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I-2 Software systems

Abstrakt

Behavior protocols are a formal notation for describing a communication among software
components. Their regular-like syntax makes them easy to comprehend while preserving ex-
pressive power required for this kind of description. However, the state-of-the-art behavior
protocols are not suitable for employing in real-world applications. One of the reasons is the
lack of support to make a description of the common communication patterns more convenient.
In this paper, we enhance the behavior protocols by de�nition of a special operator allowing
to describe the exception handling and by modi�cation of already existing operators to incor-
porate the notion of exceptions. The proposed operator is inspired the traditional try-catch
semantics of programming languages dealing with exceptions. This way it clearly separates the
exception handling from the correct communication. Furthermore, the enhancements retain
the decideability properties of original behavior protocols.

1. Introduction

A lot of e�ort is being but into formal or semi-formal description of their semantics to help the
development of the software systems based on component concept. The target is to improve the
speci�cation by reducing the number of errors and by detecting errors earlier in the process.

One of the approaches are behavior protocols introduced in Plasil et al [1]. Their purpose is to
describe a communication among software components by means of events. However, the state-
of-the-art behavior protocols are not suitable for employing to real-world applications. One of the
problems is the lack of support to make a description of the common communication patterns more
convenient.

The exceptions represent a typical kind of communication in distributed software systems, e.g.
CORBA [4]. Thus, it is natural to require their support in any notation used for describing this
kind of systems. One of the �rst approaches was the notation for exception handling in descriptions
of event-based communication in Sousa and Garlan [3]. A similar notation was introduced on ad hoc
basis into behavior protocols by Pospisil [2]. However, the ad hoc approach is enough. Therefore,
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we de�ne formally the necessary operators and present the necessary modi�cations of the current
behavior protocols speci�cation.

To target the goal, the paper is structured as follows. In Section 2 we present behavior protocols.
The proposed solution for exception handling is in Section 3 and an example of the usage is in
Section 4. Section 5 evaluates the newly de�ned notation and concludes the paper.

2. Behavior Protocols

Behavior protocol (protocol for short) is a regular-like expression which syntactically generates
traces. A trace is a sequence of action tokens, each of them representing exactly one event-based
action in a system, e.g. the action token !d:Insert # representing emmiting (pre�xed by !, ? is used
for absorbing) the response (suÆxed by #, " is used for a request) of the d:Insert invocation. The
simplest behavior protocol is an action token from ACTs (the set of all action tokens in a system)
or the NULL symbol for empty trace. A protocol can be constructed in similar way as a regular
expression and can use the operators + (alternative), ; (sequence), * (repetition), j (parallel), /
(restriction), and some others. Furthermore, there is de�ned the set of abbreviations for describing
procedure calls, e.g. !d:Insert being equivalent to !d:Insert "; !d:Insert # . For de�nitions of the
operators, see technical report [1].

To demonstrate behavior protocols, let us consider the following behavior protocol:

!da.Open ;

(

?d.Insert {! tr.Begin ; !da.Insert ; !lg.LogEvent ; (!tr.Commit + !tr.Abort ) } +

?d.Delete {! tr.Begin ; !da.Delete ; !lg.LogEvent ; (!tr.Commit + !tr.Abort ) } +

?d.Query { !da.Query }

)* ;

!da.Close

This example presents a protocol for describing a communication of a database front-end compo-
nent. This front-end changes the session-oriented communication of back-end database into session-
less and provides a logging facility of the database modi�cations. The methods invocations pre�xed
by ! represents invoking of methods while ? represents receiving a method call from the environ-
ment, i.e. other components. The curly brackets, e.g. ?d:Insertf:::g, denote the protocol describing
communication which takes place between a method d invocation and the emmiting reply to the
invocation. Inside every d:Insert invocation, any number of da:Insert calls can be executed, and
after each of these calls is �nished, the modi�cation is logged by invoking lg:LogEvent.

The protocol generates the traces like !da:Open", ?da:Open #; ?d:Query "; da:Query "; ?da:Query #
; !d:Query #; !da:Close "; ?da:Close #. The language is in�nite because of the � operator. However,
every trace starts with a pair of action tokens representing an invocation of !da:Open, then it follows
the handling of the database operations and it is �nished by a pair of action tokens representing
an invocation of !da:Close.

3. Specifying exception handling

Nowadays, software component are speci�ed in abstact de�nition languages, e.g. CORBA IDL [4].
These include typically de�ne two basic paradigmas for returning of the method result. First of them
is a return value/return method arguments. Second option is, in case of unexpected situations and
errors, raising of exceptions. The exception handling, i.e. the way program deals with exceptions,
is typically based on notion of try and catch blocks as follows:

try {

...
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operations can raise exceptions

...

}

catch( exceptions to be catched ) {

...

handling of catched exceptions

...

}

Any exception raised in try block stops the execution of the block and the program continues its
execution at the beginning of the catch block, which catches the raised exception. If there is no
such catch block, the exception is propagated through the call stack upwards. The catch block
presents the exception handling.

The behavior protocols do not provide any support for the exception-based communication.
However, even with current speci�cation of behavior protocols, it is possible to express excep-
tions as follows: Let !a; !b; c! be a protocol specifying the sequence of invocations of a,b and c
methods. If a raises an exception e^ (tilde denotes a general event), we could modify the protocol
to take the form !a; (?e^+!b; !c). However, if b can also raise e exception, following the previous
pattern, we would write !a; (?e^+!b; (?e^+!c)). It is obvious, that this way of speci�cation leads
quickly to unreadable speci�cations and there is no speci�cation of the exception handling itself.
Therefore, we de�ne the following operator for speci�cation of exceptions:

De�nition: Let A, B be behavior protocols. The exception handling B in A (denoted A4B ) is
the language de�ned as follows:

L(A4B) = f�^ < x > ^Æ;< x > ^Æ 2 L(B) ^ �^ < x > ^
 2 L(A)for min�g
[f< y > ^�;< y > ^� 2 L(A) ^ :9Æ < y > ^Æ 2 L(B)g

Informally, the left operand of 4 represents a try block and the right operand represents a catch
block. To distinguish exceptions as being an event (not a RPC request nor a RPC response), we
use the general event notion of behavior protocol denoted by tilde (e.g. e~). Using the de�nition,
the example above could be rewritten as (!a; !b; !c)4?e.

Furthermore, to easily use the exceptions in behavior protocols, we need to change the abbreviations
of the behavior protocols de�ned as follows:

!m � !m "; (!m # +!e1~ + : : :!en~)

where e1; : : : ; en are all the exceptions speci�ed as being throwed by the m method in its de�nition.

4. Example

The following example presents an improved part of a part of the protocol from Section 2 specifying
an invocation of d:Insert by adding the exception handling.

?d.Insert { (!tr.Begin ; !da.Insert ; !lg.LogEvent ; !tr.Commit ) }

4 ( ?da.DuplicateKeyException~ ; !lg.LogEvent ; !tr.Abort ;

!d.DuplicateKeyException~

+ ?tr.RollbackOnlyException~ ; !lg.LogEvent ; !d.TransactionRolledBack~

)

In this protocol, there are two exceptions being caught when handling incoming invocation of
d:Insert. First, we are catching da:DuplicateKeyException being returned by a da:Insert invo-
cation. In this case, we log the exception by lg:LogEvent and then we rollback the transaction
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associated with the insert operation. At the end of the sequence, we propagate the exception
via sending general event d:DuplicateKeyException. For tr:RollbackOnlyException being caugth
from invocation of tr:Commit, we do the logging by lg:LogEvent and then propagating the ex-
ception by throwing a di�erent exception { d:T ransactionRolledBack. As the transaction is to be
rollbacked anyway, we do not specify it explicitly in the protocol.

5. Evaluation

In this paper, we proposed an enhancement of behavior protocols for speci�cation of exception
handling. We addressed the problem of the easy to read notation by de�ning a new 4 operator
and by modifying existing behavior protocol abbreviations. The operator allows easily to describe
the try-catch semantics of exceptions supported in programming languages.

An important issue of any enhancement of behavior protocols is decideability of speci�cation
testing. As the behavior protocols [1] preserve the regularity of generated languages, the new
operator should also. In fact, this it true, since if we have �nite state machines for protocols A
and B, we could easily build a �nite state machine for A4B as follows. If a node in MA contains
transition edge marked by the action token representing an exception handled by B, it is replaced
by a transition edge from the node to the target node of the transition in MB. This edge represents
the start of exception handling. Therefore, all the results in [1] hold for the behavior protocols with
the 4 operator.

One of the open issues presented in [1] is the so-called internal/external choice problem. The key in
a proposed solution is the possibility to transfer information about choice being made by component
internally to the external client. As mentioned in Section 3, exceptions present a way to pass the
information about errors or unexpected situations to the client. Therefore, the 4 operator allows
to solve the internal/external choice problem.

However, there are some open issues with the exception handling in behavior protocols. One of
the most importat is that the 4 operator does not ensure the protocol to return at least some
response by means of the # suÆx or an exception raising. Thus, it is possible to write a protocol,
which speci�es that there will be no reply to the request issued. Although this also holds for
behavior protocols as de�ned in [1], there are de�ned sound abbreviations to guide the user to write
semantically correct protocols. For exception handling, there should be also proposed reasonable
abbreviations for ensuring that all the time there is at least some reply to a request. This should
also incorporate an "automatic" propagation of not caught exceptions.
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Abstrakt

Contemporary component model development is getting more and more important in an in-
dustrial world. But there are many di�erences between industrial view and academical view on
component model. Large companies implement theirs component models directly and pushes
users to use as-is. On the other hand academic world is spending long time on development and
re�nement of theirs component models, and rarely they implement it and with pure support
and development environment. The goal of this paper is to reuse ideas gathered in component
system on the Enterprise JavaBeans component architecture developed by Sun Microsystem.

1. Introduction

Contemporary component systems are getting more and more important in an industrial world.
When Microsoft's COM/DCOM [23] component system was introduced, Sun Microsystems an-
swered with Enterprise JavaBeans [7] component system. In academical world there are also re-
search groups developing component systems ([3] [18] [19]). But these component systems are not
successful in the real world due to lack of implementation and lack of support from companies. On
the other hand, comparing industrial and academical component models, the academical models
have better design, but the industrial have better support and implementation.

The paper presents the Enterprise JavaBeans component model, identi�es weaknesses of the model
and presents the EOA - Enterprise Object Adaptor. The EOA is used to create generic component
and architectural model of the EJB.

2. EJB Component model

In the late of 90's, the Sun Microsystems company starts to work on several Java component models
suitable for large applications. In 1997 the �rst widely acceptable component model, Enterprise
JavaBeans 1.0 [7], was presented. One year later, EJB 1.1 [8] was presented. This new standard
was a re�ned version of EJB 1.0. Latest version of EJB 2.0 public draft 2 [9], released in 2000, is
even more re�ned and enhanced than EJB 1.1.
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Today, the EJB standard is not strictly in
uenced by the Sun Microsystems' only, but it is cont-
rolled by Java Community Process (JSR-000019 [27]). Thus companies (members of the commu-
nity) can control, add changes to the standard. On the other hand, the standard is a property of
Sun Microsystems and a company willing to implement it, has to buy a license.

2.1. EJB component

The EJB component (in the EJB terminology "JavaBean") speci�cation is tightly bounded to
the Java environment. Component has two interfaces - business interfaces, describe component's
functionality, and home interface with methods controlling instance's life-cycle of the component's
instances. All these interfaces are java interfaces. Component de�nition has to contain one more
java class with business logic and code controlling its life-cycle. The last part of component de�ni-
tion is a deployment descriptor - an XML �le containing nonfunctional properties and de�nition
of the component's environment. The nonfunctional properties allow to modify usage of three
EJB services - transaction service, persistence service, and security service. Modi�cation of these
properties can change the component's behavior very much without its rewriting. Component's
environment is composed of: environmental entries (named scalar values), EJB references (named
references to EJB home interfaces), resource connection factories (named references to data sour-
ces; e.g., databases) and resource environment references (named references to generic objects; e.g.,
JMS destination).

There are four EJB component modes - stateful session, stateless session, entity and message-
driven. Each type is specially designed for speci�c usage: stateful-session (interface based, fea-
turing internal state, nonpersistent, with noti�cation of transaction state), stateless-session (in-
terface based, without internal state, nonpersistent), entity (interface based, persistent, with full
transaction behavior) and message-driven (event-based, without internal state, nonpersistent).

From the client's point of view, an EJB component is represented by two remote java classes - one
is the home remote object used to create/remove the component's instances and remote business
java interface for each component instance.

2.2. EJB application architecture

An EJB application is a composition of EJB components (not instances) bounded together via
environmental entries. The application is instantiated by a client. The client has to create (e.g.,
stateful session, entity, . . .) or reincarnate (only entity) component instance(s) to work with. Con-
sequently, all other component instances are created indirectly by running component instances.
The EJB application description is done via the EJB deployment descriptor. The granularity of
the EJB application description is EJB components only.

3. Weak points of the EJB component model

Comparing EJB to CORBA component model (CCM) shows several pits in the design process of
EJB components. There is a lot of out-component functionality - persistence, life-cycle, transacti-
ons, security, but the real component model is missing. Also the process of deployment is weak
(e.g., there is no possibility to start an application indirectly - there has to be a client, which builds
up the application from accessible components).

3.1. Component model

The EJB component model is easy to learn. From the implementation point of view, a compo-
nent is a java class, implementing the methods required by EJB speci�cation, and providing an
interface with the component's business methods. The mode of the component type is one of the
EJB component modes given by the EJB speci�cation (see Section 2.1). To deploy the component,
a user has to provide additional information to describe transactional and security nonfunctional
properties given by the application. So far so good. But there are some weak points, which limits
EJB usability. The �rst weakness is the impossibility to add user de�ned component modes or
at least to modify existing component modes (e.g., to allow sharing of the instance of a stateful
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session bean). The second weakness coheres with the previous one: It is impossible to change the
transactional and security services behavior of a component modes. Of course, there are transacti-
onal attributes, but there is no possibility neither to add your own transactional "attribute", nor
to add your own transactional manager (similar to security service). The third weakness is related
to architecture model - a component looks like a "parametrized distributed object" but not as a
component composed of other components (For example, imagine a bank component - it contains
teller components and a datastore component; in the current EJB speci�cation, a bank component
is a complete application - all components are accessible to the user, they can create instances of
a teller component).

To solve these weaknesses we propose the possibility to specify user-de�ned component modes. To
solve the last weakness, a component model has to include following features: nested components,
multiple-interfaces (to allow di�erent views on a component or to delegate interfaces of internal
components). The corresponding modi�cations to the EJB component model are proposed in this
paper described in Section 4.1.

3.2. Architecture model

The third weakness (lack of nested components) mentioned in the Section 3.1 is also related to the
architecture model of the EJB. In this respect, an additional problem is the impossibility to declare
a reference to a component instance in the deployment descriptor (it is similar to required interface
concept used in SOFA [13]) - it is implied by the original assumption of not allowing for component
nesting (e.g., in the bank example, the tellers cannot share the same datastore). Another weakness
is the number of interfaces - EJB component provides component one interface only. Thus, it is not
possible to make the interface of a contained component visible from its parent component. Any
change to the architecture model has an impact on the current view of the transaction, persistence
and security usage. The issues triggered by the modi�cations proposed above include: where and
how should be transaction attributes employed; what will be the persistence state of an instance?

4. Extensions of EJB component and architecture models

The �rst issue addressed in this section is the limited number of component modes. Via new com-
ponent modes, it is possible to specify a nested component model, allowing to create components
composed of already existing components.

4.1. Proposed EJB component model

The current EJB component model includes only four modes of components limiting thus the area
of EJB applications.

To provide more component modes, the EJB component model has to be modi�ed - for example a
dynamic component type has to be de�ned, the limit of the number of component interfaces has to
be lifted, and the behavior of services has to be described. Modi�cations are described in following
sections.

4.1.1 New component modes: There are a number of ways how to describe the
behavior of a system - fully independent on the implementation (e.g., plain-english, CSP [10],
behavioral protocols [11], �nite state machines [13]), parametrization of the implementation of a
system and source code. In this section we discuss possible ways of component type description.

Semantic description of component mode: As it is said, the best description is the
source code. But no one gives the source-code of a commercial software for free. The most common
way to describe semantics of a component type is plain-english approach, i.e., the semantics is
written in documentation (e.g., there is a book covering Excel component semantics as de�ned by
Microsoft), it consists of a written speci�cation, state diagrams, etc. The EJB speci�cation uses
the same means to describe component types. The drawbacks of the method include: (1) it is very
large (hundreds of pages), (2) informal, and (3) it is not possible to generate the source code. To
solve the weaknesses of plain-english speci�cation, declarative languages were proposed. Using such
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a language, it should be easy to write down a speci�cation and, reversely, to convert the written
speci�cation into understandable language to human (plain-english) or to computer (source- code).
Very popular languages are CSP, regular-like languages (behavior protocols), di�erent notions of
description of semantics, etc. But this approaches are hard to use. Descriptions tends to be large
and hard to understand to a human, but it can be in principle automatically converted into source
code. A problem is, that hand-written speci�cation needs to be both written and veri�ed by a
human.

Parametrized component mode: One of the approaches is to allow modi�cations of com-
ponent types using parametrization. In this way, the component model has to o�er reasonable set
of properties to change. Current EJB speci�cation support parametrization of component types
(e.g., entity beans can be reentrant), but this set of parameters cannot be modi�ed.

4.1.2 Enterprise Object Adaptor: As discussed in the Section 4.1.1, a more suitable
approach to changing behavior of the component model is adding a set of properties to the current
component types and to allow to add user-written code in order to control the life cycle of a
component type, and to control the security, transactions and persistency services (also Abstract
Persistence Scheme as de�ned in EJB2.0). Such a user-written code will be called Enterprise Object
Adaptor (EOA). Thus any component modes will have its own implementation of EOA (including
the contemporary entity, session, and message- driven components modes). The idea of EOA is
inspired by CORBA's POA (portable object adaptor) where servants are handled very similar as
bean instances. In principle EOA includes the following: run-time support controls life-cycle of an
instance. It is noti�ed by the events generated by an EJB container (e.g., passivation, activation)
or a services (e.g., change to a transaction state). All client events (e.g., method invocation) are
supervised by this code and necessary actions are taken (e.g., transaction begun, security checked,
interceptor code invoked); this code can use the services provided by a server; stub/skeleton ge-
nerator which creates stub and skeleton code; it is necessary, for example, to propagate a special
contexts (e.g., transaction context of an application speci�c transaction service); deployment code
which creates and con�gures instances of an EOA run-time support (con�guration is read from the
deployment descriptor). To incorporate EOA into current EJB does not imply any modi�cation to
current component modes (entity, sessions and message-driven). Although EOA allows to create a
variety of component modes, it is not intended to create speci�cs EOA for each component mode
in an application. The actual intention is to provide a few "useful"component modes to enhance
the application are of the current EJB model. In the following sections, the new EOA -related
features of the proposed component model are presented.

Multiple interfaces: A component compliant to the current EJB speci�cation has only one
interface. This interface can be method-call-based (it contains methods) or event-based (supported
by message-driven bean). To support hierarchical components, a component model has to allow for
multiple interfaces of a component. This feature is required in order to delegate interfaces of internal
components or to expose the component's functionality via di�erent views. As a consequence, the
presence of multiple interfaces allows for a component to provide both a method-call-based and
event-based interfaces. However allowing for multiple interfaces rises the following issues: (1) Session
stateful component instance can be accessed by one client thread (i.e., it is not possible to use an
component instance by other threads except for its creator thread). (2) Entity component instance
can be accessed by more clients/threads; unfortunatelly, it is not clear where the synchronization-
related component state is to be stored (in the component instance itself or in the underlaying
database). (3) Transactional attributes and security properties of parent component's interface
and sub component's interface should not collide. As an aside, multiple interfaces of a component
typically include a control interface that provides a method to list all other interfaces of the
component and a method to navigate to a requested interface. It is clear that the control interface
is the component's home-interface.

Composed components: Composed components (also called nested components) were dis-
cussed in a number of publications on component models (e.g., SOFA [13], Wright [10]). The key
features of composed components includes: a composed component has a hierarchical structure,
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subcomponents are not directly accessible outside the component (its provides interfaces has to
be delegated via parent's provides interfaces) and they cannot call directly across hierarchy (its
requires interfaces has to be subsumed via parents requires interfaces). In the same way, the EJB
composed components are designed The EJB composed component type should provide these
following features: hierarchical structure a component is build of components (subcomponents); it
is possible to share one instance of a subcomponent through one of its interface; multiple inter-
face used to create di�erent views of a component and/or to delegate a subcomponent interface
to the parent component interface; a component provides a set of interfaces and requires a set of
interfaces; delegation of subcomponent's interface used to add subcomponent's interface to compo-
nent provides interfaces; subsumetion of the component's interface used to bind a subcomponent's
requires interface to the components' requires interface; traversing of component internal structure
for development and special usage describe component by properties in deployment descriptor
description of service usage by the component and in the component (e.g., transaction, service,
persistence); references to the runtime environment (e.g., databases, JMS) and properties of the
runtime environment.

All these features do not collied with the current EJB speci�cation - they can be seamlessly
included into an EJB implemention. New problems identi�ed include: (1) what is the persistent
state of the component that contain a set of entity beans and stateful session beans? (2) can
composed component be passivated or not?

4.2. Architecture enhancements

Architecture enhancements are tightly bound to the enhancement to the EJB component model.
The EJB speci�cation captures description of an application's architecture as a role of the appli-
cation assembler, who de�ne properties of the components (e.g., transaction attributes, mapping
to databases) and environmental the properties (references to other component's homes, datasour-
ces and values of scalar properties) related to the application. The architecture description should
de�ne these features, including those features speci�c for the proposed model. As the component
can be composed of subcomponents, it is desirable to describe where the subcomponent's instances
should be deployed. This decision can be implicitly de�ned by a policy or some AI-based stra-
tegy (e.g., load balancing). Such a feature requires an inter-EJB-server protocol which can transfer
the code and deployment descriptor of a component, and additional server- speci�c information
(e.g., the load on a machine). A subcomponent instance can be shared by another subcomponent
instance. Thus, an instance of subcomponent has to be created. To do it, it has to be described
how to create the instance (e.g., session stateless bean instance does not need any additional in-
formation, because its create() method is parameter-less, but session stateful bean instance needs
typed-arguments for create() method; entity instance needs typed-arguments for the create() and
�ndByXXX() method). A solution to it can be an XML description of types and arguments.

4.3. Added features

EOA introduce a new component and architectural model for EJB. At the same time, it is possible
to use EOA for anther purpose. One of the goals for new EJB speci�cation 2.1 is to add support
for interceptors (i.e., methods called when a component method or instance's state has changed).
This can be easily done via EOA, because EOA is defacto an "interceptor" manager. EOA can be
used as an implementation skeleton of APS (Abstract Persistency Scheme), not currently speci�ed
at the implementation level in the EJB 2.0 speci�cation.

5. Conclusion

This paper presented the current EJB component and architectural model, and discussing their
weaknesses. A new component and architectural model of the EJB was proposed, which solve
all weakness identi�ed. A key idea is to introduce Enterprise Object Adapter (EOA), that control
lifecycle and service employment of the component types. This approach is seamlessly incorporated
into current EJB speci�cation with respect to backward compatibility and functionality. This model
will be tuned and implemented as a part of PEPiTA/ITEA project.
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Abstrakt

The paper is a rearranged part of my Ph.D. thesis which deals with employment of neuro-
fuzzy systems for identi�cation tasks. Within the paper the idea of neuro-fuzzy systems is
presented together with short review of Wang fuzzy system and radial basis function (RBF)
neural networks. Further it is presented how this fuzzy system and RBF neural network can
be combined into neuro-fuzzy system. The main goal of the paper is to present new algorithm
of o�-line structure learning of this neuro-fuzzy system.

1. Introduction

According to Zadeh [1] soft computing research area should be considered as area for investigation
of creative fusion of three main (possibly others) nature inspired computational models - neural
networks, fuzzy systems and genetic algorithms. Apparently, the most developed domain from this
point of view is a domain of combination of neural networks with fuzzy systems, especially the
area of what is now called as neuro-fuzzy systems. According to [10] this preference is probably due
to fact that neural networks and fuzzy systems - especially fuzzy controllers - became popular at
the same time, at the end of the 80's. Those applying fuzzy controllers, having problems to tuning
them, have admired the apparent ease with which neural networks learned theirs parameters.
Therefore intensive e�ort was aimed on combination of these two computational models. However,
at this time numerous papers dealing with combination of other two or even all three computational
models are published and the interest in the soft computing area is growing.

Now let us shortly characterize fuzzy systems and neural networks respectively. Before we do it
remain that both computational models perform some function fs : Rn ! Rm. This function,
actually a system representing it, is build on base of some other, partially known, master function
fm. An information about fm is either given in a form of vague linguistic terms - the case of fuzzy
system's representation of fs - or by set of input/output examples - the case of neural network's
representation of fs. The intention behind a building a system is to represent master function fm
by function fs as good as possible. Therefore in both cases a task of system building is actually a
task of function approximation. However each approach, fuzzy or neural, has di�erent methodology
and di�erent form of initial information.
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Fuzzy systems are known as computational models whose are capable to acquire and process
information given in a form of vague linguistic terms commonly used by humans. To accomplish
this task they represent linguistic terms as fuzzy sets whose are combined into form of IF-THEN
rules to express more complex linguistic information. Particular fuzzy sets are then given by theirs
membership functions typically represented by some parametric functions from R to interval [0; 1].

When we are setting a fuzzy system's real application we are typically encountered with a problem
of particular rules and fuzzy sets speci�cation. Standard approach is to ask an expert for rules
and meaning of employed linguistic terms. However, even if it can be without problems done -
an expert is at our disposal, the shapes of fuzzy sets has to be usually tuned (tuning of values
of membership functions parameters) to fuzzy system would achieve desired performance because
obtained representation of linguistic terms from expert is always in some degree subjective.

Manual tuning of given fuzzy system on base of trials and errors is a tedious task and it would
be nice to have some tool/algorithm which enables to set required parameters on base of given
experimental data. We know that especially neural networks are able to e�ectively solve this task.
So it is natural to seek for some kind of fuzzy systems and neural networks combination which
enables to utilize learning capability of neural networks when building a fuzzy system. However,
resulting form of combination is required to do not destroy the main feature of fuzzy systems -
linguistic interpretability in the form of IF-THEN rules.

Now let us consider neural networks. As it is well known, the main feature of neural networks
is theirs learning ability. Utilizing some learning algorithm they can (theoretically in parallel fa-
shion) acquire information given by set of examples. However, standard neural network is a black
box. When a network is learned we have acquired information but this information is encoded in
actual setting of network's parameters without any straightforward meaning. Therefore it would be
advantageous to give some rearrangement of neural networks paradigm to retain ability of learning
but to have possibility to \easily" interpret the learned information typically in form of some rules.
Since by rules interpretation of information is a native feature of fuzzy systems we have again here
a reason for investigation of neural networks and fuzzy systems combination.

From the above discussion it is clear that an investigation of neuro/fuzzy combination is reasona-
ble and it should issue in a qualitatively new computational model which retains advantages of
both \parent" approaches. Of course, there are several other views of this fusion presented in the
literature, not only the one induced by the above discussion. To have an uni�ed view of current
approaches they can be sorted into three main groups.

� neuro-fuzzy systems
Neuro-fuzzy systems are fuzzy systems realized in a neural network fashion. Neural network
architecture brings into fuzzy systems learning ability known from neural networks theory,
but despite of architecture, a neuro-fuzzy systems can be still considered as (certain type
of) fuzzy systems. Neuro-fuzzy systems then combine main features of neural networks and
fuzzy systems - ability to learn from examples and ability to incorporate and process vague
information given in a form of linguistic terms.

� fuzzy-neuro systems
Fuzzy-neuro systems are enhanced neural networks endowed by fuzzy weights and/or capable
to compute with fuzzy inputs. More speci�cally, inputs, weights and outputs of a general
fuzzy-neuro system are fuzzy numbers. A single neuron in such a system then performs
operations based on arithmetic of fuzzy numbers [2]. For a survey about these systems with
extensive references on relevant literature see [11].

� cooperative neuro/fuzzy systems
These systems can be characterized as non-homogenous combinations of neural networks and
fuzzy systems to improve the performance of one of these systems. Typical example is when
fuzzy system is used to operate learning rate of neural network's learning process; or when
one system is used for some kind of preprocessing/postprocessing of input/output data of
the other system.
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The approaches of �rst two groups represent homogenous combinations of considered paradigms
resulting into the new computational models. In opposition, approaches of the third group repre-
sent solutions with only mutual intercommunication between fuzzy system and neural network.
Regarding homogenous combinations currently domination of neuro-fuzzy systems in applications
can be observed. Partial reason for this fact is high computation e�ort required for fuzzy-neuro
systems than for neuro-fuzzy ones.

The aim of my thesis is to investigate applicability of neuro-fuzzy systems for identi�cation tasks.
Therefore in the following text we will proceed only with neuro-fuzzy systems.

2. General architecture of fuzzy systems / Wang fuzzy system

It is well known that general fuzzy system consists of four building blocks a fuzzi�er, a rule base,
an inference engine and a defuzzi�er [2]. These blocks are mutually interconnected as presented
in Fig.

Obrázek 1: Architecture of general fuzzy system.

A general fuzzy system with n inputs andm outputs (system of (n;m)-type) performs some function
fmimo : Rn ! Rm, i.e., in control terminology, it represents MIMO (multiple input multiple
output) system. It can be shown that MIMO fuzzy system can be seen as parallel connection of m
MISO (multiple input single output) systems. From this reason it is suÆcient to investigate fuzzy
systems in MISO con�guration ((n; 1)-type) which performs some function fmiso : Rn ! R.

Fuzzi�er: A fuzzi�er performs a process of fuzzi�cation, which is a mapping from input space
X � Rn into the set F(X) of all fuzzy sets de�ned on this space.

fuzz : X ! F(X): (1)

The work of a fuzzi�er can be seen as transformation of crisp but inprecise (due of noise, error of
measurement) input to a fuzzy set which just represents the inprecise nature of the input.

In practice, general fuzzi�er is often replaced by so called singleton fuzzi�er. In this case a crisp
input x� � X is related with corresponding fuzzy singleton. Hence, fuzz function has the form:

fuzz(x�) = A0
x
�(x) =

�
1 for x = x�

0 for x 6= x�
: (2)

The employment of singleton fuzzi�er represents a situation when we consider given crisp input
x� as precise enough for our purposes. Other and probably more in
uential reason for employing
singleton fuzzi�er is a simpli�cation of fuzzy system output computation [2, 3].

Rule base (MISO): A rule base of fuzzy sytem is mathematically a fuzzy relation de�ned on
cartesian product X � Y; of fuzzy system's input and output space. It will be denoted RB(X;Y ),
note X � Rn, Y � R. Canonical form of rule base is given by a set of IF-THEN rules. Single rule
is also a fuzzy relation de�ned on universum X � Y . Traditional linguistic form of a (jth) rule is

Rj : IF x1 is Aj1 and : : : and xn isAjn THEN y isBj ; (3)

16



where Aji, i = f1; : : : ; ng and Bj are fuzzy sets represented by linguistic terms. Membership
function of fuzzy relation represented by rule (3) is given by formula

Rj(x; y) = Rj(x1; : : : ; xn; y) = (Aj1(x1) ? : : : ? Ajn(xn)) . Bj(y); (4)

where x = (x1; : : : ; xn); ? denotes a t-norm which is a representation of lingvistic conection and;
and . is a operation which will be de�ned later. Sometimes a shorter notation of a particular rule
is used in the form

Rj : Aj(x) . Bj(y) ; (5)

where Aj(x) is so called antecedent and Bj(y) so called succedent of jth rule. Antecedent then has
then form

Aj(x) = Aj1(x1) ? : : : ? Ajn(xn): (6)

Now there are two basic approaches how the overall rule base is combined from particular rules.
That is, how fuzzy relation RB(X;Y ) is constructed on base of particular relations Rj(X;Y ). In
the following, we consider the rule base consisting of m rules, i.e., j = f1; : : : ;mg.

� DC-type (disjunction of conjunction)

RB(x; y) =
m[
j=1

Rj(x; y); (7)

RB(x; y) =
m[
j=1

[(Aj1(x1) ? : : : ? Ajn(xn)) . Bj(y)] : (8)

Union
S

operation is generally given by some t-conorm, however, maximum operation is
typically used. The operation ., in DC-type representation of rule base, is given by a t-norm,
usually the same which is used in antecedents of rules. Membership function of RB(X;Y )
has then the �nal form

RB(x; y) =
m[
j=1

[Aj1(x1) ? : : : ? Ajn(xn) ? Bj(y)] : (9)

� CI-type (conjunction of implication)

R(x; y) =
m\
j=1

Rj(x; y); (10)

R(x; y) =
m\
j=1

[(Aj1(x1) ? : : : ? Ajn(xn)) . Bj(y)] (11)

Intersection
T

operation is generally given by some t-norm, however, minimum operation is
typically used. The operation ., in CI-type representation of rule base, is given by a fuzzy
implication. Membership function of RB(X;Y ) has then the �nal form

R(x; y) =
m\
j=1

[(Aj1(x1) ? : : : ? Ajn(xn)) ! Bj(y)] : (12)

Within the applications, however, the �rst type (DC) of construction is almost always used. The
reason is that with second type (CI) there are severe computational diÆculty regarding fuzzy
implication.

Inference engine: An inference engine performs a mapping from cartesian product of F(X) �
F(X;Y ) to F(Y ); F(X;Y ) is the set of all fuzzy relations de�ned on X �Y . That is, an inference
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engine makes projection of fuzzy set given by fuzzi�er through fuzzy relation given by rule base
into a fuzzy set de�ned on output space Y . Membership function of output fuzzy set is given by
so-called compositional rule of inference (CRI) [2]. It has the form:

B0(y) = sup
x2X

[A0x�(x) ? RB(x; y)] ; (13)

where ? is generally some t-norm.

The solution of CRI formula with respect to explicit form of B0(y) cannot be generally given in
advance i.e., (13) cannot be further rearranged until forms of A0x� and RB are given. When fuzzy
set A0x� is generated on base of singleton fuzzi�er then the following simpli�cation can be made.
In the case of singleton fuzzi�er the value of A0x�(x) is equal to one only at point x�, otherwise it
is zero. Since for each t-norm i, i(0; a) = 0 holds, the CRI rule for singleton fuzzi�er's A0x� has the
form:

B0(y) = RB(x�; y): (14)

The possibility of this simpli�cation induces the popularity of singleton fuzzi�er for fuzzy systems
design purposes.

Defuzzi�er: A defuzzi�er performs a process of de�uzi�cation which is mathematically a mapping
from set of all fuzzy sets de�ned on output space Y to crisp points of this output space

defuzz : F(Y ) ! Y: (15)

A process of defuzzi�cation is, in fact, reverse process to process of fuzzi�cation performed by
fuzzi�er. The purpose of de�uzi�cation is to convert fuzzy set given by inference engine B0(y) 2
F(Y ) to point y�B0 2 Y . This task is rather complicated because we need to compress information
given by fuzzy set to one point of universum the fuzzy set is de�ned on. That is why there are many
methods of de�uzi�cation suggested in the literature. Unfortunately, nowadays there is no uni�ed
complex approach to justify among them. In practical applications, however, the most often used
methods are the ones with the less computational complexity.

At this place, with respect to need of our work, we mention only two de�uzi�cation method. Other
methods can be found anywhere [2, 3, 4]. Remain again that we consider the case of Y � R.

� Center of Area/Gravity method (COA): This is the most often method re�ered in the
literature. The idea behind this method is to transform given fuzzy set to point at which the
area under the graph of membership function is divided into two equal subareas. This point
is given by formula:

y�B0 =

R
y � B0(y) dyR
B0(y) dy

: (16)

Formula (16) is universal, applicable to all reasonable (integrals in (16) exist) fuzzy sets
B0(y). However, if B0(y) is a general fuzzy set, then computation of integrals in (16) is hard
because it cannot be usually given in analytic form. In this case numeric computation has
to be taken which is time consuming. The way of handling this problem is to take into the
account the form of B0(y)'s construction.

� Centroids methods (CM, CMs): Formulation of CM method (sometimes called as cent-
roid average defuzi�er) results from e�ort for computational simpli�cation of COA method.
Consider the case of composition of B0(y) from m fuzzy sets B1(y); : : : ; Bm(y) combined
together by minimum. Then as approximation of (16) it can be taken formula

y�B0 =

Pm
j=1 Bj(cj) � cjPm
j=1 Bj(cj)

; (17)

where cj is so called centroid of fuzzy set Bj , given as

cj =

R
y �Bj(y) dyR
Bj(y) dy

; (18)
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i.e., centroid cj is given by application of COA method on fuzzy set Bj . Sometimes (and it
will be also our case) is denominator in (17) omitted and de�uzi�cation is performed in only
in the form of

y�B0 =
mX
j=1

Bj(cj) � cj ; (19)

which will be called as simpli�ed centroid method (CMs).

Centroids c1; : : : ; cm can be (possibly numerically) computed in advance, when fuzzy system's rule
base is formed and need not be recomputed during fuzzy system computation. These two factors
together with mathematical form of (17) or (19) substantially simplify computation of de�uzi�ed
value in opposition to situation of COA's original method formulation where integrals of (16) has
to be recomputed in each step of fuzzy system's computation.

Wang fuzzy system: Currently when we gave description of basic building blocks of a general
fuzzy system we can proceed to particular example of a fuzzy system. This example will be so-called
Wang fuzzy system.

Wang fuzzy system (WFS) was proposed by Wang in [5, 6]. This fuzzy system is based on employ-
ment of gaussians functions for fuzzy sets representation and product t-norm for representation of
and connective in particular rules. Wang fuzzy system is considered in MISO con�guration with
singleton fuzzi�er. Rule base is represented as DC type.

Let's start with gaussians function which represent membership functions of fuzzy sets in WFS.
Gaussian function is given by well know formula, which will be writen in the following form

g(x) = a � exp ���(x� �)2
�
; (20)

where, using probability terminology, � is mean value and � is usually writen in form of � =
1=(2�2), where sigma is variance. a is a scalling parameter, which is set equal to unity when (20)
represents a fuzzy set.

In the case of product t-norm and DC type of construction or rule base we represent . and ?
symbols as products and we have (5) in the form

Rj(x; y) = Aj(x) � Bj(y); (21)

with antecedent given as

Aj(x) = Aj1(x1) � Aj2(x2) � : : : �Ajn(xn): (22)

Considering Aji and Bj to be gaussians

Aji(xi) = exp
���ji(xi � �ji)2

�
; Bj(y) = exp

���j(y � �j)2
�

(23)

we have for (22)

Aj(x) =
Y
i

�
exp

���ji(xi � �ji)2
��
; (24)

which can be rearranged according to gaussians properties into the form

Aj(x) = exp

"
�

nX
i=1

�ji(xi � �ji)2
#
: (25)

Now when singleton fuzzi�er is employed together with DC type of rule base composition we have
for output fuzzy set B0(y)

B0(y) =
m[
j=1

Aj(x�) � Bj(y): (26)
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Considering simpli�ed centroids method (CMs) and the fact that Bj 's centroid is given by value
of �j and the fact that Bj(�j) = 1, we have for overall computation of Wang fuzzy system the
following formula

y� =
mX
j=1

Aj(x
�) � �j ; (27)

which is employing (25)

WFSMISO(x�) =
mX
j=1

exp

"
�

nX
i=1

�ji(x�i � �ji)2
#
� �j : (28)

3. RBF neural networks / Gaussian RBF networks

Radial basis function (RBF) neural networks are beside perceptron networks the second large
group of networks used in applications. General computation of RBF network's neuron is mainly
given by speci�cation of so-called radial basis function. Radial basis function is a function which
is symmetrical about a given centre in a multidimensional space. The most common way of radial
basis function's de�nition, rbf : Rn ! R, is to give it in the form

rbf(x) = f(jjx� �jj); (29)

where x 2 Rn; � 2 Rn is a center the rbf is symmetric arround; jj � jj is some norm in Rn

and f : R ! R is a decreasing function. Radial basis functions of form (29) then represent RBF
network's neuron computation

rbfneuron(x) = f(jjx� �jj): (30)

To equation (30) matches common concept of general neuron computation

o(x) = act(agr(x)); (31)

we can decompose (30) to aggregation function agr : Rn ! R and activation function act : R ! R
in the following way. The aggregation function is given by some norm in Rn, i.e.,

agr(x) = jjx� �jj; (32)

where as standard choice Euclidean is commonly used

jjx� �jj2 =
nX
i=1

(xi � �i)
2: (33)

As activation function f function of (30) is taken. As it was stated it can be any decreasing function
from R to R. The most prominent choice for f is the exponential function

act(s) = f(s) = exp(��s); (34)

where � > 0.

When we combine aggregation function (33) with activation function (34) we get for the whole
RBF neuron's computation expression

rbfunit(x) = exp(��jjx� �jj2) = exp

"
��

nX
i=1

(xi � �i)2
#
; (35)

which forms gaussian type of RBF unit.

After we have single neuron's computation speci�ed we can procced to construction of the network.
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Obrázek 2: Architecture of three-layered feed-forward RBF neural network.

The most common architecture of RBF networks used in application is a three-layered feedforward
network. However, networks with higher number of layers can be constructed. The notation of
particular parts of RBF network is the following, see Fig.2.

In this architecture we have three layers denoted as LI - input layer, LH - hidden layer, LO -
output layer. Each layer consists of set of its neurons. Neurons of input layer LI = fu1; : : : ; ung
only transmit input signals into neurons of hidden layer. Neurons of hidden layer LH = fh1; : : : ; hlg
are neurons of form (35). Computation of neurons of output layer LO = fo1; : : : ; omg is usually
application depend. Sometimes they are of form (35) sometimes they perform only aggregation if
hidden neurons inputs

ok =
X
j

wjk � hj : (36)

The interconnections of layers are feed-forward only in one direction from preceding layer to con-
sequent layer. Interconnections endowed by weights are only the ones leading from hidden layer to
output layer. Weight from neuron of hidden layer hj to neuron of output layer ok is denoted as
wjk 2 R.

4. General architecture of NFS / Wang NFS

A general view of neuro-fuzzy system is a view of fuzzy system designed in neural network fashion
to parameters of fuzzy system could by set according to learning algorithms known from neural
networks theory. Therefore architecture of neuro-fuzzy system is determined by architecture of
some type of neural network. In the area of neural networks several di�erent architectures are
recognized. However for design purposes of neuro-fuzzy systems only architectures which enable
interpretability in form of fuzzy system can be employed.

It is natural to investigate combination of dominating architectures of neural networks with domi-
nating types of fuzzy systems. From this point of view it seems as reasonable to use feed-forward
networks because they propagate input in one direction (without cycling) similarly as fuzzy sys-
tems. When we considering type of a network there are two big groups - perceptron and radial basis
function networks. Since fuzzy sets are typically represented by bell shaped functions, it seems to
be convenient to use RBF neural networks instead of perceptrons, because RBF networks work
with bell shaped functions in a native way.

The last question regarding architecture of used RBF network is its con�guration in sense of
number of layers used. It is natural to start with the simples case i.e., three-layered con�gurations.
It is known from application that three-layered con�guration is suÆcient and in fact multilaeyred
solutions can be often equivalently reformulate in three-layered fashion [10].

When we resume above paragraphs we can state that it seems to be reasonable used as underlaying
network architecture three-layered RBF neural networks, with computation of particular networks
utilizing gaussians and product operation, which will be case of Wang neuro-fuzzy system.

Wang neuro-fuzzy system is a Wang MISO fuzzy system represented by three-layered RBF neural
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network with one output neuron in the following manner, see Fig.3.

Obrázek 3: Architecture of Wang MISO neuro-fuzzy system.

First layer of the network is the standard input layer, with neurons distributing input signals into
neurons of hidden layer. In fuzzy system representation they act as singleton fuzzi�ers. Neurons of
hidden layer then represents antecedens of particular rules of fuzzy system rule base. jth neuron
computes value Aj(x) of jth rule. Weights connecting neurons of hidden layers with output neurons
are given (represents) values �j , i.e., centroids of succedent of the rule. Output neurons computation
is considered according to CMs method, i.e.,

o =
X
j

Aj(x) � �j : (37)

On base of above representation we can seen RBF neural network as fuzzy system designed in
neural network fashion. Hence we can consider it as neuro-fuzzy system which has intrpreatability
of fuzzy system and learning ability of neural networks. Learning of such a systems treated in next
section.

5. Learning of neuro-fuzzy systems

Here we shortly mention general aspects of neuro-fuzzy systems learning. Since underlying network
structure of neuro-fuzzy systems there is a signi�cant similarity with neural networks learning.
Therefore we also recognize two types of learning for neuro-fuzzy systems - structure learning and
parameters learning.

Structure learning is a harder part of learning. Within this learning number of neurons/rules of
neuro-fuzzy system is set together with rough assessment of parameters of membership functions of
fuzzy sets. There are several approaches to this type of learning depending heavily on type of con�-
guration - o�-line or on-line. For o�-line con�gurations there are used optimization methods known
from area of nonlinear multidimensional functions' minima searching. For on-line con�gurations
incremental learning with dynamic adding/merging/deleting of rules is used.

Parameters learning is process of tuning of neurons parameters and network's weights. It is usually
based on some type of gradient descent algorithm typically on back propagation (BP) algorithm.
Since aim of this paper is to present a new structure learning algorithm we will not deal with
parameters learning in more details.

6. O�-line structure learning of Wang NFS

Wang neuro-fuzzy system (WFNS) was presented in section 4, there was shown that it is given
by combination of Wang fuzzy system with RBF neural network. The combination is based on
employment of gaussian functions for representation of fuzzy sets and for representation of acti-
vation function of network's neurons. Since gaussians employment parameters of WNFS are the
following

� number of neurons in hidden layer K,
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� parameters �ji, �ji, for each neuron hj of hidden layer,

� weights of connections from hidden layer to output layer.

The same can be said in fuzzy system like language as

� number of rules of fuzzy system,

� parameters �ji, �ji of fuzzy sets building antecedent Aj of each rule,

� centroids building succedent of each rule.

Since here we are interested in learning aspects we will adopt neural network's language for de-
scription of neuro-fuzzy system.

The goal of (supervised) neuro-fuzzy system's learning, both structure learning and consequent
parameters learning, is to provide a system representing a function fs : Rn ! Rm which match
some master function fm : Rn ! Rm which is only partially known. The information about fm
is given by set of examples (training set) T = fxt; ttg. Hence we are solving a task of a partially
known function approximation.

From this point of view, structure learning, if it could be reasonable, should issue in such an initial
setting of neuro-fuzzy system's parameters to this system represents fm given by T \as best as
possible". The reason is that we require for consequent parameters learning good starting setting
of parameters to be theirs learning succesful.

The quatitazition of term of \as best as possible" is typically given by minimization of some metrics
in Rm for all points in consideration. The most often choice is the Euclidean metrics in the form

d2(a; b) = (a1 � b1)2 + : : :+ (am � bm)2; (38)

for a; b 2 Rm.

To be our explanation clearer we will consider within the following text only the case of MISO
neuro-fuzzy system i.e., system with multiple inputs (n � 1) and only one output (m = 1). Our
considerations can be extended for general MIMO system.

The next simpli�cation made at this time is that in equation (25) we will consider equality of �ji for
particular j. That is we consider �j = �j1 = �j2 = : : : = �jn. With respect to this simpli�cation
and denoting �j as cj we can write for Wang NFS computation the equation

WNFSMISO(x) = G(x) =
KX
j=1

cj � exp
"
��j

nX
i=1

(xi � �ji)2
#
: (39)

With repspect to Euclidean metrics a task of structure learning can be reformulated as optimization
task of minimization of objective function J

J (K; c1; :::; cK ; �1; :::; �K ; �11; :::; �Kn) =
X
s

(ts �G(xs))
2 (40)

with respect to J parameters. Note that we are considering MISO system hence point tt � R.
Equation (40) can be rewritten into optically more comfortable form omittig J parameters and
explicit expressing G as

J =
X
s

0@ts � KX
j=1

cj � exp
"
��j

nX
i=1

(xi � �ji)2
#1A2

: (41)
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This task can be solved by some method of multivariable optimization if number K of neurons of
NFS is known in advance. Of courseK can be stated a priori on base of some additional information
to T set. But usually such information is not at our disposal. Hence K has to be set only on base
of set T , which will be discussed in the following paragraphs.

Before we state our proposal note that aim of structure learning is not necassary to obtain the
mininimal solution of (41) but some approximate (tolerance to suboptimality) solution, which is
further tuned by parameters learning algorithm.

Now our approach to K determination is based on incremental adding of neurons and partial
optimization of objective function Jj of the form

Jj(�) =
X
s

 
ts � cj � exp

"
��

nX
i=1

(xi � �ji)2
#!2

: (42)

This is a function of parameters cj ; �;�j = (�j1; : : : ; �jn) but consider that we know in advance
values of cj and �j , then the task is only in form of one-dimenzional minimization. For this task
there are many numerical methods. Task of minimization of (42) with respect to � is in fact non
linear least squares task, which is for gaussian not analytically solvable. To not complicate our
course, consider that we are able to solve (42) with respect to �. For example see [12] for several
methods.

In the above paragraph there was stated that we assume that we know values of cj and �j in (42).
In the following sections we show how these values can be determined. We will show two possible
approaches.

Grid speci�cation procedure: The idea of grid speci�cation is simple. Consider set Tx =
fx j (x; t) 2 T g, i.e., set of all x 2 T . Since Tx is �nite it can be considered as subset of car-
tesian product of n real intervals Xi

Tx � X = X1 � : : :�Xn: (43)

Grid speci�cation is then process of grid setting within the set X . This can be done by stating
vector r = (r1; : : : ; rn), where ri gives the number of lines (in geometrical representation) dividing
equidistantly interval Xi to ri�1 subintervals. Instead of a precise and somewhat confusing formal
de�nition, consider the two dimensional case, with X1 = [0; 2], X2 = [0; 1] and vector r = (5; 3)
then grid within the space X1�X2 is displayed in Fig.4. A generalization to multidimensional case
is a straightforward.

Obrázek 4: Grid speci�cation for r = (5; 3).

Intersections of lines de�ned by vector r de�ne set of core candidates. It will be denoted B(gs) =
f�01; : : : ;�0cng, where cn is cardinality of the set B. In Fig. 3. core candidates are marked by circles.
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Now each core candidate �0 will be associated with its height c 0 according to following rule. For
given �

0 2 B(gs) its height is a value of t from pair (x; t) 2 T such that d2(�0;x) is minimal with
respect to all x 2 Tx. That is, height of given �0 is corresponding t value of point x, (x; t) 2 T ,
which is in the nearest distance to �0. If there are multiple such points then one is randomly chosen.

The result of above process of heights speci�cation is a set C of respective heights C(gs) =
fc 01; : : : ; c 0cng.

When we summarize grid speci�cation procedure with respect to its inputs and outputs we can
conclude the following. Inputs to procedure are set T of training examples and an optional para-
meter (vector) r de�ning density of grid speci�cation. Output of procedure are two sets, set B(gs)

of core candidates and set C(gs) of candidates associated heights.

Fuzzy cluster analysis: Fuzzy clustering is an alternative approach to grid speci�cation it will
also issue into stating of set of core candidates and set of associated heights.

There are several fuzzy clustering algorithms [13], but the best known algorithm is probably FCM
algorithm [13] so we will consider it here. Main inputs to FCM is number of clusters denoted is as
cn which need to be speci�ed in advance.

Therefore if we specify value cn and we process FCM analysis on set Tx, which is de�ned the in
the same way as for grid speci�cation procedure, we will obtain a set of cluster candidates. This
set will represent set B, similarly as for grid speci�cation B(fcm) = f�01; : : : ;�0cng.

Process of setting of heights C(fcm) speci�cation is the same as in the case of grid speci�cation
procedure.

Summarization of FCM analysis with respect to inputs and outputs then yields that inputs to the
procedure are optional number cn of core candidates and set T of examples. Outputs are set of
core candidates B(fcm) and set C(fcm) of associated heights.

Now we can proceed with our algorithm for number K speci�cation and in fact with speci�cation
of other parameters of neuro-fuzzy system.

When we have at our disposal set B and associated set C from grid speci�cation or fuzzy cluster
procedure then in jth loop of algorithm the following exhaustive search is performed.

For each �0k and associated height c 0k, k = 1; : : : ; cn optimization task (42) is solved with respect
to �. Particular solution is denoted as �jk and its stored together with value Jj(�jk). After this
is done then the value �jk with minimal Jj(�jk) is chosen (we go within index k, for �xed j) and
it is denoted as ��j . For this value corresponding �0k and c 0k are speci�ed and denoted as ��j and
c �j . Parameters ��j and ��j then constitutes jth neuron in hidden layer, i.e., parameters of Aj , see
(25). Value of c �j gives then weight of connection from jth hidden neuron to output neuron.

The last step of one loop of incremental algorithm is updating of set of examples from preceding
loop Tj�1. Updated set Tj is created as

8s; (xs; ts) 2 Tj = (xs; ts � c�j � Aj(xs; ��j ;�
�
j ))j(xs; ts) 2 Tj�1 (44)

where T0 is original set of examples we start structure learning with.

The whole process of neurons/rules searching is then repeated (the next loop of algorithm j = j+1)
with updated set Tj until maximal value of t within Tt = ft j (x; t) 2 Tjg is less then � �max(T0),
where � is some terminal parameter, for example � = 0:1. After algorithm terminates then value of
j gives number of neurons K.
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Algorithmic transcription of the whole algorithm for structural learning of Wang NFS in MISO
con�guration is as follows.

01 set �; Tmax
0 = max(T0);j = 0

02 specify sets B and C according to grid speci�cation or fuzzy clustering
03 repeat
04 j = j + 1
05 for k = 1 to cn do
06 solve minimization of (42) for c0k, �0k, with respect to �
07 store solution �jk and value Jj(�jk)
08 end
09 choose values ��j , c�j , �

�
j

10 create Tj by updating of Tj�1 according to (44)
11 until max(Tj) < Tmax

0
12 number of neurons K is given as K = j

7. Conclusion

Within the paper fuzzy systems and RBF neural networks were very shortly reviewed. Further
architecture and computation of Wang neuro-fuzzy system in MISO con�guration was presented.
As main result of the paper we gave new structure learning algorithm for this type of neuro-fuzzy
system.
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Abstrakt

Tento referát si klade za cíl informovat pøedev¹ím úèastníky konference DD2000 o vybraných
zp�usobech rozvíjení teorie mno¾in (jako¾to teorie prvního øádu) v neklasických logikách.

Úvod

Nejprve je snad tøeba upøesnit, co míním pojmem neklasické logiky; aè se toti¾ tento pojem vysvìt-
luje èásteènì sám jako¾to \logiky, které nejsou klasické", mohlo by mapøíklad dojít k diskusi (a také
k ní èasto dochází) o obsahu samotného pojmu logika. Zde je jím mínìna (klasická) predikátová lo-
gika prvního øádu, tj. axiomatický systém s jistým jazykem a sémantikou, skýtající formální aparát
pro matematické úvahy a pøedstavující jakýsi konsensus ohlednì pravidel správného usuzování.

Neklasické logiky, jim¾ budeme vìnovat pozornost, jsou v jistém ohledu velmi podobné logice kla-
sické: zachovávájí toti¾ (a¾ na jisté drobné výjimky) jazyk logiky klasické a pøedev¹ím chápání nì-
kterých klasických pojm�u, jako je formule, axiom, odvozovací pravidlo èi d�ukaz. Od klasické logiky
se odli¹ují sémantikou, tj. volbou algebry pravdivostních hodnot, její¾ prvky pøedstavují pravdi-
vostní hodnoty atomických formulí a v ní¾ dále interpretujeme logické konstanty (co¾ jsou spojky
a kvanti�kátory). Pov¹imnìme si, ¾e tato algebra je v¾dy elementem \klasického" matematického
svìta, tj. prvkem nìjakého mno¾inového univerza generovaného klasickou Zermelo-Fraenkelovou
teorií mno¾in (ZF).

Napøíklad vícehodnotové logiky (kterými se budeme hlavnì zabývat a mezi nì¾ spadá i fuzzy lo-
gika) vycházejí z toho, ¾e obor pravdivostních hodnot výrok�u je nìjaká mno¾ina èítající obvykle obì
pravdivostní hodnoty klasické, a je¹tì nìjaké dal¹í. Na tuto mno¾inu jsou obvykle kladeny pomìrnì
restriktivní po¾adavky, napø. bývá zpravidla svazovì uspoøádána, pøièem¾ nejmen¹í a nejvìt¹í pr-
vek odpovídají právì klasickým hodnotám 0 a 1. Pravdìpodobnì nejjednodu¹¹í je pøedstavovat si
lineárnì uspoøádanou mno¾inu nepøíli¹ velké mohutnosti, tj. napø. nìkterou podmno¾inu reálného
intervalu [0; 1].

V následujících odstavcích je co mo¾ná nejstruènìji nastínìn formální systém BL (basic logic) a
nìkterá jeho schematická roz¹íøení, které obvykle pou¾ívám ve vlastních úvahách. V plné ¹íøi je
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tento systém rozpracován v monogra�i [2], z ní¾ èerpám a z ní¾ problematiku pochopí i ti, kteøí se
vícehodnotovými logikami nezabývají.

Výrokový fragment BL jsou tautologie (v¹ech) tzv. standardních algeber, co¾ jsou struktury na
reálném jednotkovém intervalu [0; 1] s operacemi � (spojitá t-norma, tj. binární operace, která
je asociativní, komutativní, neklesající a splòuje 1 � x = x) a ) (tzv. reziduum, které lze na
reálném intervalu de�novat jako x ) y = maxfz; z � x � yg) a (formálnì) konstantou 0. Tyto
operace realizují základní výrokové spojky BL, kterými jsou binární konjunkce & a implikace ! a
konstanta 0.

Jazyk predikátového poètu je obohacen o predikátové symboly a dva kvanti�kátory 8 a 9; pravdi-
vostní hodnota formule 8x' v modelu M je in�mum hodnot ' po dosazení m za promìnnou x pøes
v¹echny prvky m 2 M , obdobnì 9 interpretujeme jako suprémum. Formální pravidla pro práci s
kvanti�kátory lze nalézt v [2].

Známá schematická roz¹iøení BL jsou tato:  Lukasiewiczova logika, která vznikne ze systému BL
pøidáním výrokového schématu ::'! ', Gödelova logika, která vznikne z BL pøidáním schématu
' ! '&', a produktová logika, která vznikne z BL pøidáním dvou schémat ::� ! (('&� !
 &�) ! ('!  )) a '& ('!  ) ! 0.

Komprehenze v  Lukasiewiczovì logice

Prvním mnì známým pokusem o (jistou) teorii mno¾in ve vícehodnotové logice je Skolem�uv èlánek
[6] z roku 1957, a pokraèování [5], v nich¾ autor upozoròuje na mo¾nosti vyu¾ít vícehodnotových
logik pro eliminaci mno¾inových paradox�u typu Russelova.

Uva¾ujme formuli '(x; x1; : : : ; xn). Schéma komprehenze pro ' je trvzení

8x1; : : : ; xn9y8x(x 2 y � '(x; x1; : : : ; xn))

Z tohoto tvrzení plyne v klasické logice okam¾itì spor, a to i omezíme-li se na otevøené formule
bez parametr�u|zvolíme-li toti¾ za '(x) formuli :(x 2 x), dospìjeme (po dosazení y za x) k
formuli y 2 y � :(y 2 y). Skolem ov¹em ve svém èlánku [7] konstruuje (v klasické logice) model
schématu komprehenze pro otevøené formule s parametry, v nich¾ se v¹ak nevyskytují jiné spojky
ne¾ konjunkce a disjunkce.

Pov¹imnìme si nyní, ¾e pro uvedenou konkrétní volbu ' (toti¾ :x 2 x) pøinejmen¹ím není zjevné, ¾e
je systém sporný, nahradíme-li klasickou logiku napøíklad tøíhodnotovou  Lukasiewiczovou logikou|
staèí uva¾ovat hodnotu formule y 2 y pro hledané y jako 1=2. V tomto systému ov¹em pocho-
pitelnì záhy opìt nalezneme formule, pro nì¾ komprehenze vede ke sporu. Èlánek [6] podává
d�ukaz bezespornosti komprehenze pro otevøené formule s parametry nad nekoneènìhodnotovou
 Lukasiewiczovou logikou. Práce [5] konstruuje spoèetný model schématu komprehenze pro ote-
vøené formule s parametry v logice s negací interpretovanou jako 1 � x a konjunkcí a disjunkcí
interpretovanou jako minimum a maximum z obou argument�u (pøièem¾ jiné ne¾ uvedené spojky
se ve formuli ' nepøipou¹tìjí). O tomto modelu se dále v èlánku prokazuje, ¾e je extenzionální
(tj. pro ka¾dé jeho dva prvky x a y, pokud pro ka¾dé u platí �(u; x) = �(u; y), pak také pro ka¾dé
v platí �(x; v) = �(y; v), kde � je funkce interpretující v modelu predikát nále¾ení 2).

Booleovská univerza

Booleovské univerzum je jistým zp�usobem zkonstruovaná tøída v rámci univerza teorie mno¾in
(napø. klasické ZF). V Booleovském univerzu (nad úplnou Booleovskou algebrou v klasické ZFC)
\platí" (pøi vhodné de�nici platnosti) v¹echny axiomy a odvozovací pravidla ZFC, tato tøída je
tedy \modelem" ZFC (její existence tedy prokazuje konzistenci ZFC, bohu¾el pouze za pøedpokladu
konzistence opìt ZFC, v ní¾ pracujeme).
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Konstrukce probíhá takto: zvolme libovolnou úplnou Booleovu algebru B. Trans�nitní indukcí
de�nujme mno¾iny

V B
0 = 0

V B
�+1 = ff : Dom(f) � V B

� &Rng(f) � Bg
pro izolovaná ordinální èísla �; pro limitní ordinální èísla � polo¾me

V B
� =

[
�2�

V B
�

Nakonec
V B =

[
�2On

V B
�

Ka¾dé dvojici prvk�u x; y 2 V B pøiøaïme dva prvky Booleovy algebry B, které oznaème jjx 2 yjj a
jjx = yjj (lze chápat jako pravdivostní stupnì pøíslu¹nosti x do y, pøípadnì rovnosti x a y). Tyto
funkce de�nujme indukcí takto:

jjx 2 yjj =
_

q2Dom(y)

(y(q) ^ jjq = xjj)

jjx = yjj =
^

q2Dom(x)

(�x(q) _ jjq 2 yjj) ^
^

q2Dom(y)

(�y(q) ^ jjq 2 xjj)

Indukcí dle slo¾itosti formule pøiøaïme nyní ka¾dé formuli '(x1; : : : ; xn) funkci (zobrazující (V B)n

do B) takto:
jj:'(x1; : : : ; xn)jj = �jj'(x1; : : : ; xn)jj

jj'& (x1; : : : ; xn)jj = jj'(x1; : : : ; xn)jj ^ jj (x1; : : : ; xn)jj
jj9x'(x; x1; : : : ; xn)jj =

_
x2V B

jj'(x; x1; : : : ; xn)jj

Pøípadnì lze prokázat i induktivní kroky pro ostatní (odvozené) logické spojky a kvanti�kátor
na jedné stranì a pøíslu¹né Booleovské operace na stranì druhé, nebo lze ka¾dou formuli nejprve
vyjádøit pomocí pouze vý¹e uvedených spojek a kvanti�kátoru.

Tvrzení: Je-li ' uzavøená dokazatelná formule jazyka ZF, pak lze v ZF prokázat jj' = 1jj.

Aplikace konstrukce Booleovských univerz

Princip konstrukce Booleovského univerza lze vyu¾ít ke konstrukci \kanonického modelu" pro teo-
rie mno¾in (jako¾to teorie 1. øádu) nad neklasickými logikami, popø. k prokazování relativní (v�uèi
ZF) bezespornosti axiomatických systém�u teorií mno¾in; staèí, kdy¾ v konstrukci nahradíme (úpl-
nou) Booleovu algebru (úplnou) algebrou pravdivostních hodnot pøíslu¹né logiky (pochopitelnì pak
musíme pøizp�usobit i pojmy typu \základní spojka" atd.). Prokazování relativní bezespornosti má
pochopitelnì smysl pouze v pøípadì, kdy uva¾ovaný systém obsahuje v jazyce nebo v axiomatice
prvky nevyskytující se v klasické ZF; jinak, jeliko¾ neklasické logiky jsou formálnì slab¹í ne¾ logika
klasická, je relativní bezespornost zøejmá.

Tak napøíklad v èlánku [8] je jako výchozí algebra vyu¾ita standardní algebra pro Gödelovu logiku
na intervalu [0; 1]; axiomy, které se zde uva¾ují, jsou extenzionalita, 2-indukce, vydìlení, kolekce,
dvojice, sjednocení, potence, nekoneèno, axiom závislého výbìru a axiom existence nosièe, který
øíká

8x9z8u(u 2 z � ::(u 2 x))

(nosiè mno¾iny x je tedy (ostrá) mno¾ina, do ní¾ patøí právì v¹echny mno¾iny, které v nenulovém
stupni patøí do x). Poslednì jmenovaný axiom umo¾òuje konstrukci tøídy S tzv. dìdiènì stabilních
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mno¾in, která zadává interpretaci klasické ZF v mno¾inovém univerzu generovaném vý¹e uvedeným
axiomatickým systémem.

Tento výsledek byl p�uvodnì uveøejnìn v èlánku [3] pro logiku intuicionistickou, a pøevzat v èlánku
[9], navazujícím na [8]. Práce [3] a nìkolik jiných èlánk�u, publikovaných pøevá¾nì v sedmdesátých
letech (viz [1]) a rozvíjejících teorie dané Zermelo-Fraenkelovými axiomy nad intuicionistickou
logikou (INT), je z hlediska vícehodnotových logik je podstatná, proto¾e obohacením axiomatického
systému (výrokové) intuicionistické logiky o jediný axiom '!  _ ! ' vznikne (výroková) logika
Gödelova, jedno z mo¾ných schematických roz¹íøení BL. Proto jsou tyto výsledky velmi zajímavé;
ukazuje se napøíklad, ¾e axiom regularity (spolu s axiomem vydìlení a existence prázdné mno¾iny)
implikuje princip vylouèeného tøetího ('_:' pro libovolnou sentenci '), který spolu s INT dává ji¾
logiku klasickou, a tento výsledek se tedy pochopitelnì pøená¹í i do libovolného formálnì silnìj¹ího
systému. Axiom regularity tedy nelze v axiomatice pou¾ít.

Konstrukci obdobnou konstrukci Booleovského univerza lze provést i uvnitø neklasického mno¾ino-
vého univerza, ov¹em a¾ po zkonstruování pøíslu¹né algebry pravdivostních hodnot (napø. nìjaké
standardní algebry pro fuzzy logiku apod.). V èlánku [9] je v rámci teorií generovaného mno¾ino-
vého univerza V provedena konstrukce ji¾ zmínìné tøídy S jako¾to interpretace klasické ZF, v ní
jsou pak ovìøeny existence a vlastnosti klasických pojm�u, jako jsou reálná èísla, a uvnitø tøídy S
je pak provedena konstrukce tøídy V [0;1], analogická konstrukci Booleovského univerza, nad stan-
dardní Gödelovou algebrou [0; 1]. O tomto univerzu se prokazuje, ¾e je \izomorfní" s výchozím
univerzem, v nìm¾ se pracuje. K tomu je tøeba mj. sestrojit uvnitø V nìjakou strukturu re
ektující
strukturu pravdivostních hodnot pou¾ité logiky (v tomto pøípadì Gödelovy). Touto strukturou je
potenèní mno¾ina mno¾iny 1; patøí do ní právì v¹echny podmno¾iny mno¾iny 1 = f0g, a to jsou
právì v¹echny mno¾iny obsahující (pouze) 0 v jistém stupni (napø. ve stupni 0:8).

Jinou variantou vyu¾ití konstrukce Booleovského univerza lze najít v èlánku [4]; aè to není na první
pohled patrno, pracuje se zde (jak ovìøil Petr Hájek) se standardní algebrou danou  Lukasiewiczovou
t-normou na intervalu [0; 1], obohacenou o operátor � (jeho¾ sémantika vypadá takto: �(x) = 1
pro x = 1, jinak �(x) = 0). Tohoto operátoru je vyu¾ito pøedev¹ím k de�nici rovnosti (pøesnìji
funkce reprezentující predikát rovnosti v kanonickém modelu), která vypadá takto:

jjx = yjj = �
^

q2Dom(x)

(�x(q) _ jjq 2 yjj) ^�
^

q2Dom(y)

(�y(q) ^ jjq 2 xjj)

Pøíslu¹ná forma axiomu extenzionality je potom x = y � �(x � y)&�(y � x); rovnost je tedy
predikát \ostrý", nabývající (ve standardním modelu) pouze hodnot 0 a 1. V takto vystavìném
\modelu" lze ovìøit, kromì zmínìného znìní axiomu extenzionality mj. platnost axiomu prázdné
mno¾iny, dvojice, sjednocení, vydìlení, kolekce a nekoneèna (co¾ je obsahem zmínìné práce).

Úkol, na nìm¾ pracuji, je pøenesení této konstrukce do (ponìkud obecnìj¹ího) prostøedí predikátové
BL s operátorem �. Dal¹í axiomy, které uva¾ujeme a které lze konzistentnì pøidat, jsou axiom
existence nosièe (formulace 8x9y(Crisp(y)&x � y), kde Crisp(y) � 8z(�(z 2 y) _ �(:z 2 y)), a
axiom existence ostré potenèní mno¾iny, který praví

8x9z8u(u 2 z � �(u � x)

Tento axiom v jednom konkrétním pøípadì tvrdí, ¾e existuje ostrá (crisp) potenèní mno¾ina mno-
¾iny 1 alias f0g. Jak lze snadno ovìøit, tato mno¾ina opìt obsahuje právì v¹echny mno¾iny obsahu-
jící (pouze) 0 v jistém (pravdivostním) stupni. Na této mno¾inì lze vhodným zp�usobem de�novat
v¹echny operace BL-algeber a prokázat

Tvrzení: Pro libovolné axiomatické roz¹íøení systému BL� lze z axiom�u tohoto roz¹íøení, vý¹e
uvedených mno¾inových axiom�u a axiom�u rovnosti prokázat, ¾e P (1) je BL-algebra, a lze pøedpo-
kládat, ¾e platí i v¹echny axiomy odpovídající tomuto roz¹íøení (aè tuto hypotézu nemám ovìøenou).
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Takto sestavenou mno¾inu axiom�u (o ní¾ z vý¹e uvedené konstrukce plyne, ¾e je konzistentní, a také
¾e predikát 2 má ne-ostrou interpretaci) lze ji¾ rozvíjet jako formální teorii. Obvykle je potøeba
nejprve vytvoøit technický aparát, jako jsou ordinální èísla a indukce. Dal¹ím obvyklým výsledkem
je interpretace klasické ZF v neklasické teorii, tak jak se tomu dìje v pracech [3], [9]. Je tøeba
ovìøit, zda lze tuto konstrukci zopakovat pro BL�.
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Abstrakt

We present a one parallel version of learning algorithm that is based on Kolmogorov theo-
rem concerning composition of n-dimensional continuous function from one-dimensional conti-
nuous functions. In our work we follow the approach by Sprecher who proved the most general
version of the theorem as well as proposed numerical implementation details. The feasible lear-
ning algorithm is presented and its performance demonstrated, together with the discussion
of further possible improvements.

1. Introduction

In 1957 Kolmogorov [5] has proven a theorem stating that any continuous function of n variables can
be exactly represented by superpositions and sums of continuous functions of only one variable.
The �rst, who came with the idea to make use of this result in the neural networks area was
Hecht-Nielsen [2]. From the resemblance of the superposition formula and the form of function
realized by neural network he derived that any continuous function on a n-dimensional cube can
be exactly represented by a certain neural network. It was objected by Girosi and Poggio [1] that
such a network requires units computing quite complicated functions, depending on the function
it represents, and without any known way to train the network on a particular data.

K�urková [3] has shown that it is possible to modify the original construction for the case of appro-
ximation of functions. Thus, one can use a perceptron network with two hidden layers containing
a larger number of units with standard sigmoids to approximate any continuous function with
arbitrary precision. This result was used as an argument for the universal approximation property
for two-hidden-layer perceptrons. In the meantime several stronger universal approximation results
has appeared, such as [6] stating that perceptrons with one hidden layer and surprisingly general
activation functions are universal approximators.

In the following we review the relevant results and show how a parallel learning algorithm can be
derived based on Sprecher improved version of the proof of Kolmogorov's theorem. We focus on

32



implementation details of the algorithm, identify the problems, and show how they can be handled.
Simple illustrating examples are given. Proposition of parallel versions of algoritmus �nish this
review.

2. Kolmogorov theorem

The original Kolmogorov result shows that every continuous function de�ned on n-dimensional
unit cube can be represented by superpositions and sums of one-dimensional continuous functions.

Theorem 1 (Kolmogorov) For each integer n � 2 there are n(2n+1) continuous monotonically
increasing functions  pq with the following property: For every real-valued continuous function
f : In ! R there are continuous functions �q such that

f(x1; : : : ; xn) =
2nX
q=0

�q

"
nX

p=1

 pq(xp)

#
: (45)

Further improvements by Sprecher provide a form that is more suitable for computational algori-
thm. Namely, the set of functions  pq is replaced by shifts of a �xed function  which is moreover
independent on a dimension. The overall quite complicated structure is further simpli�ed by sui-
table parameterizations and making use of constants such as �p; �, etc.

Theorem 2 (Sprecher) Let f�kg be a sequence of positive integrally independent numbers. There
exists a continuous monotonically increasing function  : R+ ! R+ having the following property:
For every real-valued continuous function f : In ! R with n � 2 there are continuous functions
� and a constant � such that:

�(xq) =
nX

p=1

�p (xp + q�) (46)

f(x) =
2nX
q=0

�q Æ �(xq) (47)

Another result important for computational realization is due to K�urková who has shown that
both inner and outer functions  and � can be approximated by staircase-like functions with
arbitrary precision. Therefore, standard perceptron networks with sigmoidal activation functions
can, in principle, be used in this approach. The second theorem of hers provides the estimate of
units needed for approximation w.r.t. the given precision and the modulus of continuity of the
approximated function.

Theorem 3 (K�urková) Let n 2 N with n � 2, � : R ! I be a sigmoidal function, f 2 C(In),
and " be a positive real number. Then there exists k 2 N and functions �i,  pi 2 S(�) such that:

jf(x1; : : : ; xn)�
kX
i=1

�i

 
nX

p=1

 pixp

!
j � " (48)

for every (x1; : : : ; xn) 2 In:

Theorem 4 (K�urková) Let n 2 N with n � 2, � : R ! I be a sigmoidal function, f 2 C(In),
and " be a positive real number. Then for every m 2 N such that m � 2n+ 1 and n=(m�n) +v <
"=jjf jj and !f (1=m) < v(m � n)=(2m� 3n) for some positive real v, f can be approximated with
an accuracy " by a perceptron type network with two hidden layers, containing nm(m + 1) units
in the �rst hidden layer and m2(m+ 1)n units in the second one, with an activation function �.
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3. Algorithm proposal

Sprecher sketched an algorithm based on Theorem 2 that also takes into account Theorem 4 by
K�urková. Here we present our modi�ed and improved version that addresses crucial computational
issues.

The core of the algorithm consists of four steps: in each iteration r we �rst construct the mesh
Qn of rational points dk dissecting the unit cube (cf. (50)). The functions � (see (54)) are de�ned
by means of these points. The outer functions �jq (see 52)) make use of sigmoidal steps � de�ned
in (53). In the end, the r-th approximation fr of original function f is constructed according to (57)
using �jq . The terms �jq are computed by means of previous approximation errors er (see (56)).

3.1. The support set Q
Take integers m � 2n and 
 � m + 2 where n is the input dimension. Consider a set of rati-

onal numbers Q =
n
dk =

Pk
s=1 is


�s; is 2 f0; 1; : : : ; 
 � 1g; k 2 N
o

. Elements of Q are used as

coordinates of n-dimensional mesh

Qn = fdk = (dk1; : : : ; dkn); dkj 2 Q; j = 1; : : : ; ng : (49)

Note that the number k determines the precision of the dissection.

For q = 0; 1; : : : ;m we construct numbers dqk 2 Qn whose coordinates are determined by the
expression

dqkp = dkp + q

kX
s=1


�s (50)

Obviously dqkp 2 Q for p = 1; 2; : : : ; n. We will make use of dqk in the de�nition of functions �.

3.2. The inner function  

The function  : Q ! I is then de�ned with the help of several additional de�nitions. For the
convenience, we follow [11] in our notation.

 (dk) =
kX

s=1

~is2
�ms
��(s�ms); (51)

�(z) =
nz � 1
n� 1

;

ms = hisi
 

1 +
s�1X
l=1

[il] � : : : � [il�1]
!
;

~is = is � (
 � 2)hisi:
Let [i1] = hi1i = 1 and for s � 2 let [is] and hisi be de�ned as:

[is] =

�
0 for is = 0; 1; : : : ; 
 � 3
1 for is = 
 � 2; 
 � 1

hisi =

�
0 for is = 0; 1; : : : ; 
 � 2
1 for is = 
 � 1

Figure 3.2 illustrates the values of  for k = 1; 2; 3; 4;n = 2; 
 = 6.
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Obrázek 5: Values of  (dk) for various k.

3.3. The outer functions �

The functions �q in equation (47) are constructed iteratively as functions �q(yq) =
limr!1

Pr
j=1 �

j
q(yq). Each function �jq(yq) is determined by ej�1 at points from the set Qn. The

construction is described in the following.

For q = 0; 1; : : : ;m and j = 1; : : : ; r we compute:

�jq Æ �(xq) =
1

m+ 1

X
d
q
k

ej�1(dk) �(dqk; �(xq)); (52)

where dk 2 Q.

The real-valued function �(dk ; �(xq)) de�ned for a �xed point dqk 2 Qn. The de�nition is based on
a given sigmoidal function �:

�(dqk ; yq) = �(
�(k+1)(yq � �(dqk)) + 1) (53)

� �(
�(k+1)(yq � �(dqk)� (
 � 2)bk)

where yq 2 R, and bk is a real number de�ned as follows:

bk =
1X

s=k+1


��(s)
nX

p=1

�p:

The functions �(dqk) are expressed by equation

�(dqk) =
nX

p=1

�p (dqkp) (54)

where  (dqkp) are from (51), and coeÆcients �p are de�ned as follows.

Let �1 = 1 and for p > 1 let

�p =
1X
s=1


�(p�1)�(s) (55)

Figure 3.3 shows values of �(dk) for k = 2.
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Obrázek 7: Approximation of sin(6:28x) � sin(6:28y) for k = 1; 2.

3.4. Iteration step

Let f is a known continuous function, e0 � f . The r-th approximation error function er to f is
computed iteratively for r = 1; 2; : : :

er(x) = er�1(x)�
mX
q=0

�rq Æ �(xq); (56)

where x 2 In, xq = (x1 + q�; : : : ; xn + q�), and � = 
(
 � 1)�1.

The r-th approximation fr to f is then given by:

fr(x) =
rX

j=1

mX
q=0

�jq Æ �(xq): (57)

It was shown in [11] that fr ! f for r !1.

4. Ways of parallelization

Neural net like structure of proposed algoritmus provides massive parallelization. We can delegate
nodes to compute even such small pieces as dk. Unfortunately this leads to exponentially increasing
number of nodes, and communication between nodes. For such reasons this type of parallelization
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is not suitable for cluster's computing. We must �nd new, better level. Feasible candidate can be
parallel computation of the members of the sum 57.

In each iteration step r we use 2n+1 nodes for computing of �q from inputs r; fr. The disadvantage
of this dividing is the fact, that nodes can't share all dk. But �nally it leads to faster version of
learning algorithm we have tried.

In our implementation we use the cluster of workstations Joyce and PVM environment. Approxi-
mated functions was two dimensional, and we exhausted �ve clusters nodes.
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Abstrakt

Enthusiastic for the concept of combining various modern arti�cial intelligence methods
| namely neural networks, genetic algorithms and fuzzy logic controllers | embodied by
soft computing area, we are developing a uni�ed software platform, called Bang2. The system
serves as a library for many arti�cial intelligence methods and allows for easy creation of such
combinations, and possibly their semiautomated generation or even evolution. It also ensures
their deployment through the computer network and parallel processing. Inspired by software
agents paradigm we have designed Bang2 as a community of cooperating autonomous software
agents.

This paper shows the ideas behind Bang2, together with the brief description of how the
system works.

1. Introduction

Since the practical use of arti�cial life methods like neural networks, genetic algorithms as well
as their simple combinations (genetics learning neural net, . . . ) seem to be widely explored ([1]),
we have turned our e�ort to more complex combinations, which are completely out of focus of
scienti�c community, probably because of the lack of a uni�ed software platform that would allow
for experiments with hybrid models.

Design of Bang2 pursues two goals. At �rst to serve as a library for many arti�cial intelligence
methods and thus help developers to design their own applications. Moreover the uni�ed interface
allows to switch easily e.g. between several learning methods and to choose the best combination for
application design. Parallel processing is the expected and useful advance here as well as a rapid and
easy design. Second goal of Bang2 design involves creation of more complex models, semiautomated
models generation and even evolution of models. Evolution of more complex schemata, such as
neural network with weights trained by back-propagation and topology trained by genetic algorithm
trained by another genetic algorithm and probabilities of genetic operators trained by fuzzy logic
controller will constitute the future power of Bang2.
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For distributed and relatively complex system like Bang2 it will be favorable to make it modular and
to prefer the local decision making against global intelligence, and therefore to take advance of agent
technology. Employing software agents also simpli�es the implementation of new AI components
(uni�ed interface) and addition of them without recompiling and restarting.

Next sections give you a glimpse to the depth of the Bang2. Section 2 describes the overall archi-
tecture. Section 3 give you a look-in to the inwards of the environment and the agent. Section 4
will be about agent and agent languages and �nally about Bang2 language. Section 5 describes
the agent's life cycle and section 6 contains description of the special agents in Bang2. Section 7
outlines our future intentions.

2. Overview of Bang2

Bang2 consists of a population of sundry agents living in the Environment. The Environment pro-
vides the necessary support for Bang2's run such as creation of agents, giving them information
necessary to survive and be able to communicate (e.g. where are other agents), distribution pro-
cesses to their computational nodes (parallelism, load balancing). It also delivers messages and
transfers data.

Agents are the basic building blocks of Bang2. Each agent provides and requires services (e.g.
statistic agent provides statistic preprocessing of data and requires data to process). Agents com-
municate via special communication language encoded in XML. There are several special agents
necessary for Bang2's run (like the Yellow Pages agent maintains information about all living agents
and about the services they provide). Other (not special) agents do the real work (read data from
�les, represent neural net, learn neural net, provide numeric calculation for other agents etc.)

Before any further insight to Bang2 the term agent should be approached. Exact de�nition of agent
doesn't exist, every group using agents provides its own de�nition. For introduction to software
agents see [3]. Generally software agent is a computer program, which is autonomous, reacts to its
environment (e.g. to user's commands or messages from other agents) and when nothing interesting
happens it doesn't wait for the next event as regular program, but does its own work. It usually
follows its own goal. It is adaptive and intelligent in sense that it is able to obtain information
it needs by asking somebody (other agent, a human, a server). Moreover it is usually mobile,
persistent, and sometimes tries to simulate human character.

Intelligence and mobility of building blocks is one of the essentials and we hope advantages of
Bang2. We would like to construct among others RBF net, which looks around if there is any
other agent able to learn RBF net's weights or genetic algorithm which sets the suitable genetic
operators according the structure of the population to learn.

3. Architecture

As we have said before, we can divide the Bang2 system into two fundamental parts | the envi-
ronment and the agents. The environment serves as a living space for all the agents, giving them
resources they need and serves as a communication layer. These are the main aspects we want to
keep on mind when designing and programming the environment:

Abstraction | hiding of raw hardware and OS to our agents and providing most of services and
resources in friendly and comfortable manner.

Transparency | hiding as much implementation details as possible and suitable while still
allowing agents to explicitly request such informations. The �rst task the transparency comes
to our mind is communication | the goal is to make the communication being simple for
the agent programmer and exactly the same for local and remote case while still exploiting
all the advantages of the local one.
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char* Sync( Module* agent, char* message )
void Async( Module* agent, char* message )
Request* Dsync( Request* req, Module* agent, char* message )
CData* BinSync( Module* agent, int session, int funcnum, CData* data )
Request* BinDsync( Request* req, Module* agent, int session, int funcnum, CData* data )

UFastNX

Tabulka 1: Agent communication functions

Medium XML strings CData* function parameters
Call Sync BinSync UFastNX (hidden by macros)
Generality High Agents negotiate at run-time Hardwired by programmer
Speed Normal Fast The fastest

Tabulka 2: Communication functions properties

Scalability | hope to design and write program with no built-in limits of amount of usable
resources. We want our program to be run on computers of very di�erent performance: from
small laptops for agents programmers to huge clusters for real number crushing.

Adaptability | ability to run agent schemas developed on small systems on huge ones and vice
versa. Preferably with only small need of manual interference.

Helper functions | being friendly to agent programmer. Insert a lot of functionality to agent
base class and provide a code generators.

3.1. Communication layer

What we call communication layer is mainly the environment and a small code in agent base class.
Purpose of it is to allow communication between agents. What we expect from it:

Simplicity | we want the communication to be simple from the agent programmer's point of
view, something like a single function call.

Location transparency | there should be no di�erence for the agent programmer between com-
munication to local and remote agent.

Synchronicity { we want to provide an easy way how to select synchronous, asynchronous or
deferred synchronous mode of operation for any single communication act.

EÆciency | we want to be eÆcient both in passing XML strings and binary data.

As the best abstraction for the agent programmer we have chosen the model of object method
invocation. From its advantages let us mention the facts that programmers are more familiar with
concept of function calling then message sending and that the model of object method invocation
simpli�es the trivial but much common cases while keeping the way to the model of message
passing open and easy. The communication functions visible to agent programmer can be found
in table 1 and their characteristics in table 2. Sync is a blocking call of the given agent returning
its answer, Async is non-blocking call discarding answer and Dsync is non-blocking call storing
answer at negotiated place. BinSync and BinDsync are same as Sync and Dsync but the exchange
binary data instead of XML strings. UFastNX is a common name for set of functions with number
of di�erent parameters of basic types usually used for proprietary interfaces.

3.2. Agents

All agents in Bang2 are regular C++ classes derived from base class Agent which provide common
services and connection to environment (Fig. 8). Each agent behavior is mainly determined by
its ProcessMsg functions which serves as main message handler. The ProcessMsg function parses
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Obrázek 8: Agent inwards

TRIGGER1( request_setfriend, id )

{

SETAGENT( friend, id );

OK;

}

TRIGGER0( request_pingfriend )

{

return Sync( friend,

"<request><ping/></request>" );

}

Obrázek 9: Triggers code

the given message, runs user de�ned triggers via RunTriggers function and, if none is found, the
DefaultBehavior function is called. The DefaultBehavior function provides standard processing
of common messages. Agent programmer can either override ProcessMsg function on his own or
(preferably) write trigger functions for messages he want to process (Fig. 9). Triggers are functions
with speci�ed XML tags and attributes. RunTriggers function calls a matching trigger function
for a received XML message and �lls up the variables corresponding to speci�ed XML attributes
with the values (see 4).

Magic agent pointer is in fact an association of a regular pointer to Agent object with a string
containing its stringi�ed handle registered to the Agent class, so DefaultBehavior function can
automatically adjust the pointer and the handle according to information emitted by Black Pages.

Finally inner state is a general name for values of relevant member variables determining the
mode of agent operation and its learned knowledge. The control unit is its counterpart | program
code manipulation with the inner state and performing agent behavior, it can be placed in all
ProcessMsg/ProcessFast functions or triggers.

4. Communication language

Consider a simple example that iterates various stages in a design of an agent communication.
Let's have a neural net. It looks around for a learning agent, negotiates with other agents if they
are able to learn it, are free (do not learn any other agent already) and negotiates format of data
to transfer. Then these two agents connect together and exchange data (neural nets weights and
error). We need to:

� specify message headers. Should be human readable.
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Special messages | only Yellow Pages understands them:

<broadcast><halt/></broadcast>

<inform><created myid="!000000000001" name="Lucy"

type="Neural Net.MLP"/></inform>

Reply from Yellow Pages:

<ok>Agent Lucy, id=!000000000001, type=Neural Net.MLP created</ok>

All agents understand this message:

<request><ping/></request>

Obrázek 10: Example of Bang2 language for agent negotiation

� language for agent messages (negotiation, control sequences). Should be human readable,
declarative.

� language for data transfer. Should be able to transfer complex data structures through
simple byte stream.

There are several languages for these purposes. ACL ([4]) and KQML ([2] | widely used, de facto
standard) de�ne (among others) format of message headers and communication protocols. They
are lisp-based.

KIF (KQML group | [5]), ACL-Lisp (ACL group | [4]) are languages for data transfer. They
both came out of predicate logic and both are lisp-based, enriched with keywords for predicates,
cycles etc. XSIL [8] and PMML [7] are XML-based languages designed for transfer of complex data
structures through the simple byte stream.

Messages in Bang2 system are syntactically XML strings. Headers are not necessary, because the
inner representation of messages (method invocation), so the sender and receiver are known. First
XML tag de�nes the type of the message (similar to message type de�ned in an ACL header).
Available message types are: request, inform, query, ok (reply, no error), ugh (reply, an error
occurs).

The rest of the message (everything between outermost tags) is the content. It contains commands
(type request), information provisions, etc. Some of them are understandable to all agents, others
are speci�c to one agent or a group of agents.

There are two ways how to transfer data:

� As a XML string | human readable, but lack performance (the lack of performance is
not fatal in agents' negotiation stage (as above), but is a great disadvantage when they're
transferring data).

� As a binary | much quicker, but receiver have to be able to decode it.

Generally in Bang2 the XML way of data transfer is implicit and the binary way is possible after
the agents make an agreement about the format of transferred data.

5. Life cycle

Now we look at the agent life cycle and focus on what the agent really is, how is it brought to life,
what actions can it perform during its life and �nally how it dies.
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<request><getvector row="45"/></request>

<request><getvector/></request>

<ok><data separator=",">Here are binary data</data></ok>

<query><bin><request><getvector/></request></bin></query>

<ok session="5" funcnum="1"/>

Then the communication is completely binary, realized with function calls.

BinSync(...)

Obrázek 11: Example of Bang2 language for data transfer

Agent code is stored in form of shared library binaries prepared for loading on demand. Agent
memories and initial states are stored and retrieved via White Pages which serve as a database
for agent inner states and object repository. White Pages also provide a search across all possible
agent service. Wanting to create an agent, one can send a message to a Launcher agent to create a
new agent of speci�ed type. The �rst thing a newly created agent does is receiving the request init
message. The agent can do all initializations here and should also send an inform created message
to Yellow Pages | the database of all living agents. Yellow Pages in turn gives a human friendly
name to agent and store information about services it provides. When an agent needs to �nd some
other, it can use Yellow Pages and query an information.

When an agent learned anything worth, it can store it into the White Pages in order to make
it accessible by all future incarnations of the same agent type. Of course agents can retrieve
information they stored to White Pages. And �nally as all of us, even our agents die. They cooperate
with Black Pages to let the others know about it to avoid call of non-existing agents code.

6. Agents

In this section we will describe the most important special agents: Black Pages, Launcher, Yellow
Pages, White Pages and then give you an example of an AI agent | an agent representing generic
genetic algorithm.

6.1. Black Pages

Black Pages is an agent responsible for correct processing of agent death. The need of Black Pages
have arisen from our thoughts upon agents destruction. If an agent dies while others keep a pointer
to it and may call it, we must to �nd a way of signaling the agents death to other to avoid of
calling destroyed agent code. We found two di�erent ways: First, at the moment of agent death
do a broadcast telling this fact to all. Second: leave some residual object (we call it zombie) in the
place of dead agent and let it answer an error message for all requests form others. The �rst is
slow, the second memory ineÆcient. We decided to combine the two in the following manner: If
an agent dies, it leaves zombie and signals its death to Black Pages. Black Pages in turn in some
time intervals do a broadcast with all dead agents list and �nally destroy the zombies. By tuning
the time interval and dead list maximal length we can easily change the speed/used memory ratio.
In fact Black Pages cannot destroy any agent or zombie directly since the only agent with legal
connection to these environment function is Launcher, so Black Pages calls it for the real dirty
work. Similarly Black Pages has not its own timer functions but uses the Cron agent for them and
uses Yellow Pages for broadcasting. The way agent dying is implemented has much in common
with agent moving, upgrading and cloning, so Black Pages is used also in these cases. Also for
the messages broadcasted by the Black Pages is provided a default behavior which automatically
adjusts the magic agent pointers. Magic agent pointer is something as a regular agent pointer but
registered to be automatically updated.
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6.2. Launcher

Launcher is an agent providing special environment (more exactly said airport) functionality in
agent-like manner. It name comes from it main service | launching new agents into life. It also
can destroy them or halt the whole airport. For the tight connection between Launcher agent and
the environment's airport, there must be an one to one correspondence between them.

6.3. Yellow Pages

Yellow Pages maintains information about all agent currently existing in the Environment |
that means agents that are already invoked by a Launcher. In the opposite White Pages contains
information about all agent type, which can be invoked. Yellow Pages knows about each agent its

� name | human comprehensible name, e.g. lucy, david, alice, etc. Is unique among all agent
in Yellow Pages' database,

� id | 12 hexadecimal digits, encoding some internal information, e.g. on which computer the
agent resides, etc., unique inside the Yellow Page s's database,

� type | specify a function of special agent or a (AI or other) functionality provided by an
agent | e.g. launcher, console, MLP (multi layer perceptron), FLC (fuzzy logic controller),
etc.

� connections to other agents. To which agents is this agent connected. And character of the
connection (input/output, learning, error function, some auxiliary agent | provides complex
numeric calculations, conversion between something, etc.)

Each agent immediately after creation sends to Yellow Pages information about its name, id and
type. Yellow Pages is then able to answer arbitrary queries about name, id and type: e.g. translates
between names and ids | serves as a name server, or returns id (or names) of all agents of speci�ed
type (and thus able to provide speci�ed function), broadcasts to all agents or to agents of speci�ed
type. It is also gathering information about connections between agents and is able to answer
queries about connections.

6.4. White Pages

White Pages maintains information about all agent types. It is partially unimplemented so carefully:
it contains information about the name of the agent type (same as the type of agent in the Yellow
Pages' database). Then for each agent it contains information about structure of the type (it will
be used when transferring data) and moreover contains information about con�gurations of agents
(agent persistence).

6.5. Genetix

The goal is to create as generic and universal genetic algorithm engine as possible and even little
more. For this reason the GA of our has neither the �tness function or genetic operators hardwired
into it but rather uses external agents as a plug-ins for these functionalities. Now Genetix (how our
genetic algorithm agent is called) exploits the outer agents for �tness function, genetic operators,
selection method and genetic operators rates tuning (Fig. 12). The Genetix is able to let the genetic
operators, selection method and genetic operators rates tuning be set in advance from the client
or anyone else, let them be set on the actual teach request or if any or all of them are not set when
really needed look for the suitable agents on its own via Yellow Pages or White Pages. So when
for example neural network wants to be taught it can simply ask Genetix to teach its weights and
the Genetix will in turn look up the genetic operator package for 
oating point numbers vectors
and a basic selection method | roulette wheel. When we want to use Genetix for anything else,
we only need a �tness function evaluating agent | that is de�nition of a problem | and a genetic
operators package | that is a way of manipulation with genoms or in other words a de�nition of
how to get from a set of problem solution candidates to candidates modi�ed in some way.
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7. Conclusion

For now, the design and implementation of the environment is complete. Agent class as a base class
for all agents is ready to use and provides a set of useful services while still getting new features.
Inter-agent communication language is near to become stable. So for now, we are to create a
set of agents of di�erent purpose and behavior to be able to start designing and experimenting
with adding real agentness to the system. We have a simple script called GenAgent to help agent
programmers by generating a empty skeleton of new agent class. Actually the work on the agents
has started, there are going to be GA and RBF agents in near future.

For experimenting on agent schemes, we need agents of various types. We want to try mirrors,
parallel execution, automatic scheme generating and evolving. Also concept of an gent as the
other agent's brain by means of decisions delegating seems to be promising. Another thing is
the design of load balancing agent able to adapt to changing load of host computers and to
changing communication/computing ratio. To make interaction with human more comfortable we
want to create a user-friendly graphical user interface. Preferably in way allowing easy swap to non-
graphical representation. And �nally we think about some form of inter Bang2-sites communication.

In the following we discuss some of these directions in more details.
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7.1. Task parallelization

There are two ways of parallelization: by adding ability to parallelize its work to a computation
agent or by creating generic parallelization agent able to manage non-parallel agent schemes. Both
have their good and weak sides, but here is no reason not to implement both and let the user or agent
programmer to choose. Consider an example of a genetic algorithm. It can explicitly parallelize by
cloning �tness function agent and letting the population being �tnessed simultaneously. Or on the
other hand, the genetic algorithm can use only one �tness function agent, but be cloned together
with it and share the best genoms with its siblings via a special purpose genetic operator. We can
see this in �gure 13, where agents of Camera and Canvas are used to automatize the subscheme-
cloning. Camera looks over the scheme we want to replicate and produces its description. Canvas
receives such description and creates the scheme from new agents. You can imagine cases where
each of the above approaches is better then the other, so it make sense to defer this decision till
the real task is considered.

7.2. Agents scheme evolving

When thinking about implementing the task parallelization, we found very useful to have a way
of encoding scheme descriptions in way understandable by regular agents. Namely we think about
some kind o XML description. This leads to idea of agents not only creating and reading it, but also
manipulating with it. All we need to be able to evolve agent schemes by generic genetic algorithm
is to create a suitable genetic operator package. You may ask, what will be the �tness function for
such genoms. The answer is simple: the part of generic task parallelization infrastructure (namely
the Canvas, see �g. 14). For genetic evolving of schemes we can use the Canvas for testing newly
modi�ed schemes. In fact the only thing we want to add to be able from task parallelization
advance to scheme evolving is the actual scheme genetic operator package. I �nd this a nice proof
of reusability and good design of Bang2.

7.3. Agent as a brain of other agent

As it is now, the agent has some autonomous - or intelligent - behaviour encoded in standard
responses for certain situations and messages. A higher degree of intelligence can be achieved by
hard-coding some consciouseness mechanisms into agent. One can think of creating a planning
agents, Brooks subsumption architecture agents, layered agents, or Franklin \conscious" agents.
We plan to create a universal mechanism via which a standard agent can delegate some or all of its
control to a specialized agent that serves as its external brain. This brain can independently seek
for supplementary information, create its own internal models, etc, and �nally advise the original
agent what to do.
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Abstrakt

Pøístup�u k problematice vyu¾ití imunitních princip�u k výpoèt�um je v souèasnosti ji¾ celá
øada. Ve svém studiu jsme se zamìøili na pøístup formálnì vycházející z oboru umìlých neu-
ronových sítí. Výsledkem je v¹ak sít' pøipomínající IBMs (Individual Based Models) známé z
biologie. Popis takových sítí je èasto do znaèné míry empirický a m�u¾e tøeba nìkomu pøipadat
i jako neplodné hraní. Koneckonc�u, posud'te sami.

1. Zaøazení

Na poèátku byla my¹lenka zobecnit do znaèné míry strukturnì nemìnné neuronové sítì na sít' buòìk
pohybujících se ve vymezeném prostoru a komunikujících lokálnì. Po znaèném programátorském
úsilí se zdaøilo postavit funkèní model. Popis modelu v¹ak nará¾í na mnohá úskalí, navíc kontrola
popisu se skuteèným výstupem je komplikována pøítomností náhodného prvku - pohybem bunìk.

Z literatury se zdá být zøejmé, tento IBM (Individual Based Model) pøístup z vý¹e uvedených
d�uvod�u není pøíli¹ populární. Snad jen pro ilustraci uvedu práce ukazující smìry dosavadního
vývoje umìlých imunitních sítí. Pøedstavme si tedy prostor, kde se pohybují buòky schopné mezi
sebou komunikovat, dìlit se a zanikat. Ka¾dá z nich m�u¾e být jedineèná a rozli¹itelná.

� Alan Perelson [1] koncem 80. let pøedstavil my¹lenku "tvarového prostoru" (shape space),
která mu poslou¾ila jako argument podporující postulát úplnosti repertoáru imunitního sys-
tému (tj. ¾e imunitní systém je v pripncipu schopen rozpoznat jakýkoli vzor).

Perelson uva¾uje, ¾e tvar je popsán n-ticí reálných èísel z omezeného intervalu (rýhy a boule
povrchu). Jestli¾e vzor který má být rozpoznán je rovnì¾ z omezeného intervalu n-rozmìrnìho
intervalu a buòka je schopná rozpoznat vzor s nìjakou odchylkou e , potom nutnì staèí
koneèný poèet bunìk k pokrytí uvedeného intervalu vzor�u. (za pøedpokladu rovnomìrného
rozlo¾ení bod�u tvarového prostoru)

Co se týèe pamìti, Perelson uva¾uje dva mo¾né pøístupy - statický a dynamický. U statického
pøístupu se daný vzor zapamatuje prostøednictvím bunìk daný vzor rozpoznávající. Tyto
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buòky mají pak dlouhou ¾ivotnost. U pøístupu dynamického, je informace o vzoru ulo¾ena
do cyklu reakcí bunìk, které se tímto stále udr¾ují v pohotovosti. Dalo by se øíci ¾e první
pøístup je mo¾no chápat jako èást druhého s tím, ¾e pamìt'ové buòky nevy¾adují neustálou
aktivaci okolí, jako je to u v¹ech ostatních bunìk.

� Perelson nastínil spí¹e obecné otázky rozpoznávání vzoru a funkce sítì bunìk. De Boer [3]
pak dosti podrobnì popisuje konkrétní model zalo¾ený na dal¹ích biologických inspiracích.
Pøidáním dal¹ích podmínek se v¹e dosti komplikuje a proto jeho model, obsahuje pouze dva
klony bunìk. (Buòky jednoho klonu jsou schopné rozpoznat jen buòky z druhého a naopak.)

Model je tvoøen soustavou dvou diferenciálních rovnic popisujících pøísun nových bunìk,
jejich zanikání, a dìlení aktivovaných bunìk (tzv. B model). K tìmto dvìma rovnicím jsou pak
pøidány dal¹í rovnice, popisující dynamiku protilátek, které jsou tìmito klony produkovány
(tzv. AB model).

Popsat chování podobných model�u je snadné pouze v jednoduchých pøípadech. Slo¾itìj¹í
modely v¹ak jsou ve své podstatì nestabilní, v nejlep¹ím pøípadì oscilují kolem nìjaké hod-
noty.neobsahují jeden stabilní stav. Zároveò v¹ak podstatnì více odpovídají skuteènosti, kdy
poèty bunìk jednotlivých klon�u oscilují - èasto chaoticky. Zhang [4] napøíklad zkoumá zá-
vislost chaotického chování (Ljapunov�uv exponent) De Boerova AB modelu. Ukazuje se ¾e i
malá zmìna nìkterých parametr�u m�u¾e zp�usobit zmìnu charakteru oscilací.

� Tøetím pohledem na imunitní systém je pohled zvenèí. V této oblasti vzniká nejvíce aplikací
napøíklad v oboru øízení nebo rozeznávání defekt�u, pøípadnì vir�u. Zde se bere v úvahu celková
strategie imunitního systému vèetnì souèinnosti jednotlivých orgán�u.

Souèástí mechanism�u tìchto komplexních umìlých imunitních sítí jsou èasto i genetické al-
goritmy. Výsledky jsou pak porovnávány s neuronovými sítìmi, fuzzy regulátory èi "èistými"
genetickými algoritmy.

� Ted' by mìl následovat odstavec o IBM pøístupu. Bohu¾el se nám nepodaøilo v oblasti umìlých
imunitních sítí cokoli podobného najít. Snad aspoò èlánek srovnávající chování klasického
IBM u nás známého jako "li¹ky-zajíci" ve dvou re¾imech komunikace: lokálním a globálním
[8]. V prvním pøípadì komunikují subjekty pouze ve svém okolí a ve druhém pak v¹ichni se
v¹emi. Stabilní stavy i chování za dostateènì dlouhou dobu byly shledány v obou re¾imech
shodnými, co¾ umo¾òuje ponìkud zjednodu¹it popis takovéhoto systému. I tento výsledek je
v¹ak z vìt¹í èásti zalo¾en na empirii.

2. Trocha popisu

Nyní bude asi tøeba osvì¾it pamìt' ètenáøe a pøipomenout alespoò základní principy modelu [6, 7].

Stavba sítì:
Celá sít' je tvoøena plochou (tøeba ètvercem) skládající se z malých plo¹ek (ètvereèk�u), které pøed-
stavují místa výskytu bunìk. Poèet bunìk pøítomných najednou ka¾dém takovém místì je omezen.

Buòky se pohybují v jednotlivých krocích po síti. K ka¾dém kroku je prozkoumáno okolí buòky,
z kterého m�u¾e buòka pøijmout signál.
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Obrázek 16: Zóny p�usobení buòky

V daném kroku buòka nejprve zpracuje signál pomocí vztahu

INPi =
SX
j=1

wi;jXi;j � THRi (58)

INPi vstup i-té buòky

S poèet bunìk v okolí

wi;j váha vztahu mezi i-tou a j-tou buòkou

Xi;j signál pøicházející od j-té do i-té buòky

THRi práh i-té buòky

Dále pak pou¾ije svou aktivaèní funkci. V praxi se nejlépe osvìdèila zvonovitá funkce vzniklá
odeètením dvou sigmoid, která svým tvarem nejlépe vystihuje biologickou skuteènost [2, 5].

DSigm(INP; posunuti) = Sigm(INP )� Sigm(INP � posunuti) (59)

Nìkteré parametry sítì:

PRO CELOU SÍ«
I x J - rozmìry sítì
K - maximální poèet bunìk na jednom místì
ampl - zesilovací konstanta signálu v síti
omezený prostor p�usobí zmìnu hustoty (intenzity) signálu pøi mìnícím se poètu bunìk

PRO KA®DÝ TYP ZVLÁ©«
max, steep - parametry aktivaèní funkce
Wi - váhový vektor
klasické parametry neuronu, matice vah je v¾dy násobena je¹tì konstantou ampl

PRO JEDNOTLIVÉ BUÒKY
i, j - pozice buòky
parametr ovlivnìný náhodou a p�usobící ¹um

Èinnost sítì:
Nejprve se sít' inicializuje. Nastavují se poèáteèní hodnoty parametr�u platných pro celý model, pro
jeden typ bunìk i pro jednotlivé buòky.
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Dal¹ím krokem je pøíjem signálu z okolí buòky a jeho zpracování popsané vý¹e.

Výsledek tohoto zpracování se pak porovnává s mezemi pro dìlení a zánik. Je li výsledná aktivita
pøíli¹ malá, buòka zaniká, je-li naopak dostateènì vysoká, buòka se rozdìlí.

Nakonec se buòky pøemístí na své nové místo. Pøesun je náhodný maximální vzdálenost pøesunu
je jedním z parametr�u.

3. Výsledky

Vývoj této sítì probíhal klikatými cestièkami. V První fázi se podaøilo formalizovat imunitní prin-
cipy do sítì bunìk pøipomínající neuronovou sít'. Fáze ladìní byla spojena s výbìrem a studiem
parametr�u sítì. Na tomto základì se podaøilo sít' stabilizovat do stabilního oscilaèního stavu. Tento
stav byl robustní v�uèi zásah�um zvenèí, av¹ak dosti citlivý na nastavení parametr�u.

Následoval pokus de�novat a vyzkou¹et uèení. Uèení bylo de�nováno jako schopnost sítì zareagovat
na známý signál efektivnìji a rychleji se uvést do rovnová¾ného oscilaèního stavu. Probìhly pokusy
s nìkolika uèícími parametry.

Vývoj se prozatím odehrával pouze na empirické bázi, proto jsme se pokusili alespoò èásteènì
popsat sít' matematicky. Vliv matice vah na stabilitu sítì se v¹ak zatím nepodaøilo uspokojivì
vysvìtlit.

Dále jsme se sna¾ili popsat sít' rekurentním vztahem vycházejícím ze zjednodu¹ených princip�u
algoritmu sítì. V zájmu usnadnìní popisu bylo tøeba v¹e maximálnì zjednodu¹it. Zanedbali jsme
i to ze komunikace je lokální a vyjádøili aktivitu buòky (pøíp. klonu bunìk) vztahem

ACT
(t)
i = f(

SX
j=1

wi;jACT
(t�1)
i;j � THRi) (60)

Zdánlivì toto¾né se stavem neuronu v neuronové síti. Stav buòky v¹ak není jediným nositelem
signálu. Lépe øeèeno, je-li aktivita dostateènì vysoká, buòka se rozdìlí a celý klon se posílí. Opaènì
je to pak, je-li její aktivita pod mezí zániku. My pak m�u¾eme sledovat zmìnu poètu buòìk v
jednotlivých klonech, které jsou nutnì závislé na pøedchozí aktivitì.

N
(t)
i = f(

SX
j=1

wi;jACT
(t�1)
j � THRi) (61)

Zde v¹ak ji¾ není tak docela jasné jaká je funkce f. Navíc zpracujeme-li reálné výstupy sítì, zjistíme,
¾e vztah by mìl být posunut o krok dozadu (t-2):

N(t)
i = f(

SX
j=1

wi;jACT(t�2)
j �THRi) (62)

Navíc aktivita buòky musí souviset s poètem buòìk v minulosti.

Je vidìt, ¾e celý systém má urèitou vazbu na minulost. Proto má smysl hledat vztah ve tvaru

N
(t)
i = N

(t�1)
i +N

(t�1)
i �Konst � f(

SX
j=1

wi;jACT
(t�z)
j � THRi) (63)
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kde Nj je poèet bunìk v jednotlivých klonech a z je zpo¾dìní reakce.

Zdá se v¹ak, ¾e systémy s tímto popisem divergují (pøíp. konvergují k nule, tj. k vymizení sítì) pokud
uva¾ujeme bì¾né funkce f. Napøíklad pøi pou¾ití klasické sigmoidy systém, který ve skuteènosti
osciluje kolem nìjaké hodnoty, by mìl teoreticky exponenciálnì r�ust.

Podstatnou roli zde hraje pravdìpodobnì ji¾ zmínìná promìnlivá hustota signálu v souvislosti s
disproporcí zpo¾dìné aktivity a momentálním poètem bunìk.

4. Závìrem

Takto zjednodu¹ená bunìèná sít' ukazuje, ¾e zvolíme-li vhodnì váhy sít' je stabilní a nezávisí na
poèáteèních hodnotách. Pomocí empirického popisu chování sítì m�u¾eme navrhnout rekurentní
vztah popisující dynamiku sítì. Zajímavou vlasností sítì je vnitøní pamìt' jednotlivých klon�u buòìk,
která zp�usobuje obtí¾e v matematickém popisu, av¹ak zjevnì pøispívá spolu s omezeným prostorem
ke stabilitì sítì.
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Abstrakt

In this paper we describe new tools developed in the frame of the project I4C-TripleC of
the 4th Framework Programme for easy and 
exible entering of patient data. This program
named ORCA (Open Record for Care) uses structured data entry and storage, which enables
easy processing of entered data. Several information measures and algorithms for extracting
the optimal variable set for decision making at the minimal costs are also described. This
approach is based on information measures of stochastic dependence and conditional stochastic
dependence and methods of information theory.

Data acquisition using electronic patient records

Patient-record data (history, physical examination, laboratory data, prescribed drugs, diagnoses,
etc.) and cardiac signals (ECGs, blood pressure curves) nowadays are mainly collected in paper
records and folders. Such folders are available at one place only and frequently are not available
when required by the clinicians. New approaches for data collecting, storing and using for further
research were developed in the framework of the European project I4C. The data are transmitted
to care providers in an electronic and integrated manner by using multimedia workstations. All
data may then be accessed through these workstations located in practices, consultation rooms,
outpatient clinics, preferably interconnected and integrated through computer networks. Then such
data in principle can be used for direct patient care, but also for quality assessment of care, research
and education or management and planning.

The project I4C of the 4th Framework Programme (1996 - 1998) was carried out for the further
advancement of cardiac care. It was focused on clinical applications and its main goals were as
follows.

� integrated access to data wherever stored;

� support of evidence-based care by remote electronic consultation and peer review;
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� more comprehensive and more consistent recording of patient data, images, videos and bio-
signals, all combined in a multiple patient record.

With the support of the I4C project the new approach for multimedia electronic patient record has
been developed. Multimedia patient record ORCA (Open Record for CAre) is a system that inte-
grates a possibility of structured patient data entry including history, medication, symptoms and
more with multimedia objects as ECG, angiography or laboratory data [11]. Data can be entered
either using prepared custom forms for special purposes or directly using a knowledge tree. The
main advantage of the data model implemented in Orca is the structured data storage which makes
possible to translate the entered data easily to other languages, to further process the data using
statistical methods or to show entered data according to speci�c user needs. When it is impossible
to enter determined facts using information in a knowledge tree, Orca provides a possibility to
insert free text entry into the patient record. However, the prefered way is the structured data
entry. Current version of Orca includes a knowledge tree and user interface translation into eight
languages. The Orca system uses client-server model, which gives good performance, security and
scaleability. For small installations like general practicioner's oÆce, Orca can be used on a single
computer with Windows95 using locally installed SQL server. The project I4C-TripleC intends to
validate integrated workstations and ORCA system in three hospitals in Central Europe (Prague,
Bratislava and Caslav) to support the continuity of cardiac care.

Decision making support using information theory tools

Special problem in decision making occurs when a decision maker has too much empirical infor-
mation at his/her disposal. Mostly it is large database of observations where many variables are
recorded. The aim of decision maker is to reveal variables that will bring him/her quickly suÆcient
information for decision making at the minimal costs. In fact, it is a special case of a general
problem of choice of a relevant piece of information for decision making.

Let us specify our assumptions in more detail. We denote X = fX1; X2; :::; Xrg; r � 1, a set of
variables (independent variables) than can be quantitative (e.g. weight, temperature) or qualitative
(presence or absence of certain factor). The vector of independent variables X has �nitely many
possible values x 2 X occurring with probabilities pX(x) > 0. Each subset of independent variables
X 0 � X is assigned with certain nonnegative cost c(X 0) � 0, describing the cost of obtaining the
values of the combination of variables X 0. It can re
ect monetary expenses, nevertheless, mostly it
expresses the cost in more general way. For example, in a special case of medical decision making,
invasive methods of obtaining value of symptom variables can be painful or risky, therefore the
cost c(X') should be high. We denote Y = (Y 1; Y 2; :::; Y s) a set of variables describing possible
decisions (dependent variables), s � 1. Our task is to �nd a set of symptom variables X 0, called set
of independent variables, such that variables X 0 make it possible to estimate with high credibility
possible decisions Y . In the process of searching of variables in X 0 we should minimize the total
cost of selected set of variables X 0.

Information measures of stochastic dependence

Our approach for extracting relevant information from database is based on information measu-
res of stochastic dependence and conditional stochastic dependence and methods of information
theory, described in [1], [2], [3], [4], [5]. Roughly speaking, information measures are nonnegative
numerical characteristics of strength of stochastic dependence between two variables (respectively
the strength of conditional dependence between two variables given values of the third variable).
They have been developed and studied in information theory as tools to estimate Bayes risk. Im-
portant properties of measures of stochastic dependence have been pointed out by A. Perez [6],
[7] one of the founders of the Czech school of information theory. Mainly the measures of depen-
dence based on Shannon's information were studied, but also measures based on general concept
of f-information were proposed by I. Vajda [5]. The concept of multiinformation, introduced as a
measure of simultaneous dependence, was studied by M. Studenì [8], [9]. It was shown that mul-
tiinformation has close connection to conditional Shannon's mutual information, which serves as a
measure of conditional stochastic dependence.
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Let us denote H(X) entropy of independent variable X , calculated as

H(X) = �
X
x2X

pX(x) ln pX(x)

and H(Y ) entropy of dependent (decision) variable Y, calculated as

H(Y ) = �
X
y2Y

pY (y) ln pY (y)

and I(X;Y) Shannon mutual information calculated as

I(X ;Y ) =
X
x2X

X
y2Y

pXY (x; y) ln
pXY (x; y)
pX(x)pY (y)

where pXY (x; y) is the joint probability distribution of X ,Y , pX(x) and pY (y) are corresponding
marginal distributions.

According to well known Shannon inequality 0 � I(X ;Y ) � minfH(X); H(Y )g and therefore
Shannon's information measure of stochastic dependence Y on X is de�ned as

Æ(Y j X) =
I(X ;Y )
H(Y )

Further we will call this measure as the in
uence of X on Y.

Our task is to �nd if it is possible to make justi�ed decision described by decision variables Y using
independent variables X . If yes, we should �nd a relatively small set X 0 of variables from the set of
independent variables X where strong stochastic dependence between variables X 0 and variables
Y is seen. It allow us to estimate with high credibility the values of decision variables in Y (set
of dependent variables) on the basis of independent variables in X 0. The choice of X' should take
into account the cost of obtaining variables, i.e. c(X 0) should be as low as possible. Therefore costs
of variables should be standardized. Let us denote cmax as the maximal cost of all combinations
of variables and cmin as the minimal cost of all combinations of variables. In the following, we will
restrict ourselves to the special case, where the cost of variable combination is de�ned as sum of
costs of variables Xi creating this combination.

c(X 0) =
P
c(Xi) , for all Xi belonging to X 0. Then

cmax = c(X) =
rX
i=1

c(Xi)

cmin = mini2f1;2;:::;rgc(Xi)

Standardized cost of variable combination is de�ned as

cSTD(X 0) =
c(X 0)� cmin

cmax � cmin

This equation implies that cSTD(X 0) 2< 0; 1 >.

We can de�ne the following criterion function used as criteria of optimality:
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J(X 0) = �:Æ(Y j X 0) + (1� �):(1� cSTD(X 0)); � 2< 0; 1 >

The constant � allows us to state the preference of in
uence Æ(Y j X) to standardized cost cSTD(X)
during the search in selection algorithm. The bigger the constant � is, the more important is the
in
uence, the smaller the � is, the cost becomes more important.

Algorithms for selection of optimal subset of variables

Our problem is to �nd the optimal or at least sub-optimal combination X 0 � X of independent
variables, bringing suÆcient information to predict set Y of dependent variables. As shown in
Cover [12], in order to guarantee the �nding of an optimal subset of r0 variables from the given
r variables, exhaustive search is a necessary procedure. Exhaustive search examines all subsets of
size r0. In many practical cases the values of r0 and r result in the number of possible subsets
that are too large, i.e. the search takes too long, requires much memory, etc. Therefore, some
computationally feasible procedures to avoid the exhaustive search are essential even though the
variable set obtained may be suboptimal.

The variable search procedures can be classi�ed into two categories, according to the way that
possible candidate variable sets are searched. One are the optimal and the other are the suboptimal
search procedures. In the next section, two suboptimal search procedures [13] will be described.

In
uence-cost forward algorithm

An in
uence-cost forward algorithm uses a parameter J0 2 (0; 1), that is a priori chosen close to 1.
The procedure starts from X 0 = ; and we proceed in selection of available variables from X in the
following way. The i-th step of procedure is described as follows. X i�1 = fX1; X2; :::; Xi�1g are
already selected variables from X . We search for a variable Z from X nX i�1 maximizing J(X 0),
where X 0 = (X i�1; Z). This variable is denoted as X i and considered as the next selected relevant
variable for decision making task. If J(X 0) > J0, then the procedure stops and the set of variables
X i = fX1; X2; :::; Xig is the result of the in
uence-cost forward algorithm, i.e. X 0 = X i. Otherwise
we repeat this procedure till all variables are selected.

In
uence-cost backward algorithm

An in
uence-cost backward algorithm starts with all variables fromX . Then we proceed in omitting
variables in the i-th step as follows. Zi�1 = fZ1; Z2; :::; Zi�1g are already omitted variables from X .
We search for such a variable Zi from X nZi�1 maximizing J(X 0), where X 0 = X n(Zi�1; Zi). This
variable is considered as the next omitted variable for a given decision task and Zi = fZ1; Z2; :::; Zig
. If J(X 0) is less or equal to J0, the procedure stops and the set of variables X 0 = X n Zi�1 is
the result of the in
uence-cost backward algorithm. Otherwise we continue in selection of the next
unrelevant variable till all variables are selected.

Possible improvement of this searching techniques can be the combination of above mentioned
algorithms, e.g. the 
oating algorithm. This algorithm combines forward inclusion of variables into
set X 0 and omitting of unrelevant variables using backward algorithm. This approach improves
the selection by examining the other combinations and better handles with the nesting e�ect.
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Abstrakt

Jeden z parametrù metod pro øe¹ení soustavy lineárních rovnic zalo¾ených na Lanczosovì
procesu, je¾ vytváøí biortogonální posloupnosti vektorù, je levý startovací vektor, èasto ozna-
èovaný jako stínový vektor. Uká¾eme volby tohoto vektoru, které zpùsobí rovnost nìkterých
residuí spoètených Lanczosovou metodou s rezidui jiné Krylovovské metody. V pravdìpodob-
nostním smyslu je skoro-v¾dy mo¾né nalézt stínový vektor vedoucí k rovnosti k-tých residuí.
Pokusíme se naznaèit, na èem závisí vztah residuí Lanczosovy metody a libovolné Krylovovské
metody.

1. Úvod

Uva¾ujme systém lineárních rovnic
Ax = b; (64)

kde A 2 R
n�n je reálná regulární matice, b 2 R

n je vektor pravé strany, x� 2 R
n pøesné øe¹ení

soustavy (64). Dùle¾itou tøídu metod na øe¹ení soustavy (64) tvoøí metody zalo¾ené na projektiv-
ních technikách, hledajících aproximaci øe¹ení soustavy (64) ve vhodném prostoru K 2 Rn dimenze
k. Aby bylo mo¾né tuto aproximaci sestrojit, je nutné pøedepsat k urèujících podmínek. Jedním
z mo¾ných zpùsobù volby tìchto podmínek jsou ortogonální podmínky, pøesnìji øeèeno, aproximace
x 2 K je dána podmínkou kolmosti residuového vektoru b�Ax na k lineárnì nezávislých vektorù,
je¾ spoleènì urèují prostor L dimenze k. Tento prostor bývá èasto nazýván levým prostorem. Po-
psané urèující podmínky jsou bì¾nì pou¾ívány v mnoha rùzných matematických metodách a jsou
známy jako Petrov-Galerkinovy podmínky a pøi volbì L def

= K jako Galerkinovy podmínky.

Pøi øe¹ení soustav lineárních rovnic je nìkdy k dispozici poèáteèní pøiblí¾ení x0 a je tedy vhodné ho
zabudovat do na¹ich úvah napøíklad tak, ¾e aproximaci øe¹ení x nebudeme hledat v homogenním
prostoru K, ale ve varietì x0+K a opìt bude urèena podmínkou b�Ax ? L. V konkrétních realiza-
cích tohoto pøístupu vytváøíme postupnì posloupnosti prostorù Kk a Lk a pou¾íváme vý¹e popsaný
projekèní krok. Pøíkladem volby posloupnosti tìchto prostorù je Kk = Lk = spanfe1; : : : ; ekg, kdy
dostáváme Gaussovu-Seidelovu iteraèní metodu.
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Dùle¾itou tøídu metod na øe¹ení soustavy (64) tvoøí metody, u nich¾ se za posloupnost prostorù
Kk volí posloupnost Krylovových prostorù Kk(A; r0) def

= spanfr0;Ar0; : : : ;Ak�1r0g, r0 def
= b�Ax0,

a k-tá aproximace øe¹ení xk 2 x0 +Kk(A; r0) soustavy (64) je dána pomocí k urèujících podmínek
aplikovaných na vektor rk

def
= b�Axk. Tuto tøídu metod nazveme \metody Krylovových prostorù",

v dal¹ím budeme u¾ívat oznaèení Krylovovské metody. Proto¾e lze tyto podmínky pro residuum
pøevést na podmínku ortogonality residua k urèitému prostoru, jsou námi de�nované Krylovovské
metody metodami projekèními a platí pro nì

xk 2 x0 +Kk(A; r0); b�Axk ? Lk; (65)

kde Lk je vhodnì zvolený prostor dimenze k. Poznamenejme, ¾e residuum rk le¾í podle (65) ve
varietì

r0 + AKk(A; r0): (66)

Z (65) plyne, ¾e rostou-li dimenze obou prostorù, získáme v nejvý¹e v n-tém kroku pøesné øe¹ení x�

soustavy (64). Znaènou libovùli máme v urèování levého prostoru Lk . Volíme-li Lk def
= AKk(A; r0),

docílíme vlastnosti
kb�Axkk = min

x2x0+Kk(A;r0)
kb�Axk

a residuum rk = b � Axk má nejmen¹í euklidovskou normu ze v¹ech pøípustných residuí. Metoda
pro poèítání tìchto residuí a aproximací je známa jako GMRES (Generalized Mimimal Residual
Method). Volba Lk def

= Kk(A; r0) zpùsobí, ¾e poèítaná residua budou vzájemnì ortogonální. Me-
todu poèítající uvedené vektory oznaèíme jako FOM (Full Orthogonalization Method). Koneènì,
volíme-li Lk def

= Kk(AT ; er0), kde er0 je libovolný nenulový vektor zvaný té¾ stínový vektor, zís-
káme Lanczosovu metodu (LM). Upozornìme je¹tì, ¾e pod pojmem metoda rozumíme libovolný
algoritmus poèítající vektory uvedených vlastností.

Právì díky volbì levého prostoru se svìt Krylovovských metod dìlí na dvì èásti. Na metody, které
mají jisté \dobré" teoretické vlastnosti (GMRES, FOM) av¹ak vysoké pamì»ové nároky (splnìní
ortogonální podmínky obecnì vy¾aduje pøítomnost v¹ech vektorù báze prostoru Kk(A; r0)) a na
metody s nízkými pamì»ovými nároky, postrádající \dobré" teoretické vlastnosti (LM, QMR),
av¹ak v praxi vìt¹inou dobøe fungující v¾dy, kdy¾ fungují metody GMRES a FOM. První tøídu
metod nazýváme metody s dlouhými a druhou tøídu metody s krátkými rekurentními vztahy
(dále jen rekurencemi).

Zatímco konvergenèní køivky GMRES a FOM jsou jednoznaènì urèeny poèáteèní aproximací x0
a maticí A, vystupuje v Lanczosovì metodì navíc parametr er0, pomocí nìj¾ mù¾eme \hýbat" s
konvergenèní køivkou této metody a sna¾it se pøiblí¾it jí ke konvergenèním køivkám ostatních me-
tod. I kdy¾ tento postup pravdìpodobnì postrádá praktický význam (spoètení takovéhoto vektoru
bude jistì poèetnì velmi nároèné), mohl by znaènì pøispìt k porozumnìní konvergence Lanczosovy
metody a jejího vztahu k metodám s dlouhými rekurencemi.

2. Lanczosova metoda a obecná tøíkroková metoda1

Lanczosova metoda poèítá aproximace xLk a residuové vektory rLk
def
= b�AxLk urèené podmínkami

xLk 2 x0 +Kk(A; r0); rLk ? Kk(AT ; er0): (67)

Ji¾ Lanczos samotný [3], [4] ukázal, ¾e lze tyto vektory poèítat pomocí tøíkrokových rekurencí

rLk = 
k(ArLk�1 � �kr
L

k�1 � �kr
L

k�2);

xLk = �
k(rLk�1 + �kx
L

k�1 + �kx
L

k�2):

Abychom vyhovìli podmínce rLk 2 r0+AKk(A; r0), volíme 
k = �(�k+�k)�1. Chceme-li efektivnì
poèítat koe�cienty �k a �k, je obecnì nutné generovat bázi ferigk�1i=0 prostoru Kk(AT ; er0). Volíme-li
tuto bázi tak, ¾e erk ? Kk(A; r0), lze ji opìt poèítat pomocí tøíkrokové rekurence tvaru

erk = e
k(AT erk�1 � �kerk�1 � e�kerk�2):
1Tento odstavec je inspirován èlánky A. Greenbaum [1, 2]
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Koe�cienty e
k a e�k je nutné volit tak, aby vyhovovali podmínce e
k e�k = �k
k: Volme v na¹í
implementaci LM e
k def

= �k a e�k def
= 
k.

Pøi znalosti vektorù rLk�1; r
L

k�2; erk�1; erk�2 potom mù¾eme poèítat èísla �k a �k jako

�k =
(erk�1;ArLk�1)

(erk�1; rLk�1)
; �k =

(erk�2;ArLk�1)

(erk�2; rLk�2)
:

K ukonèení algoritmu dochází, je-li (eri; rLi ) = 0 nebo �i + �i = 0 pro nìjaké i. Roste-li dimenze
Krylovových prostorù a¾ do n a nedojde-li k ukonèení algoritmu, dostáváme rn ? Kn(AT ; er0) aern ? Kn(A; r0) a tudí¾ rn = o = ern. Zapí¹eme-li uvedené rekurence maticovì, máme v n-tém
kroku

AV = VT; ATW = WeT;
kde V 2 R

n�n je matice se sloupci r0; : : : ; rn�1, W 2 R
n�n se sloupci er0; : : : ; ern�1 a T resp. eT

je tøídiagonální matice slo¾ená z koe�cientù �k, �k, 
k resp. �k, e�k, e
k. Volíme-li, jak ji¾ bylo
naznaèeno v pøedchozím, e�k def

= 
k, platí navíceT = TT :

Uveïme nyní, co rozumíme pod pojmem obecná tøíkroková metoda.

De�nice 1. Nech» dim(Kn(A; r0)) = n. Obecnou tøíkrokovou metodou rozumíme metodu,
poèítající residua a aproximace podle pøedpisu

rk = 
k(Ark�1 � �krk�1 � �krk�2);

xk = �
k(rk�1 + �kxk�1 + �kxk�2);

kde �k a �k jsou libovolné koe�cienty, �k 6= 0, 
k = �(�k + �k)�1. Obecnou tøíkrokovou metodu
nazveme n-�nitní, jestli¾e nedojde k pøedèasnému ukonèení algoritmu a platí-li rn = o.

Vìta 1. (O vztahu mezi Lanczosovou metodou a obecnou tøíkrokovou metodou) Nech»
dim(Kn(A; r0)) = n. Potom platí

1. Nedojde-li k pøedèasnému ukonèení LM, je LM obecnou n-�nitní tøíkrokovou rekurencí.

2. Pro ka¾dou obecnou n-�nitní 3-k metodu existuje stínový vektor er0 takový, ¾e Lanczosova
metoda poèítá residua a aproximace dané 3-k metody.

3. Pro ka¾dou obecnou 3-k metodu existuje stínový vektor er0 takový, ¾e Lanczosova metoda
poèítá residua a aproximace 3-k metody a¾ do kroku [n=2].

Dùkaz: Bod 1. je dùsledkem vlastnosti Lanczosovy metody rn ? Kn(AT ; er0). Je-li obecná 3-k
metoda n-�nitní, mù¾eme její rekurence psát v maticovém tvaru AV = VT. Matice V je regulární,
co¾ to plyne z lineární nezávislosti poèítaných vektorù (a ta plyne z rostoucí dimenze Krylovova
prostoru). De�nujme nyní W def

= V�T , t.j. platí WTV = I. Transponujeme-li maticovou rovnost
AV = VT a pøenásobíme-li jí maticí W zprava i zleva, dostáváme

ATW = WTT :

Zvolme stínový vektor jako první sloupec matice W. Proto¾e jsou touto volbou urèeny vektory
Lanczosovy metody jednoznaènì a vektory matice W jsou biortogonální k vektorùm matice V,
poèítá zøejmì LM stejné vektory jako daná tøíkroková rekurence.

Pro dùkaz bodu 3 pou¾ijeme vlastnosti skalárního souèinu a sice ¾e ((AT )ker0; rk) = (er0;Akrk).
Zvolíme-li er0 napø. jako ortogonální projekci vektoru r0 na prostor generovaný vektory r1, r2, Ar2,
: : :, rk, Ark ,. . . ,Ak�1rk, splòují vektory ri podmínky ri ? Ki(AT ; er0) a z jednoznaènosti urèení
Lanczosových residuí plyne, ¾e ri = rLi . Dimenze prostoru, na který má být er0 kolmý je 2k � 1.
Jakmile k pøesáhne hodnotu [n=2], je obecnì dimenze tohoto prostor rovna n. Pro korektní dùkaz
tohoto tvrzení bychom museli jít hloubìji do vlastností speciálního prostoru generovaného vektory
r1; : : : ; rk, co¾ uèiníme v následujícím odstavci. 2
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Závìr

Pomocí stínového vektoru mù¾eme parametrizovat v¹echny n-�nitní obecné tøíkrokové metody a
dále v¹echny obecné tøíkrokové metody a¾ do kroku [n=2]. Z tého¾ plyne, ¾e libovolnou 3-k metodu
poèítající residua r0, r1,: : :,r[n=2] lze dode�novat tak, aby byla metodou n-�nitní.

3. Lanczosova metoda a residua jiné Krylovovské metody

Nech» jsou nyní r1; : : : ; rk residua libovolné Krylovovské metody. De�nujme prostor

Wk(A; r1; : : : ; rk) def
= span

0BBBBBBB@

r1; r2; r3; r4 : : : rk ;
Ar2; Ar3; Ar4; : : : Ark ;

A2r3; A2r4; : : : A2rk;
. . .

...
. . .

...
Ak�1rk

1CCCCCCCA
:

Mohlo by se zdát, ¾e zvolíme-li stínový vektor kolmý na tento prostor, budou residua splòovat
ri ? Ki(AT ; er0) a tudí¾ budou poèitatelná Lanczosovou metodou. Uká¾eme, proè tomu tak není.
Pi¹me v dal¹ím pouze Wk, budeme-li mít na mysli obecnou mno¾inu residuí r1; : : : ; rk.

Lemma 1. Platí buï Wk = K2k(A; r0) nebo je dim(Wk) = 2k � 1 a r0 =2 Wk.

Dùkaz: Ka¾dý vektor z prostoru Wk le¾í v K2k(A; r0) a proto je Wk � K2k(A; r0). Jeliko¾ lze
nalézt 2k � 1 lineárnì nezávislých vektorù platí dim(Wk) � 2k � 1. Pokud r0 2 Wk lze nalézt v
Wk 2k lineárnì nezávislých vektorù a Wk = K2k(A; r0). V opaèném pøípadì je Wk � K2k(A; r0) a
tudí¾ je dim(Wk) = 2k � 1. 2

Lemma 2. Pøedpokládejme Krylovovskou metodu její¾ residua jsou poèítány podle pøedpisu

ri = �(i)

i Ari�1 +
i�1X
j=0

�(i)

j rj ;

i�1X
j=0

�(i)

j = 1; �(i)

i 6= 0: (68)

Potom vektor r0 nele¾í v prostoru Wk tehdy a jen tehdy, je-li rekurence (68)

(a) obecná tøíkroková

(b) tvaru

r1 = �(1)

1 Ar0 + r0

rj = �(j)

j Arj�1 + �(j)

j�1rj�1 + �(j)

j�2rj�2;

�(j)

j�2 6= 0; j = 2; : : : ; i� 1:

ri = �(i)

i Ari�1 + ri�1

rs = �(s)

s Ars�1 + �(s)

s�1rs�1 + : : :+ �(s)

i�1ri�1;

s = i+ 1; : : : ; k:

Dùkaz: Je technického charakteru a neuvádíme ho. 2

Lemma 3. Volme er0 ? Wk, k � [n=2]. Potom nastane právì jedna z následujících mo¾ností

1. dim(Wk) = 2k ) r0 2 Wk a dojde k ukonèení algoritmu LM v prvním kroku (erT0 r0 = 0).
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2. dim(Wk) = 2k � 1 a rekurence poèítající residua jsou tvaru (b). Potom dojde k ukonèení
algoritmu LM v kroku i a platí erTi ri = 0.

3. dim(Wk) = 2k�1 a rekurence jsou tvaru (a). V tomto pøípadì spoète LM residua r1; : : : ; rk.

Dùkaz: Dùkaz prvního tvrzení je zøejmý. Prokázání zbylých dvou je technického charakteru. 2

Vidíme, ¾e v¹echna residua r1; : : : ; rk nìjaké Krylovovské metody lze poèítat LM právì tehdy,
jsou-li poèitatelná obecnou 3-k metodou. Vektor er0 v¹ak nemusíme volit kolmý na celý prostor
Wk, ale pouze na nìjaký jeho podprostor, splòující nutné podmínky, ¾e neobsahuje vektor r0 a
jeho dimenze je men¹í ne¾ 2k.

Vìta 2. (Lanczosova metoda a residua jiné Krylovovské metody)

� Nech» rk je residuum poèítané obecnou rekurencí (68). Zvolme stínový vektor tak, ¾e (er0; r0) 6=
0 a er0 ? Kk(A; rk). Nedojde-li k pøedèasnému ukonèení algoritmu LM, je rLk = rk.

� Nech» ri jsou residua poèítaná obecnou rekurencí (68), i = 1; 2; 4; 8; : : : ; 2l, 2l � [n=2]. De�-
nujme prostor

Z2l
def
=

l[
i=0

K2i(A; r2i );

a volme stínový vektor tak, ¾e je ortogonální k tomuto prostoru, er0 ? Z2l , (er0; r0) 6= 0.
Nedojde-li k pøedèasnému ukonèení algoritmu LM, je rL1 = r1, r

L
2 = r2, r

L
4 = r4, . . . , r

L

2l = r2l .

Dùkaz: plyne z existence a jednoznaènosti urèení residuí LM. 2

Vìta 3. (Lanczosova metoda a k-té residuum) Nech» rk je residuum poèítané obecnou re-
kurencí (68). De�nujme prostory Rk

def
= Kk(A; rk) a Hk

def
= R?k . Potom platí jedno z následujících

dvou tvrzení

� Lanczosova metoda spoète residuum rk pro skoro v¹echny stínové vektory er0 2 Hk.

� Pro ka¾dý vektor er0 2 Hk dojde k pøedèasnému ukonèení v kroku i < k.

Dùkaz: Provedeme v podobném stylu jako jsou dokazována tvrzení v [5]. K pøedèasnému ukonèení
LM dochází tehdy, je-li (eri; ri) = 0 pro nìjaké i. Volíme-li er0 2 Hk, mù¾eme ho vyjádøit ve tvaru

er0 =
n�kX
i=1

�ihi;

kde hi tvoøí bázi prostoruHk. Potom skalární souèiny (eri; ri) nejsou nic jiného ne¾ racionální funkce
promìnných �1; : : : ; �n�k. Tyto racionální funkce jsou buï netriviální a tedy skoro-v¹ude nenulové
a nebo identicky rovny nule a pak dojde k ukonèení v i-tém kroku pro ka¾dý vektor er0 2 Hk. 2

Pøíklad:

(r0; er0) =
n�kX
i=1

�i(r0; hi);

je dle de�nice prostoru Hk a faktu r0 =2 Rk netriviální lineární funkcí promìnných �i. Dále

(er1; r1) = 
1e
1 (er0;A2r0)(er0; r0)� (er0;Ar0)2

(er0; r0)
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je dobøe de�novaná racionální funkce, která v¹ak mù¾e být identicky rovna nule napøíklad tehdy,
jsou-li si projekce vektorù r0;Ar0;A2r0 na prostor Hk rovny. Ka¾dý vektor v 2 Rn mù¾eme toti¾
psát ve tvaru

v = y + z; y 2 Hk; z 2 Rk; (y; z) = 0;

kde y je projekce na prostor Hk a z na prostor Rk. Oznaèíme-li Air0 = yi + zi, yi 2 Hk, zi 2 Rk

potom je
(er0;Air0) = (er0; zi + yi) = (er0; yi):

Platí-li tedy y0 = y1 = y2, je (er1; r1) = 0 pro ka¾dý er0 2 Hk. 2

Závìr

Mù¾e nastat situace, kdy k-té residuum nìjaké Krylovovské metody není poèitatelné Lanczosovou
metodou. Jak je vidìt z pøikladu, tato situace nastává pøi velmi speciální volbì poèáteèního residua,
matice A a k-tého residua z variety r0 + AKk(A; r0) je¾ chceme poèítat.

4. Vztah Lanczosovy metody a obecné Krylovovské metody z hlediska residuí

Ve své práci [2] Anne Greenbaum ukazuje, ¾e existuje dvoukroková metoda, která je velmi blízká
optimální GMRES, konkrétnìji, residua této dvoukrokové rekurence rk a residua metody GMRES
splòují nerovnost

krkk �
p

(k + 1)(n� k)�(Z)krGk k;
kde �(Z) je èíslo podmínìnosti nejlépe podmínìné matice vlastních vektorù matice A. Proto¾e
je tøída dvoukrokových metod pouze podmno¾inou tøíkrokových, lze tu¹it existenci \optimálního"
stínového vektoru, který bude zaji¹»ovat blízkost Lanczosovy metody k danné Krylovovské metodì.
Není zatím jasné jak tento vektor zkonstruovat, zøejmì jeden z podstatných vlivù bude poloha stí-
nového vektoru a ka¾dého z prostorùKk(A; rk). Dal¹ím nástrojem k poodhalení problému stínového
vektoru by mohly být numerické experimenty, zkoumající \citlivost" pøi jednotlivých reziduích me-
tody, k ní¾ se chceme pøiblí¾it, konktrétnìji, k danému residuu rk umíme sestrojit lokálnì optimální
stínový vektor erLO0 takový, ¾e LM poèítá residuum rk. Nyní mù¾eme zkou¹et volit

er0 = erLO0 +
kX
i=1

�imi;

kde mi je ortonormální báze Kk(A; rk) a sledovat zmìny normy residua, mìní-li se stínový vektor
v rùzných smìrech o rùzné hodnoty a doufat, ¾e dostaneme odpovìt na podstatné otázky pro
praktické vypoèty. Generujeme-li toti¾ stínový vektor náhodnì, dostáváme velmi podobné køivky,
které mají stejné globální chování, aèkoliv teorie øíká, ¾e mù¾eme oèekávat témìr cokoliv. Podstatné
otázky tedy zní: Proè jsou si podobné konvergenèní køivky a na èem závisí toto globální chování?
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Abstrakt

The bulk-synchronous parallel (BSP) computer | introduced by Valiant in [1] | is a pa-
radigmatic example of a bridging model of parallel computation. It is a parametrized model
that realistically describes performance of existing parallel computers while retaining indepen-
dence on concrete architectures. We de�ne an extended model: decomposable BSP (dBSP).
To illustrate the power of dBSP, we will show how some elementary BSP algorithms (broad-
casting, pre�x sums, matrix multiplication, and simulation of cellular automata) are sped up
by their adaptation to the decomposable BSP model.

1. Introduction

The bulk-synchronous parallel (BSP) computer [1] is a widely accepted model of parallel com-
putation. An extensive research on BSP algorithms and implementation of the model on real
computers has been done in recent years [2, 3, 4, 5, 6, 7].

The standard BSP charges communication between any pair of processors equally. Thus, it cannot
exploit communication locality present in many algorithms. By communication locality we mean
that a processor communicates not with all, but only with \close" (in some sense) other processors.
Not distinguishing between communication to \short" and \long" distances yields too pessimistic
estimates of time complexity in some cases.

The BSP model can be extended with ability to exploit locality. One possible extension is the
decomposable BSP (dBSP) de�ned in [8]. We will describe how some simple BSP algorithms can
be adapted for dBSP. For each algorithm, we will compare execution times on both models and
show that dBSP provides a signi�cant speedup.

2. BSP and dBSP Models

The Bulk Synchronous Parallel (BSP) Computer consists of p processors with local memories. The
processors can communicate by sending messages via a router. The computation runs in supersteps,
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i.e., the processors work asynchronously, but are periodically synchronized by a barrier. A superstep
consists of three phases: computation, communication, and synchronization. In the computation
phase, the processors compute with locally held data. The communication phase consists of a
realization of so-called h-relation, i.e., processors send point-to-point messages to other processors
so that no processor sends nor receives more than h messages. The data sent in one superstep are
available at their destinations from the beginning of the next superstep. In the �nal phase of each
superstep, all the processors perform a barrier synchronization. The performance of the router is
given by two parameters g (the ratio of the time needed to send or receive one message to the time
of one elementary computational operation | the inverse of the communication throughput) and l
(the communication latency and the synchronization overhead). If a BSP computation consists of
s supersteps and the i-th superstep is composed of the wi computational steps in every processor
and of the hi-relation, then the time complexity of the computation is de�ned

TBSP =
sX

i=1

(wi + hig + l) = W +Hg + sl ;

where W =
Ps

i=1 wi and H =
Ps

i=1 hi.

If the BSP model is realized by some real computer, the complexity of communication typically
increases with the number of processors p. Therefore the parameters g and l are not constants, but
nondecreasing functions of p, i.e., g = g(p) and l = l(p).

The Decomposable Bulk Synchronous Parallel (dBSP) Computer is an extension of the BSP model.
An algorithm for dBSP works exactly in the same way as a BSP algorithm except that it can state
explicitly that no communication is performed among some processors during a part of compu-
tation. Two new instructions split and join are introduced. After a split, the processors of the
dBSP machine are partitioned (decomposed) into clusters. No communication is allowed between
processors from di�erent clusters until the partitioning is cancelled by join. Processors within a
cluster can communicate freely. Splitting and joing occurs as a part of synchronization at the end
of a superstep. Partitioning can be recursive (splitting clusters into sub-clusters). Repartitioning
into di�erent clusters is also possible, but only by a join followed by another split. A processor
cannot be directly moved from one cluster to another. The values of parameters g and l depend
on the size of a cluster, thus smaller clusters yield faster communication. The time complexity of
a dBSP computation is

T dBSP =
sX

i=1

(wi + hig(pi) + l(pi)) = W +
sX

i=1

(hig(pi) + l(pi)) ;

where pi is the size (number of processors) of the largest non-partitioned cluster existing in the
superstep s.

3. Algorithms for dBSP Computers

For each presented algorithm, BSP and dBSP time complexities are compared. General formulas
determining the time complexity and the speed-up factor (in comparison with the BSP) are shown
as well as results for concrete functions g(p) = l(p) = �(pa) for some constant 0 < a � 1. These
values correspond to an implementation of the BSP model by a mesh network of the dimension 1=a.

3.1. Broadcasting

A value x stored in the processor 0 is to be transferred to all processors. Classical parallel broad-
casting algorithm [5] uses communication structured as a binary tree. Assume that the number of
processors is p = 2n. The algorithm has log p phases (supersteps). In the �rst superstep, the value x
is sent from the processor 0 to the processor p=2. In the second superstep, the processor 0 sends to
the processor p=4 and p=2 to 3p=4. Generally, in every superstep, each processor already possessing
x sends it to another processor. After log p supersteps, x is distributed to all the processors. The
BSP time complexity of the algorithm is

TBSP(p) = �
�

(g(p) + l(p)) log p+ l(p)
�

= �(pa log p) :
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All communication between the �rst and the second half of processors is done in the �rst superstep.
Then the halves of the computer work independently for the rest of the computation. Thus a dBSP
machine can split itself into 2 clusters of p=2 processors after the �rst superstep. This halving can
be done recursively and after s supersteps, the computer will be partitioned into 2s clusters of p=2s

processors. The corresponding execution time is then

T dBSP(p) = �

 
log pX
i=1

(g(2i) + l(2i)) + l(1)

!
== �

 
log pX
i=1

2ai+1
!

= �(pa) :

The speedup factor achieved by the dBSP computer in comparison with the standard BSP is
TBSP(p)=T dBSP(p) = log p.

The broadcasting algorithm can be generalized to a k-ary tree, i.e., a processor sends the value
x to k � 1 other processors in each superstep. There are several algorithms which use the same
communication scheme as broadcasting, e.g., aggregation and computation of pre�x sums.

3.2. Broadcasting of n Elements

This task is similar to the previous one, but now an array [x0; : : : ; xn�1] on n values has to be
broadcasted. There is an optimal BSP algorithm for the n-element broadcast running in three
supersteps [5]. In the �rst superstep, the processor 0 splits the array X into p chunks of n=p
elements and sends each chunk to a di�erent processor. In the second superstep, each processor
sends a copy of its chunk to every other processor. Every processor receives all chunks in the third
superstep. The algorithm runs in time

TBSP(n; p) = �(ng(p) + l(p)) = �(npa) :

This algorithm uses an all-to-all communication pattern. Hence the communication cannot be
easily partitioned into disjoint clusters. Adaptation of the BSP algorithm for the dBSP model uses
repartitioning of clusters. The machine is �rst partitioned into

p
p clusters of

p
p processors. The

BSP algorithm is run in the cluster C containing the processor 0. Then repartitioning into di�erentp
p clusters is performed so that each of the new clusters contains exactly one processor from C.

Finally, The BSP algorithm is run separately on every cluster. The algorithm time complexity is
composed of the cost of repartitioning and of the BSP n-element broadcasting on a

p
p-processor

machine.

T dBSP(n; p) = �
�

2l(p) + 2TBSP(n;
p
p)
�

= �
�
ng(

p
p) + l(p)

�
= �(npa=2 + pa) :

The speedup is TBSP(p)=T dBSP(p) = pa=2, assumed n = 
(pa=2). Again, a similarly structured
algorithm can be used also for aggregation.

3.3. Dense matrix multiplication

We describe an algorithm for multiplication of 2 matrices with n � n elements [7]. The matrices
A and B are both partitioned into

p
p�pp equally sized blocks. Hence, the number of processors

used during the computation is p � n2. The processor pi;j holds the blocks Ai;j , Bi;j and computes
the block Ci;j of the result. The BSP computation runs in 2 supersteps. First, every processor pi;j
sends Ai;j to all pi;k and Bi;j to pk;j , for all k 2 f0; : : : ;pp � 1g. Using the received blocks, pi;j
computes Ci;j =

P
k Ai;kBk;j in the second superstep. The dBSP modi�cation of this algorithm

has 5 supersteps. In the �rst one, the machine is partitioned so that every row of
p
p processors

belongs to a separate cluster. The second superstep includes exchanging of A blocks in rows and the
join operation. Then, a similar partitioning into columns and distributing B blocks is performed
in the next 2 supersteps. Finally, blocks of C are computed. The time complexity for p = nb,
0 < b � 2 is

TBSP(n; p) = �

�
n3

p
+
n2p
p
g(p) + l(p)

�
= �

�
n3�b + n2+ab�b=2

�
;

T dBSP(n;p) = �

�
n3

p
+
n2p
p
g(
p
p) + l(p) + l(

p
p)

�
= �

�
n3�b + n2+ab=2�b=2

�
:
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The speedup values according to relation between parameters a and b are summarized in the
following table:

0 < b � 2=(2a+ 1) 2=(2a+ 1) < b < 2=(a+ 1) 2=(a+ 1) � b � 2

TBSP(n) �(n3�b) �(n2+ab�b=2) �(n2+ab�b=2)

T dBSP(n) �(n3�b) �(n3�b) �(n2+ab=2�b=2)

TBSP(n)=T dBSP(n) �(1) �(nab+b=2�1) > !(1) �(nab=2)

3.4. Simulation of Cellular Automata

We will restrict ourselves to simulation of 1-dimensional cellular automata, although CA's of any
dimension exist. The RAM simulation algorithm straightforwardly initializes an array represen-
ting the states of individual cells of the automaton and periodically updates it according to the
transition function. The parallel algorithm is based on the RAM algorithm and its structure is
the same as in the well known �nite di�erence algorithm [9]. Each processor is assigned a subset
of cells. Information about states of cells is periodically exchanged among processors. The auto-
maton is partitioned into blocks of n=p cells, where the number of processors is p � n. Every
processors is responsible for processing of one block. In each simulation cycle, k steps of the CA
is simulated. To evaluate q(t)i , one must know q

(t�1)
i�1 , q(t�1)i , and q

(t�1)
i+1 . To compute these three

values, q(t�2)i�2 ; : : : ; q
(t�2)
i+2 is needed, and so on. If a processor wants to perform k steps, i.e., to �nd

q
(t+k)
i ; : : : ; q

(t+k)
i+n=p�1, it has to get the values q(t)i�k; : : : ; q

(t)
i+n=p�1+k. Consequently, in every simu-

lation cycle, each processor receives 2k values from other processors. To make the communication
pattern simpler, we require k � n=p. Then messages are sent only between processors holding nei-
ghbouring blocks. The communication is performed in two phases. During the �rst one, the dBSP
machine is partitioned into clusters of c processors and data are exchanged among processors be-
longing to the same cluster. The second phase consists of repartitioning and performing the rest
of communication between processors, which were in di�erent clusters during the �rst phase. Note
that simulation of more than 1 step in one cycle induces some redundant computation, because
the values of qin=p�k+1; : : : ; qin=p+k�2 are computed twice (by two neighbouring processors) for
i 2 f1; : : : ; p� 1g. The computational part of every simulation cycle takes time

W (n; k) = �

 
kn

p
+ 2

k�1X
i=1

i

!
= �

�
kn

p
+ k2

�
:

The term �(k2) corresponds to the redundant computation. The communication consists of one
(BSP) or two (dBSP) 2k-relations. The whole simulation cycle (simulation of k steps) consists of
a constant number of supersteps. In total, we get the average time of a single CA step:

TBSP(n; p; k) =
1
k

�(W (n; k) + 2kg(p) + l(p)) == �

�
n

p
+ k + g(p) +

l(p)
k

�
;

T dBSP(n; p; k; c) =
1
k

�(W (n; k) + 4kg(c) + 2l(p) + 2l(c)) == �

�
n

p
+ k + g(c) +

l(p)
k

�
:

For g(p) = l(p) = pa and with optimal values of other parameters, the optimal execution time is

TBSP(n) = �(na=(a+1)) ;

T dBSP(n) = �(na=(a+2)) :

This yields the speedup TBSP(n)=T dBSP(n) = �
�
na=(a+1)

na=(a+2)

�
= �

�
n

a
(a+1)(a+2)

�
.

4. Conclusion

We have shown how the dBSP model can be used to improve time complexity of some elementary
BSP algorithms. All the presented algorithms possess a regular communication structure and do not
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use general all-to-all communication patterns. Thus it is possible to perform an eÆcient partitioning
of the decomposable BSP machine.

More detailed description of the algorithms can be found in [10], together with formal de�nitions
of BSP and dBSP, mutual simulations between BSP and dBSP, and results about their relation
to other sequential and parallel models of computation.
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