + 0.2 | 0.0000®
316 2646 + 0.15]|28.5 <+ 0.13 | 0.0000®
562 2376 =+ 0.11|24% + 0.16 | 0.0000®
1000 | 2152 + 0.06|22.06 <+ 0.10 | 0.0000®
1778 | 1996 + 0.05|199 <+ 0.07 |0.419638
3162 |18.69 + 0.03(183® + 0.4 |0.0000®
5623 | 17.76 + 0.02|17.% + 0.03 | 0.0000®
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A.17 Experiment Ill with two squareswithout attrib ute noise

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 578 + 20184 + 0.8
178 841 + 31|345 + 0.8
316 804 + 33500 + 1.1
562 726 + 18|73.0 = 0.8
1000 [ 829 + 0.7|849 + 0.3
1778 | 877 + 0.1/880 £ 0.1
3162 | 830 + 00|83 £ 0.1
5623 |88.0 + 0.0(882 + 0.0

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimizatian CART

100 012 + 0.6 |447 + 0.56

178 020 = 0.07 | 153 <+ 0.24

316 030 =+ 006|118 =+ 0.16

562 0.18 + 0.04 |0.23 <+ 0.04

1000 | 0.04 + 0.00 |0.04 + 0.01

1778 | 0.00 + 0.00|0.00 + 0.00

3162 | 0.00 £ 0.0 |0.00 + 0.00

5623 | 0.00 + 0.00 | 0.00 + 0.00

Trueerra:

datafiles Trueerrorin % (meant SEM) p-value
size Optimization CART (pairad t)
100 1755 + 017|229 + 0.43 | 0.0000®
178 1289 + 0.14|16.a + 0.2 | 0.0000®
316 9.10 + 0.15]10.3 £ 0.21 | 0.0000®
562 482 + 0.10| 451 + 0.13 |0.0078%®
1000 116 + 0.06| 1.05 + 0.06 |0.0/37%
1778 005 £+ 001|009 + 0.2 |0.007838
3162 0.00 + 0.00| 0.01 + 0.0 |0.1795%
5623 0.00 + 0.00| 0.00 + 0.0 | 1.0000®
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A.18 Experiment Ill with two squaresand 2% attrib ute noise

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 61.0 + 23194 + 0.9
178 797 + 37332 +£ 1.2
316 613 £+ 3.7|502 + 16
562 612 + 15748 + 1.8
1000 | 750 + 113|827 + 15
1778 | 86.0 + 08863 + 0.8
3162 [ 882 + 02885 £+ 04
5623 |88.0 + 0.0[|884 + 0.1

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimizatian CART

100 080 + 0.7 |566 =+ 0.67

178 136 + 019|378 =+ 0.40

316 308 =+ 025|350 =+ 0.25

562 320 =+ 0.15 |3.07 + 0.15

1000 | 358 + 0.10|3.72 + 0.09

1778 | 397 + 006|411 + 0.05

3162 | 417 + 004|417 + 0.04

5623 | 4.13 + 0. | 413 + 0.02

Trueerra:

datafiles Trueerrorin % (meant SEM) p-value
size Optimization CART (pairad t)
100 21.37 + 020|254 + 0.3 | 0.0000®
178 1756 + 0.16|20.4 =+ 0.Z7 | 0.0000®
316 1473 + 014|154 <+ 0.17 | 0.0002Q
562 1143 + 0.09|11.19 + 0.13 | 0.825%
1000 826 + 0.06| 7.81 + 0.0 |0.0000a
1778 571 £+ 0.06| 551 + 0.06 |0.00005
3162 435 + 0.02| 444 £+ 0.08 | 0.0000®
5623 417 + 0.00| 419 £+ 0.01 | 0.0032&
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A.19 Experiment Ill with two squaresand 10% attrib ute noise

Treesizes:

datafiles Treesize(meant SEM)
size Optimizatin CART
100 409 + 31|147 + 1.0
178 398 + 37(269 + 1.7
316 271 £ 12(399 + 27
562 3.2 + 12|46.1 + 3.0
1000 |[39.1 + 113|589 + 27
1778 | 532 + 15|679 £ 20
3162 | 718 + 15|779 + 1.7
5623 | 858 + 10848 + 1.3

Errorontraining data:

datafiles | Error (%) ontrainingdata(mean+ SEM)

size Optimization CART

100 6.37 + 068|13.3% =+ 0.97

178 926 + 0.63|11.67 =+ 0.70

316 1301 + 035|128 + 059

562 1528 + 029|148 £ 0.39

1000 | 16.32 + 0.22|156 =+ 0.29

1778 | 1661 + 0.14|16.40 =+ 0.14

3162 |16.81 + 0.10(1694 + 0.09

5623 | 1699 + 0.06|17.14 £+ 0.06

Trueerra:

datafiles Trueerrorin % (meant SEM) p-value
size Optimization CART (pairad t)
100 3099 + 0.13]|342 + 0.3 |0.0000®
178 2956 + 0.12|31.04 + 0.2 | 0.0000®
316 2763 + 0.13]|2848 <+ 0.2 | 0.0000®
562 2573 + 0.09]26.3 <+ 0.14 |0.00006
1000 | 2347 + 0.07]23.8 + 0.11 |0.0000®
1778 | 21.79 + 0.06|21.83 + 0.0/ | 0.0001D
3162 | 2014 + 0.04|198 + 0.6 |0.0000®
5623 |18.70 + 0.03|18® + 0.4 |0.0006D
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