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Abstract

This report contains a description of subroutines which can be used for testing nons-
mooth optimization codes. These subroutines can easily be obtained either by using the
anonymous ftp (address ftp://ftp.cs.cas.cz/pub/msdos/opt, files TESTO06.FOR,
TEST19.FOR, TEST22.FOR or from the homepage http://www.cs.cas.cz/ luksan
/test.html. Furthermore, all test problems contained in these subroutines are pre-
sented in the analytic form.
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1 Introduction

This report describes three groups of subroutines which contain problems for testing
nonsmooth optimization codes:

1. Unconstrained minimax optimization - subroutines TIUD06, TAFUO6, TAGUO6,
TAHDO6. We want to find a minimum of the minimax objective function

F(z) = max (fy(x)), z€R",

1<k<na

or
F(xz) = max |fi(z)], =€ R",

1<k<np

where fr(z), 1 <k < nga, are twice continuously differentiable partial functions.

2. Unconstrained nonsmooth minimization - subroutines TIUD19, TFFU19, TFGU19,
TFHD19. We want to find a minimum of the general nonsmooth objective function

3. Linearly constrained minimax optimization - subroutines TILD22, TAFU22, TAGU22,
TAHD22. We want to find a minimum of the minimax objective function
F(x) = "
(¢) = max (fi(x)), @ &R,

or
F(xz) = max |fi(z)], =€ R",

1<k<na

where fr(z), 1 <k < njy, are twice continuously differentiable partial functions,
subject to simple bounds and general linear constraints. Simple bounds are
assumed in the form

x; —unbounded , I =0,
xi <z, , I7=1,

v <xf o, L7 =2,

oh<a; <2t IF =3,
;=2 =zt | IF =5,

where 1 < ¢ < n. General linear constraints are assumed in the form

alz —unbounded , If =0,
d<alz | If=1,
alr<c | If=2,
G<ajz<c , I[=3
a;-rx:cﬁzc;‘ , 17 =5,

where 1 < i < n. and n, is a number of general linear constraints (I*, I¢ corre-
spond to arays IX, IC in Section 3).



All subroutines are writen in the standard Fortran 77 language. Their names are
derived from the following rule:

e The first letter is T - test subroutines.

e The second letter is either I - initiation, or F - objective function, or A - partial
function.

e The third letter is either U - initiation of unconstrained problem, or L - initiation
of linearly constrained problem, or F - computation of the function value, or G -
computation of the function gradient, or H - computation of the function Hessian
matrix.

e The fourth letter is either U - universal subroutine, or D - subroutine for dense
problems.

The last two digits determine a given collection (numbering corresponds to the UFO
system [13], which contains similar collections).

Initiation subroutines use the following parameters (array dimensions are given in
parentheses):

N input  number of variables.

NA output number of partial functions.

NB output number of box constraints.

NC output number of general linear constraints.

X(N)  output vector of variables.

IX(N) output types of box constraints.

XL(N) output lower bounds in box constraints.

XU(N) output upper bounds in box constraints.

IC(N) output types of general linear constraints.

CL(N) output lower bounds in general linear constraints.

CU(N) output upper bounds in general linear constraints.

FMIN  output lower bound for the objective function value.

XMAX  output maximum stepsize.

NEXT input  number of the problem selected.

IEXT output type of the objective function: —1 - maximum of values,
0 - maximum of absolute values.

IERR  output error indicator: 0 - data are correct, 1 - N is too small.

Although N is an input parameter, it can be changed by the initiation subroutine when
its value does not satisfy the required conditions. For example, most of the problems
require N to be even or a multiple of a positive integer.

Evaluation subroutines use the following parameters (array dimensions are given in
parentheses):



N input  number of variables.

X input  vector of variables.

F output value of the objective function.

G\ output gradient of the objective function.
H(N*x(N+1)/2)  output Hessian matrix of the objective function.

KA input  index of the partial function selected.

FA output value of the partial function selected.

GA(N) output gradient of the partial function selected.
HA(N*(N+1)/2) output Hessian matrix of the partial function selected.
NEXT input  number of the problem selected.

2 Test problems for unconstrained minimax opti-
mization

Calling statements have the form

CALL TIUDO6(N,NA,X,FMIN,XMAX,NEXT,IEXT,IERR),
CALL TAFUO6(N,KA,X,FA,NEXT),
CALL TAGUO6(N,KA,X,GA,NEXT),
CALL TAHDO6(N,KA,X,HA,NEXT),

with the following significance:

TIUDO6 - determination of problem dimension N, NA and initiation of vector of
variables X.

TAFUO6 - evaluation of the KA-th partial function value FA at point X.
TAGUO6 - evaluation of the KA-th partial function gradient GA at point X.
TAHDO6 - evaluation of the KA-th partial function Hessian matrix HA at point X.

We seek a minimum of a minimax objective function

F(r) = max (fx(z)), =€ R",

1<k<na

from the starting point . The description of individual problems follows. Table 2.1
contains problem dimensions and optimum function values.



No. | Problem n | ny | Optimum value
2.1 | CB2 2| 3 1.9522245
2.2 | WF 213 0
2.3 | SPIRAL 2| 2 0
2.4 | EVD52 316 3.5997193
2.5 | Rosen-Suzuki 4 | 4 —44
2.6 | Polak 6 4 | 4 —44
2.7 | PBC3 3 | 21 | 0.42021427- 1072
2.8 | Bard 3 | 15 | 0.50816327- 10!
2.9 | Kowalik-Osborne | 4 | 11 | 0.80843684 - 102
2.10 | Davidon 2 4 |20 115.70644
2.11 | OET5 4 | 21 |0.26359735 - 102
2.12 | OET6 4 |21 1|0.20160753 - 1072
2.13 | GAMMA 4 |61 |0.12041887- 107"
2.14 | EXP 5121 |0.12237125- 1073
2.15 | PBC1 5 | 30 | 0.22340496 - 10!
2.16 | EVD61 6 | 51 | 0.34904926 - 10!
2.17 | Transformer 6 | 11 0.19729063
2.18 | Filter 9 | 41 | 0.61852848 - 102
2.19 | Wong 1 715 680.63006
2.20 | Wong 2 10 9 24.306209
2.21 | Wong 3 20 | 18 133.72828
2.22 | Polak 2 10| 2 54.598150
2.23 | Polak 3 11 ] 10 261.08258
2.24 | Watson 20 | 31 | 0.14743027- 1077
2.25 | Osborne 2 11| 65 | 0.48027401 - 10!
Table 2.1
Problem 2.1 CB2 [5].

F(z) = max fiz),

file) = af+ s,

fa(r) = (2=21)°+ (2 - @)%

fs(@) = 2exp(zz —z1),

T = 2, Ty = 2.
Problem 2.2 WF [16].
F(z) = max fi(z),
1 10z, 2)
= — 2
hi(@) 2 (xl 01 TR




1 102, 2)
- (= 2
fa(w) 2( Tt o TAT)
1 102, 2)
= Zz— 2
T = 3 T, = 1

Problem 2.3 SPIRAL [16].

F(z) = max(fi(z), f2(2)),
2
filz) = <x1 — \/x% + 23 cos \/x% + x%) +0.005(2? + 73),

2
fo(x) = (3:2 — \/3:% + 23 sin \/3:% + :1:%) + 0.005(x% + x3),
T = 1.41831, Ty = —4.79462.

Problem 2.4 EVD52 [7].

F(z) = max fi(z),
filz) = xf+a5+a25—1,
falx) = af+ a5+ (w3 - 2)%,
fs(x) = 7+t 73 -1,
falz) = x4+ 29— 23+ 1,
fs(x) = 227 + 625 +2(5wvs — 1 +1)%
fo(z) = 27 — 9z,
T, = 1, 1<:<3.

Y

Problem 2.5 Rosen-Suzuki [20].

F(z) = max fi(z),

filz) = af+ 25+ 223+ a7 — 51y — 5ag — 21as + Ty,

fo(z) = fi(z)+10(2? + a5+ a5+ 27+ 21 — 29 + 23 — 14 — 8),
f3(z) fi(x) +10(2F + 225 + 23 + 227 — 1 — 24 — 10),

fa(x) = fi(z)+10(227 + 25 + 23 + 22, — 29 — 34 — 5),

T = 0, Ty = 0, T3 = 0, T, = 0.



Problem 2.6 Polak 6 [17].

F(z) = max fi(),
fil) = (21— (2g + DN+ (22 — (21 — (w4 + DHH? 4222 + 22 —
—5(xp — (24 + 1)) = 5(20 — (z1 — (24 + 1)) — 2123 + Tay,
fow) = fil@) +10((@1 = (@a+ DN + (22 = (21 = (@ + DY)’ + a5 + 27+

+H(ry — (2 + DY = (22 — (21 — (24 + DY) + 23 — 24 — 8),
fa(z) = file) +10((z1 — (20 + 1)) + 2(z2 — (21 — (24 + 1)) + 23 + 2207 —
—(x1 — (w4 + 1)) — 24 — 10),
(

fu(x) = file) +10((z1 — (22 + 1N + (22 — (21 — (22 + 1)) + a5 +
+2(zy — (x4 4+ 1)) — (25 — (21 — (24 + DHY) — 24 — 5),

Problem 2.7 PBC3 [18].

F(z) = max |fi(z)],
filz) = %exp(—tixl)sin(tixg)—yi,
2
3 1 1
T 2_06—“ + 56—5“ — @e_%i (3sin 2t; + 11 cos 2t;)
t; = 10(i—1)/20, 1<i< 21,
Problem 2.8 Bard [21].
F(z) = max|fi()],
U;
filz) = $1+m Yis
w, = 4, v; = 16—14, w; = min(u;,v;), 1<i<15,
7, = 1, 1<i<3

Problem 2.9 Kowalik-Osborne [21].

Pl) = max |fi@),
filz) = I1(U?+$2Uz‘) i

u? + T3u; + T4



? Yi U
1 0.1957 4.0000
2 0.1947 2.0000
3 0.1735 1.0000
4 0.1600 0.5000
5 0.0844 0.2500
6 0.0627 0.1670
7
8
9
0
1

0.0456 0.1250
0.0342 0.1000
0.0323 0.0833
0.0235 0.0714
0.0246  0.0625

71 = 0.250, 7 = 0390, 73 = 0415 =4 = 0.390.

Problem 2.10 Davidon 2 [21].

F(z) = max |fi(z)],

fi(z) (21 + at; — exp(t;))? + (x5 + x4 sin(t;) — cos(t;))”
t; = 0.2i, 1<4<20,
T, = 25, Ty =5, Ty = —H, Ty = —1.

Problem 2.11 OET5 [22].

F(z) = max |fi(z)],
)

= T4 — (ZElt? + thi + ZE3)2 — \/E
ti = 025+0.75(i—1)/20, 1<i<?21,
T, = 1.0, 1<i<A4.

Problem 2.12 OET6 [22].

F(z) = max |fi(z)],
1
) — x3t; xrat; _
fi(z) 1163 + 19€ T
t; = —05+(i—1)/20, 1<i<?2l,
Tl == 10, fg - 10, fg - —30,
z, = —1.0.



Problem 2.13 GAMMA.

max |fiz)],

1 (ti + x2 +

1

r3t;+x4

)(ti+%)

[(t; + 1) exp(t;)

t;

00 ~J O O = W N .

1.000
1.010
1.020
1.030
1.050
1.075
1.100
1.125
1.150
1.200
1.250
1.300
1.350
1.400
1.500
1.600
1.700
1.800
1.900
2.000
2.100

22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42

2.200
2.300
2.500
2.750
3.000
3.250
3.500
4.000
4.500
5.000
9.500
6.000
6.500
7.000
7.500
8.000
8.500
9.000
10.00
11.00
12.00

43
44
45
46
47
48
49
50
o1
52
93
54
55
56
o7
o8
99
60
61

Problem 2.14 EXP [9].

max f;(x),

1<:<21

T1 + Tot;

—1+ (i —1)/10,

0.5,

— exp(t;),

1<i<2l,



Problem 2.15 PBC1 [18].

Fz) = max [fi(z)],
Ty + Xot; + 3t (8t; — 1)? + 1 arctan(8t;)
filw) = 1+ 2t + a5t2 8t; )
t; = —14+26—1)/29, 1<i< 30,
Ty = 0, Ty =-1, mT3 =10, T =1, T5 = 10.

Problem 2.16 EVDG61 [7].

Fz) = max [fi(z)],

1<i<51
filz) = xyexp(—axqt;) cos(zst; + x4) + x5 exp(—z6t;) — yi,
0.5e7% — 72 4 0.5e73% + 1.5~ %% sin Tt; + e~ 2% sin 5t;,

Yi =

t, = 01(G—1),  1<i<B5l,

T = 27 i?) 27 T3 = 77
T, = 0, Ts = —2, To = 1

F(I) - 122}1{1 Z(I)7
file) = |1-2 vi(z,t;)

wy(z,t;) + v (2, t;) |

where vy (x, t;) and wy (z, t;) are complex numbers obtained recursively so that vy(z, t;) =
1, wy(z,t;) = 10 and

. 1

vp(w,t;) = Cos(ﬁix%fl)vlwrl(x:ti)+]Sln(ﬁix%fl)x—wlwrl(x:ti)a
2%k

wi(x,t;) = cos(Vixop—1)Wr1 (2, ;) + J sin(Vsror_1)Torps1 (2, t;)

for k = 3,2,1. Here j = v/—1 is the imaginary unit and

Ui = (n/2)t;, 1<i<1l,

ty, = 05, ty = 0.6, t3 = 0.7, t, = 0.77,
ts = 09, t¢ = 1.0, t; = 1.1, t5 = 1.23,
ty = 1.3, tio = 1.4, t; = 1.5,

71 = 08, T, = 15 T3 = 1.2

7, = 30, Ty = 08, Tg = 6.0.



Problem 2.18 Filter [4].

F(z) = max |fi()],
(x1 4+ (1 + 22) cos ¥;)? + ((1 — ) sin¥;)? :
S <(x3 + (14 x4) cos ;)% + ((1 — z4) sin ¥, )2>
(x5 + (1 + 26) cos ;) + ((1 — zg) sin0J;)? :
((m + (1 4 xg) cos ;)% + ((1 — wg) sin¥; )2) To Vi
y, = |[1=2t|, 9; = 7nt;
t, = 001(Gi—1), 1<i<6,
t; = 0.07+0.03(i—7), 7<i<20, -ty =0.50,
t; = 0.54+0.03(—22), 22<i< 35,
t; = 0.95+0.01( —36), 36<i<4l,
7 = 000, T — 1.00, T — 0.00, Ty = —0.15,
zs; = 0.00, Tg = —0.68, z; = 0.00, Ty = —0.72,
Tg = 0.37.

Problem 2.19 Wong 1 [1].

F(z) = max fi(z),
fil) = (21 —10)2 +5(zo — 12)% + 23 + 3(zy — 11)* 4+ 1028 + 722 + 23 —
—4zery — 10z6 — 827,
folz) = fi(z) +10(22] + 375 + 23 + 4a] + S5 — 127),
fa(x) = fi(z) +10(T2y + 3z9 + 1023 + 74 — 75 — 282),
fi(x) = fi(z)+10(23z; + 23 + 625 — 877 — 196),
fs(x) = fi(x)+10(423 + x5 — 32129 + 223 + Sag — 1127),
Ty o= 1, Ty =2 T3=0 T,=4 T3=0Ts=1 =
Problem 2.20 Wong 2 [1].
F(z) = max fi(z),
fi(xr) = ]+ 23+ 211 — 142y — 1629 + (23 — 10)* + 4(24 — 5)* + (25 — 3)* +

+2(wg — 1)® + 522 + T(wg — 11)* + 2(wg — 10)* + (210 — 7)* + 45,

f2(x) = fi(x) +10(3(z1 — 2)* + 4(wy — 3)* + 225 — Ty — 120),
f3(x) = fi(z)+10(527 + 8z + (23 — 6)% — 224 — 40),

fi@) = fi(z) +10(0.5(zy — 8)* + 2(wy — 4)* + 322 — x4 — 30),
fs(x) = fi(x)+10(x] + 2(x0 — 2)* — 22129 + 1425 — 626),

10



fe(x) = fi(z)+ 10(4xy + 5xg — 3x7 + 95 — 105),

fz(z) = fi(x) 4+ 10(10zy — 8xy — 1727 + 213),

fs(z) = fi(x)+10(=3z; + 62y + 12(2g — 8) — Tx19),

fo(x) = fi(x)+10(—8z1 + 2z9 + Hxg — 2219 — 12),
T, = 2, Ty =3, Ty =5 Tyu=05 Tz =1 Tg=2
Tr = 7, Ts =3, Ty =6, Ty = 10

Problem 2.21 Wong 3 [1].

F(z) = max fi(z),

1<i<18

fi(z) = 2]+ 23+ 22 — 1day — 1625 + (23 — 10)* + 4(2y — 5)* + (25 — 3)* +
+2(z6 — 1)? + 522 4 T(zg — 11)% + 2(wg — 10)? + (210 — 7)* 4 (211 — 9)* +
+10(m10 — 1)2 + 5(w13 — 7)2 + d(w14 — 14)* + 27(3y5 — 1)2 + 275 + (217 — 2)* +
+13(w15 — 2)2 + (219 — 3)* + 23, + 95,

(

fo(z) fi(z) +10(3(21 — 2)* + 4(x9 — 3)* + 225 — Tay — 120),

f3(x) = fi(z)+10(52% + 8z + (w3 — 6)* — 224 — 40)

fu() = fi(z) +10(0.5(z1 — 8)2 + 2(xy — 4)2 + 322 — 26 — 30)

fs(x) = fi(z)+10(z] + 2(zy — 2)* — 22129 + 1425 — 6156)

fe(x) = fi(zx)+10(4zy + 5zy — 3z7 + 925 — 105),

fz(z) fi(z) +10(10xy — 8y — 1727 + 223),

fs(x) = fi(z)+10(=3z + 632 + 12(xg — 8)* — Tx10),

fo(z) = fi(z) + 10(—8x1 + 25 + bxrg — 2219 — 12),

fio(z) = fi(z)+10(xy + 2o + 4211 — 21219),

fi1(x) fi(z) +10(z] + 521 — 815 — 28),

fi2(z) = fi(x)+10(4zy + 929 + 523, — 9714 — 87),

fizs(x) = fi(x) +10(3x; + 429 + 3(z13 — 6)° — 14294 — 10)

fu(r) = fi(z)+10(1423 + 35215 — 79216 — 92),

fis(x) = fi(z)+10(1525 + 11215 — 61316 — 54),

fi6(x) fi(x) +10(527 + 229 + 927, — 115 — 68),

fir(x) = fi(z) +10(xF — 29 + 19219 — 203:20 +19),

fis(x) = fi(z)+10(723 + 525 + 275 — 3020)
Ty o= 2, Ty =3, Tz =5 Ty4=05 Ts=1 Te=2 T =T,
Ts — 3, Tg =6, T =10, Ty = 2, Ty = 2, Ty — 6, Ty — 15,
Tis 1, Tig=2 Tow=1 Tiw=2 To=1 Ton=S3

11



Problem 2.22 Polak 2 [17]

F(z) = max{f(z+ 2e2), f(z — 2es)},

f(z) = exp(107%2% + a3 + a5 + 4a] + 22 + xf + 27 + 3% + 25 + 13,),
es = second column of the unit matrix,
7, = 100, T = 0.1, 2<i<10.

Problem 2.23 Polak 3 [17].

F(z) = max fi(z),
10 1
Fla) = 3 —exp ((aye — sinli — 1+ 27))%).
=0ttJ
T, = 1, 1<:<11.

Problem 2.24 Watson [21].

F(z) = max |fi(z)],
filz) =
fg(f) = I'Q—I%—l,
2 i—2\'7? " i~y
e = Y- (%) - |[Xu(%) | s<i<s
= 29 = \29
T, = 0, 1<i<20.

Problem 2.25 Osborne 2 [21].

Fx) = max [fi())

1<i<65
filx) = yi — 21 exp(—w5t;) — 29 exp(—z6(t; — 29)*) — w3 exp(—z7(t; — 110)%) —
—zgexp(—as(ti — z11)?),
t, = 01(G—1), 1<i<G65.

12



Yi LY LY
1.366 | 23 0.694 | 45 0.672
1.191 | 24 0.644 | 46 0.708
1.112 | 25 0.624 | 47 0.633
1.013 | 26 0.661 | 48 0.668
0.991 | 27 0.612 | 49 0.645
0.885 | 28 0.558 | 50 0.632
0.831 129 053351 0.591
0.847 | 30 0.495 | 52 0.559

9 0.78 | 31 0.500 | 53 0.597
10 0.725 | 32 0.423 | 54 0.625
11 0.746 | 33 0.395 | 55 0.739
12 0.679 |34 0.375| 56 0.710
13 0.608 | 35 0.372 | 57 0.729
14 0.655 |36 0.391 | 58 0.720
15 0.616 | 37 0.396 | 59 0.636
16 0.606 | 38 0.405 | 60 0.581
17 0.602 | 39 0.428 | 61 0.428
18 0.626 | 40 0.429 | 62 0.292
19 0.651 | 41 0.523 |63 0.162
20 0.724 | 42 0.562 | 64 0.098
21 0.649 | 43 0.607 | 65 0.054
22 0.649 | 44 0.653

CO O UL i W N |,

T = 130, T = 065, T3 = 0.65, T, = 0.70,
Ts = 0.60, Tg = 3.00, T; = 5.00, Tz = 7.00,
fg - 200, EIO = 450, Ell = 550

3 Test problems for general nonsmooth unconstrained
optimization

Calling statements have the form

CALL TIUD19(N,X,FMIN,XMAX,NEXT,IERR),
CALL TFFU19(N,X,F,NEXT),
CALL TFGU19(N,X,G,NEXT),
CALL TFHD19(N,X,H,NEXT),

with the following significance:

TIUD19 - initiation of vector of variables N, X.

TFFU19 - evaluation of the objective function value F at point X.

TFGU19 - evaluation of the objective function gradient G at point X.
TFHD19 - evaluation of the objective function Hessian matrix H at point X.

13



We seek a local minimum of the objective function F(z) from the starting point .
The description of individual problems follows. Table 3.1 contains problem dimensions

and optimum function values.

Problem 3.1 Rosenbrock [15].

Tl == —12,

Problem 3.2 Crescent [15].

14

No. | Problem n | Optimum value

3.1 | Rosenbrock 2 0

3.2 | Crescent 2 0

3.3 | CB2 2 1.9522245

3.4 | CB3 2 2

3.5 | DEM 2 -3

3.6 | QL 2 7.20

3.7 | LQ 2 —1.4142136

3.8 | Mifflin 1 2 -1

3.9 | Mifflin 2 2 —1

3.10 | Wolfe 2 —8

3.11 | Rosen-Suzuki | 4 —44

3.12 | Shor 5 22.600162

3.13 | Colville 1 5 —32.348679

3.14 | HS78 5 —2.9197004

3.15 | El-Attar 6 0.5598131

3.16 | Maxquad 10 —0.8414083

3.17 | Gill 10 9.7857721

3.18 | Steiner 2 12 16.703838

3.19 | Maxq 20 0

3.20 | Maxl 20 0

3.21 | TR48 48 —638565.0

3.22 | Goffin 50 0

3.23 | MXHILB 50 0

3.24 | L1HILB 50 0

3.25 | Shell Dual 15 32.348679
Table 3.1

100(zg — 23)* + (1 — 21)?,

fg - 10




Problem 3.3 CB2 [15].

F(z) = max {:I:% + 25, (2 — 21)% + (2 — 29)?, 267“%”2} ,
Tl - 10, fg == —01

Problem 3.4 CB3 [15].

F(r) = max {x‘ll + a3, (2—31)* + (2 — 1), 26_”1+“’2} )
Tl - 2, fg - 2

Problem 3.5 DEM [15].

F(z) = maX{5x1+x2,—5x1+x2, x%+x§+4x2},

T = 1, Ty = 1.
Problem 3.6 QL [15].

= max fi(z),

(z)
fl() = l'%—i—i[%,

fo(z) = xf+x§+10(—4x1—x2+4),
fa(z) = 27+ 23 +10(—z; — 225 +6),

Tl - —1, fg - 5

Problem 3.7 LQ [15].

F(z) = max{—xl — Ty, —T1 — Ty + (2] + 25 — 1)} :
Tl - —05, fg == —05

Problem 3.8 Mifflin 1 [15].

F(z) = —x1+ QOmaX{x% +a3—1, O},
7 = 0.8, Ty = 0.6.

Problem 3.9 Mifflin 2 [15].



Problem 3.10 Wolfe [23].

F(ZL‘) = fl(x) ) 2 ‘l‘2|,
fQ(JZ’) , O<x < ‘.CI?Q’,
F(z) = fs(x), =<0,

3
8
I

filr) = 5923 + 1623),
fg(l') = 933'1 + 16‘172‘,
fs(z) = 9x1 + 16|zo| — x?,

Fx) = max{fi(z), fi(z) +10fa(2), f(x) + 10f3(x), fi(x) + 10fa(z)},
filz) = ai+ 25+ 223 + a7 — 5wy — 5ag — 21az + Ty,

folz) = al+ai+as+a]+a— a0+ 23— 74 — 8,

f3(x) = af + 223+ 23 + 225 — 11 — 24 — 10,

fa(z) r] + a5+ 23 + 21 — Ty — 4 — D,

T = 0, 1<i<4

Problem 3.12 Shor [15].

F(r) = max {bi

(]
—
8
<
|
8
S
SN~—
o
———

j=1

[0 0 0 0 0] [ 1]

21113 Y

1211 2 10

1 41 2 2 2

32101 4
A4 = 02101}’ b= 3 |7

11111 1.7

101 21 2.5

00210 6

1120 0| | 3.5 |
Tl - O, fg - 0, fg - 0, f4 - 0, T5 =1
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Problem 3.13 Colville 1 [3].

5 5 5
F(.CI?) = Z d]x? + Z Z CijT; T + Z €;T; + 50 max [0, 1%%)1(0 (bl — Z aijxj)] s
X X << =

j=1 i=1j=1 j=1
[ —16 2 0 1 0 [ —40 ]
0 -2 0 4 2 -2
-35 0 2 0 0 —0.25
0o -2 0 -4 -1 —4
0 -9 -2 1 =28 —4
4 = 2 0 -4 0 0|’ b= -1 |’
-1 -1 -1 -1 —1 —40
-1 -2 -3 =2 —1 —60
1 2 3 4 ) )
1 1 1 1 1) 1]
[ 30 —20 —-10 32 -10 4
—20 39 -6 -31 32 8
C = | “10 -6 10 -6 —10 |, d= 110 |,
32 =31 —6 39 -20 6
| —10 32 —-10 =20 30 2
oo [ -15 =27 =36 —18 —12
T = 0, Ty = 0, T3 = 0, T, = 0, T = 1.
Problem 3.14 HS78 [10].
3
F(zr) = zixex3msms + 10 Z | fi(z)],
i=1
filz) = zi4a5+ 25 +a] + 22— 10,
fg(l') = T3 — 51‘41‘5,
fa(x) = ai+ay+1,
T, = —20, T = 15 T3 = 2.0,
7, = —10, 7 = —10.

Problem 3.15 El-Attar [7].

51
F(Jj‘) = Z ‘xle—xzti COS(JZ’gti + 33'4) + x5€—$6ti — il
i=1
yi = 0.5e" — e +0.5e% + 1.5e” " sin Tt; + e~ > sin 5t;,

t, = O.l(i—l), 1 < <51,
T, = 2, Ty = 2, T3 = 7,
T, = 0, Ts = —2, Tg = 1



Problem 3.16 Maxquad [12] and [15].

F(x)
AL,

Problem 3.17 Gill [11].

max
1<e<h

J .
~—|sin
10

(="

Alg

k#j

e/t sin(ij),
1<i<10.

0,

1) <Z

max{ fi(x), f2(z), f3(x)},
> (z; — 1)% + 10_3221 <xz2 -

+a + (2 — 27 — 1),

F(z) =
10
filz) =
=1
30 10
falw) = YD w0 —
i=2 |j=2
10
fs(z) =
1=2
Z, = —0.1,

1 <0 <10.

Problem 3.18 Steiner 2 [11].

Vi + 2t + \/521 — 7))’ +
+Zp]\/ (aj1 —
j=1

+n§:1]5j\/(

[ 25
11

a21
a31
aq1

Q51
Qg1

5.5,
0.0,
2.0,
3.0,
4.0,
5.0,
6.0,

bei) ,
Al = /% cos(jik) sin(i),

(@) + >[5,

12
1)

> [100(% —af )P+ (1 - Iz‘)ﬂ ;

J <k,

;)" + (aj2

- ijrm)2 +

Q22

a2
22
asz2
Q42
52
62

~1.0,
2.0,
3.0,
~1.0,
—0.5,
2.0,
2.0,

18

P
P2
p3
P4
Ps
Ps

2
zj = Tjt1)” + (Tjgm

N W~ =

- $j+m+1)27
27 ﬁl =
]-7 ]32 =
]-7 ]33 =
57 ]34 =
17 ﬁS =
1

=) - (Ea (5

(G2 — $2m)2 +

2

-1

m = 0,



T = (ann+axn)/3, Tipm = (a2 +ag) /3,

fj = (33'] 1+ aj1 + A(j4+1)1 ) /3, fjer = (ijler + Q52 + a(j+1)2) /3, 2 S] <m-— 1,

Tm = (Tm—1+am1 +a2)/3, Tom = (Tom—1 + ama + T22) /3.

Problem 3.19 Maxq [15].

F(z) = max a7,
1<i<20
T o= i, i=1,...,10, T = —i, i=11,...

Problem 3.20 Maxl [15].

Fz) = 1122}2(0|$Z|
7= i, i=1,...,10, T = —i, i=11,...

Problem 3.21 TR48 [12] and [15].

T 1<i<as

48
F(z) = Zd max (; aij)_zsixiy
i=1

Coeflicients a;;, s;, d; are given in [12].

Problem 3.22 Goffin [15].

1<4i<50

F(z) = 50 max z; — Y,
i=1

T, = i—255 1<i<50.

Problem 3.23 MXHILB [11].

50 .
F(zr) = max —
(z) 1<i<5oj§:1i+j—1
Tz, = 1, 1<:<50.
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Problem 3.24 L1HILB [11].

0150 g
F(z) = — |
(z) ; ; t+7—1
T, = 1, 1<i<S50.
Problem 3.25 Shell Dual [8].
5 5 5
Fz) = 2|3 diti 0 + > CijTir10Tj410 —
i=1 i=1j=1

—> biz; + 100 (Z max (0, Pi(z)) — Q(m)) ;

i=1 i=1

10 5
2 .
.PZ(ZE) = Z QL5 — 2 Z CijTjy10 — 3di$i+10 — €, 1 S 1 S 5,
i=1 i=1

15
Qr) = Zmin(O,xi),
i=1
7, = 1071, 1<i<15, i#7T, T; = 60.

Matrices A, b, C, d, e are the same as in Problem 3.13.

4 Test problems for linearly constrained minimax
optimization

Calling statements have the form

CALL TILD22(N,NA,NB,NC,X,IX,XL,XU,IC,CL,CU,CG,FMIN,XMAX,NEXT,IERR),
CALL TAFU22(N,KA,X,FA,NEXT),
CALL TAGU22(N,KA,X,GA,NEXT),
CALL TAHD22(N,KA,X,hA,NEXT),

with the following significance:

TILD22 - determination of problem dimension N, NA, NB, NC, initiation of vector
of variables X, definition of box constraints IX, XL, XU, definition of the
general linear constraints IC, CL, CU, CG.

TAFU22 - evaluation of the KA-th partial function value FA at point X.

TAGU22 - evaluation of the KA-th partial function gradient GA at point X.

TAHD22 - evaluation of the KA-th partial function Hessian matrix HA at point X.

We seek a minimum of a minimax objective function

F(x) = max (fi(z)), z€R",

1<k<na

20



with simple bounds

x; —unbounded , I =0,
i< o, IP =1,

x <z, IN=2,
d<w<al | IF=3

v =al =2t | I'=5

and general linear constraints

al v —unbounded , If =0,
cﬁ < aiTx , 17 =1,
alr <ct o, If=2,
d<alz<cr | If=3,
a;fpx:cli:c;-‘ , I7=5

from the starting point z. The description of individual problems follows. Table 4.1
contains problem dimensions and optimum function values.

Problem

No. n | ng | nc | Optimum value
4.1 | MAD1 21 3 1 —0.38965952
4.2 | MAD2 21 3 1 —0.33035714
4.3 | MAD4 21 3 1 —0.44891079
4.4 | MAD5 2 3 1 —0.42928061
4.5 | PENTAGON | 6 | 3 | 15 —1.85961870
4.6 | MADG6 7 1163] 9 0.10183089
4.7 | EQUIL 8| 8 1 0
4.8 | Wong 2 10| 6 3 24.306209
4.9 | Wong 3 20 14 | 4 133.72828
4.10 | MADS8 201 38 | 0 0.50694799
4.11 | BP filter 9 | 124 | 4 |0.27607734-1073
4.12 | HS114 101 9 5 —1768.8070
4.13 | Dembo 3 7113 | 2 1227.2260
4.14 | Dembo 5 8 | 4 3 7049.2480
4.15 | Dembo 7 16| 19 | 1 174.78699
Table 4.1
Problem 4.1 MAD1 [14].

F(z) = max fi(z),

fi(zx) x} + 25 + 1y — 1,

fo(z) sin a1,
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f3(90

o (x

~— —

Bl

Problem 4.2 MAD2 [14].

F(x
fi($

— ~—

Problem 4.5 PENTAGON [19].

filz) =

fo()
f3()

— COS X2,
33'1+£I?2—0.5 2 0
= 2.

- 17 E2
= max fi(z),

as in Problem 4.1,
—?)ZEl — L9 — 2.5 Z O,
-2 —1.

9 T2

max fi(x),

—exp(z] — xg),
sinh(z; — 1) — 1,
—log(wp) — 1,
0.0527 — 22+ 0.5
~1.00,

0,

>
0.01.

2

max fi(x),

as in Problem 4.3,
—0.9I1 + 29 — 1 Z 0,

—1, TQ == 3

max fi(z),

—\/(fl — x3)% + (12 — 14)?,

—\/($3 — x5)% + (74 — 6)?,

—\/(% —x1)? + (76 — 72)?,
215 . 2myg

ZI; COS ? + Tjp1 S T < 1,

1,3,5, i =0,1,234.
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Problem 4.6 MADG [14].

Fz) =

=

=

~—
I

&
I

)
fah

O
ot
8
e N T N T N N N

8

S O O O O 0
oo N O - W [\
8 8 8 8 8 8 8

@)
©

Problem 4.7 EQUIL [12].

F(z)

fi(z)

c1(x)

b]=[05 1.2 08 20 15],

23

 max fi(z),
L 2 S cos(2nasindy), 1< i< 163
— 4+ — cos(2mx; sin v;), <1 < )
15 15
s
— (8.5 4+10.5 1<4<163
180( +Z )7 —7’— bl
T > 04,
—T1 + X9 2 04,
—ZE2+$3 Z 04,
—x3+x4 > 04,
—ZE4+I'5 Z 04,
—T5 + Tg Z 04,
—xg+x7 > 0.4,
—T4+2Tg = ]_O,
7 = 35,
0.5, TQ - 10, Tg - LDy T4 -
2.9, T = 3.0, Tr =
= {ggg;fi(x),
8
5 Aji Y. WikTk
_ k=1
= Z ) b — Wji |
=\ x> ajxy,
k=1
8
= Y x =1, z; > 0, 1<i<8,
i=1
3 1 01 01 5 0.1 0.1
0.1 10 0.1 0.1 5 0.1 0.1
= [wjk]: 0r 9 10 01 4 01 7
0.1 0.1 0.1 10 0.1 3 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1
1 1 1 1 1 1 1
2 08 1 05 1 1 1
= [ajk]: 1 12 08 1.2 16 2 0.6
2 01 06 2 1 1 1
1.2 1.2 08 1 12 01 3



z; = 0.125, 1< <8.

Problem 4.8 Wong 2 [1].

F(z) = max f;(x),

1<i<6
fi(xr) = 2]+ 25+ 211 — 142y — 1679 + (23 — 10)* + 4(24 — 5)* + (25 — 3)* +
+2(wg — 1)® + 522 + T(wg — 11)* + 2(wg — 10)* + (210 — 7)* + 45,

f2(x) = fi(z) +10(3(z; — 2)* + 4(wy — 3)* + 225 — Ty — 120),
f3(x) = fi(z) +10(52% + 8y + (w3 — 6)* — 224 — 40),
fi(@) = fi(z) +10(0.5(x; — 8)% + 2(zg — 4)* + 327 — x4 — 30),
f5(x) = fi(z) +10(2F + 2(x0 — 2)* — 2129 + 14x5 — 6356),
fo(®) = fi(z) +10(=3z + 639 + 12(xg — 8)* — Tx10),
ci(x) = 4xy + 59 — 3wy + 928 < 105,
co(x) = 10xy — 8xy — 17x7 + 223 < 0,
c3(x) = —8xy + 2x9 + brg — 2199 < 12,
T, = 2, Ty =23, T3=25 Ty=25 Tz=1 Tg =2
Ty = 7, Tg =3, Tg =06 T = 10.

Problem 4.9 Wong 3 [1].

F(z) = max fi(x),

1<:<14

fi(z) = 2]+ 23+ 225 — 1day — 1625 + (23 — 10)* + 4(24 — 5)* + (25 — 3)> +
—|—2(£I?6 — 1)2 + 517? + 7(33'8 — 11)2 + 2(.779 — 10)2 + (33'10 — 7)2 + (33'11 — 9)2 +
+10(ZE12 — 1)2 + 5(1‘13 — 7)2 + 4(1[’14 — 14)2 + 27(5[’15 — 1)2 + I'lefi + (ZE17 — 2)2 +

+13(218 — 2)* + (219 — 3)* + 23, + 95,
fo(z) = fi(z) + 10(3(3:1 —2)% 4 4(wy — 3)* + 223 — Ty — 120)
f3(z) = fi(z)+10(527 + 8z + (w3 — 6)* — 224 — 40),
fi(x) = fi(z)+10(0.5(z1 — 8)* + 2(wy — 4)* + 322 — 26 — 30),
f5(x) = fi(z)+10(2? + 2(zy — 2)* — 23129 + 14a5 — 636),
fox) = filz) +10(=3z; + 635 + 12(z9 — 8)% — Ta0),
fr(x) = fi(z)+10(z] + 521 — 819 — 28),
fs(x) = fi(z)+10(4zy + 92y + 525y — 9714 — 87),
fo(z) = fi(z) +10(3z1 + 4wy + 3(x13 — 6)° — 14214 — 10)
fio(z) fi(x) + 10(142% + 35215 — 79716 — 92),
fi1(z) fi(x) +10(1523 + 11z15 — 61216 — 54),
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= fi(z) +10(5z7 + 224 + 921, — 215 — 68),

fra(z)
fiz(x) = fi(z) +10(z] — 29 + 19219 — 20190 + 19),
fu(z) = fi(z)+10(727 + 525 + 275 — 30290),
ci(xr) = 4xy 4 bry — 3x7 + 9xg < 105,
co(x) = 10x; — 8xy — 17x7 + 225 < 0,
c3(x) = —8xy + 29 + brg — 2219 < 12,
ca(x) = x4+ 29+ 421 — 21292 <0,
T, = 2, Ty =3, Ty =09 Ty =209 Ty =1 T4 =2, Ty =T,
Tg = 3, Tg =6, T =10, T1H = 2, T = 2, T3 = 6,

Tis = 1, T =2, Ty =1, Tig =2 Ty =1 Ty = 3.

Problem 4.10 MADS [14].

Fz) = max [fi(z)],

1<3<38
20
fl(.ilf) = —1+$%+Z$],

=2
20
filz) = —l+cai+ > x;, 1<i<38,
j=15#k
19
fs(x) = —14+a3+> x5,
j=1

e
I

(i+2)/2, =1, i=24,...,36,
k= (i+1)/2, =2 i=2305,...,37,
0.5, 1<j<10,
T; 100, 1< j<20.

R
v

F(z) = max fi(z),
filz) = oz, ty) — x9 + a,
faj(x) = plz.t;) — @9, 1<3j <61,
fojar(x) = xo—(x,t;), 1< <61,
fia(x) = o(,t62) — 19 +a,
)

1 4
=3 > log ((x?+4 — %)%+ t%f) —4log(z), a = 3.0164,
i=1

to = 0967320, t; — 0.987423,
ti = b+ -Dla—t), 1<j<61,
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= 1.012577, te = 1.032680,

ci(x) = wipq —10000z; <0, 1<i<4,
7 = 0398-107', @ = 0.968-107%, 73 = 0.103-1073,
7, = 0.389-107', T3 = 1.010, T = 0.968, T; = 1.030,
Ty = 0981, Ty, = —11.6.

Problem 4.12 HS114 [10]

F(z) = max fi(z),
f1 (ZL‘) = 5041‘1 + 00351'2 + 10I3 + 3361‘5 — 0.0631'41'7,
1
fs(x) = fu(z) =500 (1.1221 + 0.13167z1 25 — 0.006672173 — azs ),
1
fi(x) = fi(z) + 500 (1 09825 — 0.03822 + 0.32526 — g 45T, 425)
fs(x) = fi(z) — 500 (1 09825 — 0.03822 4 0.325x¢ — axy + 57. 425)
9800073
- 500
fo(z) = flz)+ <x4x9 ¥ 100075 x6> ’
98000
- — 500 ~
f(@) <x4x9 1000 x6> ’
fg(l') = + 500 (1'2 + 5 — .Tg) s
folz) = fiz) — 500 <x2;x5 — x8> ,
1

C1 ZE) = 0222I10 + biEg S 3582,
1

C2

c3(z) = 3x7—axy > 133,
ca(z) = 3x7— 2@0 < 133,
cs(z) = 12224 — 21 — 25 =0,

a = 099, b=0.90,
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1070 < x; < 2000, m = 1745,
107° < a2 < 16000, T = 12000,
107° < xg < 120, @3 = 110,
107 < x4, < 5000, =Ty = 3048,
1070 < x5 < 2000, m; = 1974,
8 < T < 93, Tg = 892,
90 < xz; < 95, T; = 92.8,
3 < Ty < 12, Ty = 80,
1.2 < x9 < 4, Tg = 3.6,
145 S T10 S 162, EIO = 145.
Problem 4.13 Dembo 3 [6].
F(z) = max fi(z),
filz) = 121 + a1 36 + asxs + agrs + a5 + agr3xs,
fo(z) = fi(z)+10° (a7x§ + agry w3 + agrs — 1) ,
fs(z) = fi(z)+ 10° (aloxlxgl + anxlxgle; + a12x1x§1x§ — 1) ,
f4(3§') = fl(.flf) -+ 105 (algﬂfg + Q1425 + Q1574 + Q16T — 1) s
fs(x) = fi(z)+10° (anxgl + a1s5 w6 + a197475 "+ agors s — 1) ,
f@(l’) = fl(l') + 105 <a21x7 —f- CLQQ‘/L‘Q:L‘PTI‘/L‘ZI —f- CL231'25E51 — ].) s
fr(x) = fi(z)+10° <a243:;1 + AosTomy a7t 4 aggwomy tay tast — 1) ,
fs(x) = fi(z)+10° (a27xg1 + gy oy — 1) ,
fg(l’) = fl(l') + 105 <a33x1x51 + CL34ZE51 1) s
flo(l') = fl(.flf) + 105 <a35x2x§1x11 + agﬁl'g.flfgl — 1) ,
fll(l') = fl(l’) -+ 10° (a373:4 + &38$;1$3$4 — 1) ,
flg(l') = fl(l') + 105 (a39x1x6 + a40T1 + ay1T3 — ]_) s
f13($) fl(l') + 105 (CL42£E1_1I3 + CL43£E1_1 + Aqq4Tg — ].) s
ca(z) = agrs + agorr <1,
co(x) = asiws+azpr; <1,
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1 a; 1 a; 1 a;

1]1.715 16 | —0.19120592 - 10~ | 31 | 0.00061000

2 10.035 17 | 0.56850750 - 102 32 | —0.0005

3 | 4.0565 18 | 1.08702000 33 | 0.81967200
4110.0 19 | 0.32175000 34 | 0.81967200

5 | 3000.0 20 | —0.03762000 35 | 24500.0

6 | —0.063 21 | 0.00619800 36 | —250.0

7 1 0.59553571-1072 | 22 | 0.24623121 - 10* 37 | 0.10204082 - 107!
8 | 0.88392857 23 | —0.25125634 - 10> | 38 | 0.12244898 - 10~*
9 | —0.11756250 24 | 0.16118996 - 10° 39 | 0.00006250

10 | 1.10880000 25 | 5000.0 40 | 0.00006250

11 | 0.13035330 26 | —0.48951000 - 10% | 41 | —0.00007625
12 | —0.00660330 27 | 0.44333333 - 102 42 | 1.22

13| 0.66173269- 102 | 28 | 0.33000000 43 1 1.0

14 | 0.17239878- 10~ | 29 | 0.02255600 44 1 —1.0

15 | —0.56595559 - 1072 | 30 | —0.00759500

z) = 0.0025(zs + 2) < 1,
ca(x) = 0.0025(x5 + x7 — 24) < 1,
x) = 0.01(zg —x5) <1,
a = 833.33252, b= —83333.333, ¢ = 1250000.0.

1 < 2y < 2000 , T — 1745,
1 < 2 < 120 , Ty =110,
1 < 23 < 5000 , 73 = 3048,
8 < zy < 93 , x4 =289,
0 < zz < 95 , 73 =92,
3 < m < 12, =38,
145 < z; < 162 , Ts= 145,
Problem 4.14 Dembo 5 [6].
F(z) = max fi(z),
fl(l') = $1+3§'2+$3,
folz) = fi(z)+10° (axflmxgl +100z5 " + by tagt — 1) :
f3(x) = fi(z)+10° (mx;l +1250(z5 — 24) 25 gt — 1) :
falx) = fi(z)+10° (cxglxgl+x5x§1—2500m§1x5xg1—1),
(
(
(
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100 < z; < 10000 , =; = 5000,
1000 < xo < 10000 , @9 = 5000,
1000 < x3 < 10000 , w3 = 5000,
10 < x4 < 1000 , =4 = 200,
10 < x5 < 1000 , =5 = 350,
10 < x¢ < 1000 , 7g = 150,
10 < 27 < 1000 , =7 =225,
10 < 25 < 1000 , Tg = 425.
Problem 4.15 Dembo 7 [6].
Fl) = may, @),
.T) = a(.TlQ + T3+ 214+ 215 + 33'16) + b(l’l.TlQ + XoX13 + T3X14 + T4X15 + .T533'16),

r) = fi(z)+10° (cxlxgl +100dz; — dxixgt — 1) :

fale) = i) +10° (ewprr 4+ 100de, — didez’ — 1),

fle) = (@) +10° (casag’ + 100dz; — dadrg’ — 1)),

fsx) = fi(z)+10° (Cx4959—1 +100dzs — dazy’ 1) ’

fol) = i) +10° (caso! +100de; — dada) — 1),

frl@) = fule) +10° (woa7 + waaz ailany — wery tagen — 1)

fs(z) = fi(z)+10° (:L‘7l‘8_1 +0.002(x7 — )75 w10 + 0.002(205 T — 1)213 — 1) ;
folw) = fi(w) +10° (w5 + 0.002(xs — w3)w13 + 0.002(w5 — o)1 + 79 — 1),

=
Ll
—
8
ot
|
=
8
e L
8
—
(=]
+
8
Ll
8
—
o
+
ot
)
=2
—
|
8
Ll
—
8
>
8
ol
—
N—

c1(x = 0002(1711 — 33'12) < 1,
a = 1.262626, b= —1.231060, c=0.034750, d = 0.009750.
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1 = 0.80,
Ty = 0.83,
T3 = 0.85,
T4 = 0.87,
T5 = 0.90,
Ts = 0.10,
T; = 0.12,
Ts = 0.19,
To = 0.25,
Tig = 029,
Ti = 512,
Tip = 13.1,
T13 = 71.8,
T4 = 640,
515 — 650,
Ti1g = 5.7.
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