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Abstract

In the article� we present an anisotropic version of the phase�	eld system of equations
with e
cient coupling arising in modelling of microstructure growth in solidi	cation of
pure crystallic materials� The anisotropy is introduced into the model using the concept
of Finsler geometry� applied previously by other authors� The model is studied from
point of view of existence and uniqueness via a semi�discrete scheme� We give a brief
information about the asymptotical behaviour of the solution� Finally� we summarize
computational results situated even beyond the scope of the theory � the model is able
to work in case of non�convex anisotropy�
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Figure ���� Single�crystal isotropic growth
 parameters� L � ���� � � ����� a � ����
� � ���� L� � L� � ���� u��� � ����� � � ������� �t � ������� NT � �� N� � N� �
����

� Introduction

The solidi	cation of crystallic substances is accompanied by formation of microstruc�
tures as a result of self�organization of particles in the solid part of the material�
Simulation of such phenomena and related mathematical aspects are in the scope of
researchers for certain time� as their understanding contributes to the development
of new� especially material technologies� The classical solidi	cation model based on
the Stefan problem is modi	ed using the isotropic Gibbs�Thompson law relating the
interface undercooling� curvature and normal velocity�
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where �s� �l are solid and liquid phases� respectively� melting point is �� u temperature
	eld� Discontinuity of heat �ux on ��t� is described by the Stefan condition ������ where
v� is the velocity in the direction of the outer normal n� to �s� and L is the latent
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heat� The formula ����� is the Gibbs�Thompson relation on ��t� whose mean curvature
is denoted as �� F is related to the interface undercooling� The parameter � is the
coe
cient of attachment kinetics� Applied mathematical treatment of this problem
lead to the use of various numerical techniques which were more or less able to produce
relatively complex crystallic morphology� Here� we mention the use of adaptive BEM
in ����� levelset methods in ����� ����� front tracking and FEM in ����� ����� variational
methods in ���� The presented work is related to the phase�	eld approach used within
the context in question e�g� in ����� ���� ���� ���� The system of equations analysed in
��� reads as�
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�t
� ���p � f��p� � F �u���jrpj�

with initial conditions
ujt�� � u� � pjt�� � p��

and with boundary conditions of Dirichlet type

uj�� � � � pj�� � ��

Here� � 
 � is the �small� parameter� and f� derivative of a double�well potential�
The coupling function F �u� is bounded and continuous� or even Lipschitz�continuous�
j�j denotes the Euclidean norm in Rn� We consider f��p� � ap�� � p��p � �

�
� with

a 
 �� The enthalpy is given by H�u� � u � L	�p�� where the coupling function 	

is monotone with bounded� Lipschitz�continuous derivative� 	��� � �� 	����� � ����
	��� � �� supp�	�� �� �� � 
� For the sake of simplicity� n � �� � is a bounded domain
in Rn with a C� boundary� and boundary conditions are homogeneous� Obviously� the
extension to higher dimensions� and to other boundary conditions is possible�
The above cited results concern isotropic models �see Figure ����� or models with

weak anisotropy in the sense that the graph of surface energy density is strictly con�
vex� which is the case for many metals� The crystalline case� when the strict convexity
condition is no more valid� was treated e�g� in ����� ���� ���� ����� We use the re�
sults of ���� where the Finsler geometry was introduced into the anisotropic motion by
mean curvature� which is the special subproblem related to ���������� Consequently�
the Gibbs�Thompson law holds in the direction of Cahn�Ho�man vector ������� Our
aim is to extent such approach to the solidi	cation model� to show basic mathemati�
cal properties� and to perform computational studies demonstrating behaviour of the
anisotropic model�

� Equations

Before introducing the anisotropic form of equations� we give a brief summary of the
Finsler�geometry concept� which seems to be a natural way of introducing anisotropy
into the model in question� We stress out that details about this approach can be
found in ��� and in references therein�
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A nonnegative function � � Rn � R
� which is smooth� strictly convex� C��Rn�f g�

and satis	es�

��t�� � jtj����� t � R� � � Rn�


j�j � ���� � !j�j�

where 
�! 
 �� is called Finsler metric� The function given by

������ � supf�� � � j ���� � �g�

is called dual Finsler metric� They satisfy the following relations
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jtj
������

��� t � R� f�g�

���� � ����� � � � ������ � �����
�� � ��� �� �� � Rn�

where the index � means derivative with respect to� We de	ne the map T � � Rn � R
n

as

T ����� �� �����������
�� for �� �� ��

T ���� �� ��

It allows to de	ne the ��gradient of a smooth function u�

r�u �� T ��ru� � ���ru�����ru��

Normal vector and velocity of a levelset of a 	eld p

��t� � fx � Rn j p�t�x� � const�g �

are

n��� � �
r�p

���rp�
� �

T ��rp�

���rp�
� v��� �

pt

���rp�
�

The anisotropic curvature is give by the formula

���� � div�n�����

Compared to ���� we do not consider an explicit dependence of � on space� for the sake
of simplicity�
Consequently� we can investigate an anisotropic motion by mean curvature

�v��� � ����� � F�

in the direction of Cahn�Ho�mann vector n���� Manifold described as

��t� � fx � Rn j p�t�x� � ���g�

with convention
�s�t� � fx � Rn j p�t�x� 
 ���g
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induces the Hamilton�Jacobi equation

�
�p

�t
� ���rp�r � �

r�p

���rp�
� � ���rp�F �

in analogy with isotropic case

�
�p

�t
� jrpjEr � �

rp

jrpjE
� � jrpjEF �

Similarly� we derive a modi	ed �see ������ anisotropic Allen�Cahn equation for curve
dynamics in plane

����tp � ��r � T ��rp� � f��p� � F�����rp�� �����

Example� We typically use the Finsler dual metric set as

������ � �"� �� �����

where ��� � are polar coordinates of ��� Our choice is "� � � � �A sin�m �� where
A is the anisotropy strength� and m the order of symmetry� The convexity condition
reads as A � �

��m� �
Finally� we establish an anisotropic phase�	eld model of solidi	cation� using ������

�u

�t
� r�u� L	��p�

�p

�t
�

��
�p

�t
� �r � T ��rp� �

�

�
f��p� � F �u�����rp�� �����

with boundary and initial conditions as in ������ We notice that the forcing term can
include another type of anisotropy given by di�erent dual Finsler metric� F �u�����rp��
as indicated by experiment � �����

� Theoretical results

First� we introduce the following notations�

�u� v� �
Z
�

u�x�v�x� dx� kuk �

sZ
�

u�x��dx for u� v � L�����

�ru�rv� �
Z
�

ru�x� � rv�x� dx� kruk �

sZ
�

jru�x�j�dx for u� v � H������

We also notice that the assumptions on 	 imply that there are constants C�� L� 
 �
such that j	��s�j � C�� j	��s�� � 	��s��j � L�js� � s�j for all s� s�� s� � R� Similarly�
the assumptions on F imply that there are constants CF � LF 
 � such that jF �s�j �
CF � jF �s���F �s��j � LF js�� s�j for all s� s�� s� � R� We de	ne the notion of the weak
solution as usual in�
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De�nition � Let � � R
n be a bounded domain with Lipschitz�continuous boundary�

Weak solution of the boundary�value problem with homogeneous Dirichlet boundary
conditions for the phase��eld equations ����� is a couple of functions �u� p� from ��� T �
to �H������

� such that it satis�es

d

dt
�u� L	�p�� v� � �ru�rv� � � a�e� in ��� T �	 �����

uj
t��

� u�	

���
d

dt
�p� q� � ���T ��rp��rq� � �f��p�� q� � ���F �u����rp�� q� a�e� in ��� T �	

pjt�� � p��

for each v� q � H�
�����

The continuous imbedding of H���� into Ls��� for each s � ������ �dim� � ��
ensures that f��p� � L���� for almost all t � ��� T �� If �u� p� � �L���� T 
 H�

������
�

solves ������ then �u� p� is a continuous mapping from h�� T i to �H�������� Thus� the
de	nition has proper sense� Our existence and uniqueness result is contained in the
following theorem� The proof by its virtue contains the investigation of convergence of
a semi�discrete scheme based on the Faedo�Galerkin method�

Theorem � Consider the problem ���
� in a bounded domain � � R
� with a C�

boundary	 and with F being a bounded continuous function	 	 a function with 	��� �
�� 	��� � �� 	����� � ���	 	� bounded	 Lipschitz continuous with the support in h�� �i�
Assume that � 
 � is �xed	 and

u�� p� � H
����� �����

Then	 there is a solution of the problem ���
� satisfying

u� p � L���� T 
 H
�
�����	 p � L���� T 
 H

�����	

�u

�t
�
�p

�t
� L���� T 
 L������

Additionally	 if F is Lipschitz�continuous	 	� 	 �	 and T � is strictly monotone	 the
solution is unique�

Proof� Here� we sketch main points of the proof� which follow the results of ��� and
���� We derive a sequence of approximate solutions �um� pm� to the original problem�
Assume that there is an orthonormal basis of the Hilbert space L���� denoted as fvigi�N
where �
i � N��vi � H������� Let Vm � spanfvigi�Nm be a 	nite�dimensional subspace
�Nm � f�� � � � �mg�
 Pm � L���� � Vm be the projection operator� Then� �um� pm� is
obtained from

d

dt
�um � L	�pm�� v� � �rum�rv� � � a�e� in ��� T �� 
v � Vm�

um��� � Pmu��

���
d

dt
�pm� q� � ���T ��rpm��rq� � �f��p

m�� q� � ���F �um����rpm�� q� �����

a�e� in ��� T �� 
q � Vm�

pm��� � Pmp��

�



and is de	ned for t � h�� Tm�� The a priori estimates bellow show the independence of
Tm on m�
Multiplication by derivatives yields the energy equalities

k�tu
mk� �

�

�

d

dt
krumk� � L��t	�p

m�� �tu
m��

���k�tp
mk� �

��

�

d

dt
���rpm�� � �f��p

m�� �tp
m� � ���F �um����rpm�� �tp

m��

and a priori estimates

k�tu
mk� �

d

dt
krumk� � L�C�

�k�tu
mk�� �����

�

�
���k�tp

mk� �
��

�

d

dt
���rpm�� �

d

dt
�w��p

m�� �� �
C�
F

��
�����rpm���

where w�� � �f�� jF �u�j � CF � j	��p�j � C�
�� This implies that we are able to pass to

the limit in ������ as

�� rpm
�

converges strongly in L���� T 
 L����� to rp �by compact imbedding and
testing by pm

�

� p�� rum
�

converges weakly in L���� T 
 L����� to ru�

�� f��pm
�

� converges strongly in L���� T 
 L����� to f��p� �polynomial nonlinearity��
	�pm

�

� converges strongly to 	�p� in L���� T 
 L������

�� Pm�p�� Pm�u� converge strongly to p�� u� in L�����

�� pm
�

��� � Pm�p�� um
�

��� � Pm�u��

In addition� we observe that the function p belongs to L���� T 
 H�
���� � H

������ and
that the weak solution satis	es the initial condition�
The uniqueness of the weak solution is shown using the Lipschitz continuity of

F � strong monotonicity of T � �i�e� strict convexity of anisotropy�� and the Gronwall
lemma� �

� Asymptotical behaviour

This section is devoted to a direct extension of results described in ���� which were
inspired by ���� A priori estimates imply that the energy functional

E��p���t� �
Z
�

��
�

�
���rp��

� �
�

�
w��p���dx�

is bounded as

E��p���t� � E��p����� expf
C�
F

��
tg t � ��� T ��

where p� is second component of the solution of ������ From ���� there is an estimate
for the time derivative by

�

�
��

Z T

�

k�tp�k
�dt� E��p���T � � CTE��p������

This allows to state the following theorem�
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Theorem � Let �u�� p�� is the solution of ���
� with the initial data satisfying E��p����� �
M� independently on �	 and let

Z
�

jp����x�� v��x�jdx� �	

as � � �	 for a function v� � L����� Then for any sequence �n tending to � there is a
subsequence �n� such that

lim
�
n

���
p�
n

�
�t�x� � v�t�x�	

is de�ned a�e� in ��� T �� �� The function v reaches values � and �	 and satis�es

Z
�

jv�t��x�� v�t��x�jdx � Cjt� � t�j
�

� 	

where C 
 � is a constant	 and

sup
t����T�

Z
�

jrvjEdx � C�	

in the sense of BV ���	 where C� 
 � is a constant� The initial condition is

lim
t���

v�t�x� � v��x��

a�e�

Matching procedure known from ���� can be used in recovering of the Gibbs�
Thompson law

�v��� � ����� � F �O�����

Details exceed the scope of this article� We also observe� that the phase equation in
����� is independent on particular form of the double�well potential w� �as it is in �������
in di�erence to the Allen�Cahn equation �see ���� ������

� Computational results

This section contains a summary of computational results obtained by the model using
the equations ������ Numerical algorithm of the method of lines uses the FDM space
discretisation on an uniform grid� and higher order time solvers such as Runge�Kutta�
Mersn scheme� Detailed analysis and convergence results can be found in ����
We introduce the following notations�

h � �h�� h�� � h� �
L�

N�

� h� �
L�

N�

�

xij � �x
�
ij� x

�
ij�� uij � u�xij��

�h � f�ih�� jh�� j i � �� � � � � N� � �
 j � �� � � � � N� � �g�

#�h � f�ih�� jh�� j i � �� � � � � N�
 j � �� � � � � N�g� �h � #�h � �h�

�



Figure ���� Anisotropic mean�curvature �ow � initially circular curve �r� � ���� shrinks
�left � forcing F � ����� or expands �left � forcing F � ������� The parameters of
simulation are� � � ������ a � ���� � � ���� m � �� A � ���� L� � L� � ����
N� � N� � ��� �t � ������

Figure ���� Single�crystal anisotropic growth with convex anisotropy
 parameters� L �
���� � � ����� a � ���� � � ����m � �� A � ����� � � ����� u��� � ����� L� � L� � ����
�t � ������ NT � �� N� � N� � ����
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Figure ���� Single�crystal anisotropic growth with non�convex anisotropy
 parameters�
L � ���� � � ����� a � ���� � � ���� m � �� A � ���� � � ����� u��� � �����
L� � L� � ���� �t � ������ NT � �� N� � N� � ����

Figure ���� Single�crystal anisotropic growth with non�convex anisotropy
 parameters�
L � ���� � � ����� a � ���� � � ���� m � �� A � ���� � � ����� u��� � �����
L� � L� � ���� �t � ������ NT � �� N� � N� � ����
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Figure ���� Qualitative study of dendritic growth for convex �A � ����� and non�convex
anisotropy �A � ������ Other parameters are� r � �� � � ����� u� � ���� u� � ����
L � ���� � � ���� a � ���� � � �� L� � L� � ���� N� � N� � ���� �t � ������ initial
radius � ������
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u	x��ij �
uij � ui���j

h�
� ux��ij �

ui���j � uij

h�
�

u	x��ij �
uij � ui�j��

h�
� ux��ij �

ui�j�� � uij

h�
�

u	x�x��ij �
�

h�
�

�ui���j � �uij � ui���j� �

and
#rhu � �u	x�� u	x��� rhu � �ux�� ux��� �hu � u	x�x� � u	x�x��

The semi�discrete scheme has the form

$uh � D��hu
h � L	��ph� $ph on �h�

uh j	
h
� �� uh��� � Phu��

��� $ph � ��rh � T
�� #rhp

h� � f��p
h� � �����rhp

h�F �uh� on �h�

ph j	
h
� �� ph��� � Php��

where its solution is a map uh� ph �� �� T 
� Hh and Ph � C�#��� Hh is a restriction
operator�
We use a non�trivial coupling function

	�p� � ��r��p�r for p �
�

�
�

� � ��r���� � p��r for p 

�

�
�

mostly with r � �� We always set

F �u� � ��u� � u� for ju� u�j � Cu�

and
F �u� � �Cu� for u 
 u� � Cu�

F �u� � Cu� for u � u� � Cu�

in order to satisfy basic theoretical requirements imposed on F � If Cu is su
ciently
large� the model behaves as if F were linear� and is applicable in real situations� The
Finsler dual metric is set according to ������
Our results are always in �D� and show the solution for convex anisotropies� where

our theory is valid� In addition� the model is able to treat even non�convex anisotropies�
Figure ��� shows how a circle evolves according to the anisotropic mean�curvature �ow
given by Finsler geometry ������ As the anisotropy is non�convex� we observe the
presence of wrinkles in �forbidden� directions� which depend on the numerical mesh�
Figure ��� shows a single pattern growth under a convex anisotropy� Figures ��� and
��� have the same parameters� only the anisotropy is non�convex� Again� we observe
wrinkling of phase boundaries� and almost �at parts corresponding to facets� Figure
��� compares a single�dendrite growth with identical physical and numerical setting�
and with convex and non�convex anisotropies� We observe formation of corners and
almost �at parts of phase boundary in the non�convex case�
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