narodni
N U dlozisté
1 L Sedé
6 literatury

Dimension-Independent Approximation by Neural Networks and Its Comparison
with Linear Approximation

KlUrkova, Véra
1999

Dostupny z http://www.nusl.cz/ntk/nusl-33857

Dilo je chranéno podle autorského zakona ¢. 121/2000 Sb.

Tento dokument byl stazen z Narodniho Ulozisté $edé literatury (NUSL).
Datum stazeni: 27.09.2024

Dalsi dokumenty muzete najit prostfednictvim vyhledavaciho rozhrani nusl.cz .


http://www.nusl.cz/ntk/nusl-33857
http://www.nusl.cz
http://www.nusl.cz

INSTITUTE OF COMPUTER SCIENCE
ACADEMY OF SCIENCES OF THE CZECH REPUBLIC

Dimension-independent approximation by
neural networks and its comparison with linear
approximation

Véra Kurkova Marcello Sanguineti

Technical report No. 789

October 1999

Institute of Computer Science, Academy of Sciences of the Czech Republic
Pod vodarenskou vézi 2, 182 07 Prague 8, Czech Republic
phone: +4202 6605 3231 fax: 44202 8585789
e-mail: vera@uivt.cas.cz, marcello@dist.unige.it



INSTITUTE OF COMPUTER SCIENCE
ACADEMY OF SCIENCES OF THE CZECH REPUBLIC

Dimension-independent approximation by
neural networks and its comparison with linear
approximation

Véra Kurkova Marcello Sanguineti!

Technical report No. 789
October 1999

Abstract

In this paper, we compare rates of approximation achievable using any linear approx-
imation method with rates of approximation by neural networks. We compare such
rates in terms of the worst-case errors in approximation by n-dimensional linear sub-
spaces and neural networks with n hidden units in the last hidden layer. We develop
a general framework for such comparisons for sets of multivariate functions either
computable by various types of network computational units or approximable with
dimension-independent rates by networks with such units. Applying this approach to
perceptron networks, we derive lower bounds on the worst-case errors in linear approx-
imation of sets of functions computable by perceptrons with periodic and sigmoidal
activation functions.
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1 Introduction

Since the work of Weierstrass and Chebyshev in the 19th century, approximation by
polynomials and rational functions has developed into a unifying framework, and the
difference between linear and rational approximation became apparent. Later, in ad-
dition to rational approximation, other types of nonlinear approximating families, like
splines and exponential sums, were investigated. Renewal of interest in artificial neural
networks in the early 1980s lead to many successful applications, equalling or exceeding
other approaches. Since feedforward neural networks compute parametrized nonlinear
families of functions of a different type than all previously studied families, they form
a new branch in the field of nonlinear approximation.

The theoretical investigation of neural networks as nonlinear approximators has
been mostly focused on questions of existence of an arbitrarily close approximation
and estimates of its rates in dependence on network complexity, while the difference
between linear and neural network approximation has remained less understood. The
first result in this direction is Barron’s [1] comparison of rates achievable using linear
and neural network approximation. He described sets of multivariable functions, for
which approximation by one-hidden layer sigmoidal perceptron networks is “dimension-
independent” (is bounded from above by O(ﬁ), where n is the number of hidden
units), while the accuracy of approximation achievable using any linear method de-
pends on the dimension (is bounded from below by O(ﬁ), where d is the number
of variables of the function to be approximated). Kainen, Kurkova and Vogt ([10],
[11], [12]) have initiated comparison of properties of projections (best approximation
operators) in linear and neural network approximation. They have shown that many
useful properties of linear approximators like uniqueness, homogeneity and continu-
ity are not satisfied by neural network approximators, suggesting that this loss might
allow improved rates of approximation (since arguments proving slow rates of linear
approximators are based on these properties).

In this paper, we extend the work of Barron [1] on comparisons of rates of approx-
imations. We develop a general framework for such comparisons for two kinds of sets
of multivariable functions: sets of functions computable by various kinds of computa-
tional units and sets approximable with dimension-independent rates by networks with
such units. We compare the worst-case approximation errors, formalized in terms of the
Kolmogorov n-width (infimum of deviations from n-dimensional linear subspaces) and
the deviation from the union of n-dimensional subspaces spanned by computational
units (corresponding to n-hidden-layer neural networks).

Applying this general approach to perceptron networks, we derive lower bounds
on the worst-case error in linear approximation of sets of functions computable by
perceptrons with various types of activations. We show that for some periodic acti-
vation functions such sets cannot be efficiently approximated using linear methods,
since no increase of the dimension of the linear approximating sets can decrease the
worst-case error under certain constant bound. For sigmoidal perceptrons, such error
is bounded from below by O(ddlﬁ)’ where n corresponds to the dimension of the linear
approximating space and d is the number of variables.

The paper is organized as follows. Section 2 contains basic concepts and notations



concerning approximation in normed linear spaces and feedforward neural networks.
Section 3 describes dimension-independent rates of approximation by such networks in
terms of balls in certain norms tailored to computational units. To compare such rates
with those achievable using linear approximation schemes, in Section 4 we investigate
methods of estimation of Kolmogorov width of balls in norms of this type. In Section
5, the tools developed in previous sections are applied to perceptron networks. Section
6 contains a brief discussion.

2 Preliminaries

2.1 Approximation in normed linear spaces

Let R denote the set of real numbers, R, the set of nonnegative real numbers, A" the
set of natural numbers and N, the set of positive integers.

In this paper, we assume that approximating functions as well as functions to
be approximated are from some real normed linear space (X,]|.]|); for brevity, in the
following the term “real” will be omitted. Whenever there is no ambiguity on the norm
|||, we will write X instead of (X,||.||). When X is finite-dimensional, we denote by
dim X its dimension. By B.,(]|.||) is denoted the ball in X of radius r with respect to
the norm |LJ}, ie. B(LI) = 1f € X |7l < .

Standard choices of a normed linear space are the space (C(K), ||.|lc) of all contin-
uous functions on some compact subset K of R? (often the d-dimensional cube [0, 1]¢)
with the supremum norm denoted by ||.||c and defined by || fllc = sup,ex |f(2)], and
(L,(K), ||-lp), where L,(K)={f: K — R;([ fpd)\)z% < oo} for p € [1,00) (A denotes
the Lebesgue measure, but other measures may be used, too) with £,-norm defined by
/1l = (f frdA)>.

Some properties of approximation can be formulated for normed linear spaces satis-
fying certain conditions, e.g. for Banach or Hilbert spaces. Recall that a Banach space
is a normed linear space that is complete and that a Hilbert space is a Banach space
with a norm generated by an inner product, i.e. ||f|| = /[ - f (see e.g. Friedman [6]).

If G is a subset of a normed linear space (X,||.]|), then G° denotes the set of its
normalized elements, i.e. G° = {¢° = ”Z—”,g € GG}. The closure of GG is denoted by ¢l G
and defined by ¢l G = {f € X; (Ve > 0)(dg € G)(||f — 9|l < e)}. The interior of GG is
denoted by int G and defined by int G = {g € G;(Fe > 0)(Vf € X)(||f — gl <¢€) =
f € G}, and the boundary as 0G = ¢l G — int . A normed linear space (X, ||.||) is
called separable if it contains a countable dense subset.

For ¢ € R we denote ¢ = {cg;9 € G} and G(c) = {wg;9 € G,w € R& |w| < ¢}
G is called homogeneous if ¢G = G for all ¢ € R. If G = G(1), then G is called
balanced. /(1) is called the balanced hull of G.

The Minkowski functional v : X — Ry U {oo} of a subset (¢ of a normed linear
space (X, ||.||) is defined as va(f) = inf{c € R.H% € G}. Recall that when G is
balanced and convex, then vg is a norm on {f € X;ve(f) < oco}. When, in addition
to these two properties, G is also closed, then the unit ball in vg is closed in the
topology induced on X by |[.][.



The linear span of (G, denoted by span (i, is the set of all linear combinations of
elements of GG, i.e. span G = {37, w;g;;w; € R, g; € Gyn € Ny }; span,, G denotes the
set of all linear combinations of at most n elements of G, i.e. span,G = {37, w;g;; w; €
R,q; € G}. Convex hull of G, denoted by conv G, is the set of all convex combinations
of its elements, i.e. convG = {7, aigi;a; € [0,1],50,a; = 1,n € Ny}; conv, G
denotes the set of all convex combinations of at most n elements of GG, i.e. conv, G =
{8 aigisa; € (0,1, a; = 1,9 € G}. A set G is called conver if G = convG.

The theory of approximation investigates properties of error functionals measuring
the accuracy of approximation as a distance from a set of approximating functions.
An error functional ey : X — Ry of a subset M of (X,||.||) is defined as ep(f) =
I|f — M| = infenr ||f — g]|. Recall that, for each normed linear space (X, ||.||) and
each of its subsets M, ejps is continuous but it does not need to be linear (even for M
finite-dimensional subspace of X, see e.g. Singer [25]).

Suitability of an approximating set for approximation of functions from a given set
(often defined in terms of a bound on some norm different from the one used to measure
the accuracy of approximation) can be characterized by the worst-case error, which is
mathematically formalized by the concept of deviation of a set Y of functions to be
approximated from the approximating set M. The deviation of Y from M is defined
as

(Y, M) =6(Y, M, (X, ||.)) = supem(f) =sup || f — M|| = sup inf ||f — glf;
fey fey fey €M

whenever there is no ambiguity about the normed linear space under consideration,
we will write 6(Y, M) instead of 6(Y, M, (X, ||.||)). Note that deviation describes the
size of the smallest neighbourhood of M containing Y (if 6(Y, M) = ¢, then ¢ is the
infimum of all the real numbers, for which Y C U.(M) ={f € X;||f — M| < €}).

The following properties of deviation follow directly from its definition and from
continuity of ey.

Proposition 2.1 Let (X,||.||) be a normed linear space, Y and M be its subsets. Then
(i) 6(Y, M) = 6(clY, M);

(ii) when M is homogeneous, then for every ¢ € R 6(cY, M) = |c|6(Y, M);

(iii) when M is convex, then 6(Y, M) = é(convY, M).

To describe a theoretical lower bound on linear approximation, Kolmogorov [13]
investigated infimum of deviations over all n-dimensional subspaces of X. He intro-
duced the concept of n-width (which became later called Kolmogorov n-width) of a set

Y, defined by

3(¥) = dy(¥. (X, L)) = inf 8V X, (X, 1)) = infsup [ — 2, .
Xn Xn jey

where the infimum is taken over all n-dimensional subspaces X,, of X. The following

proposition summarizes basic properties of Kolmogorov n-width that can be easily
verified (see also Lorentz [20], Pinkus [23, p. 10]).



Proposition 2.2 Let (X, ||.||) be a normed linear space and Y be its subset. Then for
all positive integers n

(D) du(Y) > dos (V)

(ii) d(clY) = d,(Y);

(iii) for every ¢ € R d,(cY) = |c|d,(Y);

(i) dy(convY) =d,(YV);

(iv) dn(Y°)inf ey || f]| <
(v) if Y1 C Yy C X, then

d(Y) < dn(Y?) sup ey ||f]:
0(V2) = 60, 13) < da(3) < da(Y3).

Thus the Kolmogorov width of a set is equal to the Kolmogorov width of its closed,
convex, balanced hull. Since each convex balanced set determines a norm on X, in
which it forms the unit ball (via the Minkowski functional), Kolmogorov width is
essentially a property of balls in various norms on X. It represents the best possible
accuracy that can be achieved, when such balls are approximated linearly.

2.2 Rates of approximation

Rates of approximation characterize the trade-off between the accuracy of approxima-
tion and the complexity of the approximating function. When approximating functions
are from a parametrized family, then their complexity can be measured by the length
of a parameter vector (corresponding, for example, to the degree of a polynomial or
a rational function, the number of knots in a spline, the number of hidden units in a
neural network). Such a parametrized family can be represented as a sequence of sets
of functions (often nested), with parameter vectors of increasing length. In traditional
approximation schemes (like polynomials and fixed series expansions), these sets are
finite-dimensional subspaces of increasing dimensionality.

Let {M,;n € N} be a sequence of nested subsets of a normed linear space (X, ||.||),
then the rate of approximation of f € X by {M,;n € N} is measured by the speed
of decrease of ey, (f). The rate of approximation of a subset Y of X is characterized
by the decrease of the worst-case error, corresponding to the deviation 6(Y, M,) =
sup ey €, (f) = supsey [|[f — My||. When U,ep, M, is dense in X, then for each
f € X the sequence {epr,(f);n € N, } converges to 0, but for practical applications this
convergence has to be sufficiently fast to guarantee a desired accuracy of approximation
for n small enough so that all functions from M, are implementable.

In the case of functions of d variables, it might happen that the deviation is of order

@ (d%/ﬁ) It means that to achieve an accuracy within ¢, there are required approxi-

mating functions of the complexity of order (%)d. Such an exponentional dependence
of complexity on the number of variables is called the curse of dimensionality. When
the complexity of approximating functions does not depend on the number of variables
d, then the approximation scheme is called dimension-independent. For example, in
(£,([0,1]%),]].l,) the Kolmogorov widths of balls in Sobolev norms of fixed order ex-
hibit the curse of dimensionality, while when the order is appropriately increasing with
d, the Kolmogorov width of such balls is dimension-independent (see e.g. Pinkus [23,
pp. 232-233]).



2.3 One-hidden-layer neural networks

Feedforward neural networks compute parametrized sets of functions depending on
both the type of computational units and the type of their interconnections. Computa-
tional units compute functions of two vector variables: an input vector and a parameter
vector. Generally, they compute functions of the form ¢ : R x R? — R, where ¢ cor-
responds to the type of the unit, p and d to the dimension of the parameter and the
input space, respectively.

We call one-hidden-layer networks with hidden units computing a function ¢ and a
single linear output unit ¢-networks. Thus ¢-networks compute functions of the form

Z wi¢(ai7 ')7

where a; € RP.

Denote by Gy = {¢(a,-);a € R?} a parametrized set of functions corresponding to a
type of computational unit ¢. Then a ¢-network with n hidden units can generate as its
input/output functions all elements of span,, GG, which is the union of all n-dimensional
subspaces spanned by n-tuples of elements of GG4. Thus in the case of neural networks,
the approximating functions are members of unions of finite dimensional subspaces
generated by hidden unit functions.

Standard types of hidden units are perceptrons. A perceptron with an activation
function ¢ : R — R computes functions of the form ¢((v,b),x) = (v -x+b) :
R x R — R, where v € R% is an input weight vector and b € R is a bias.

Let J be a compact (i.e. closed and bounded) subset of R (the standard choice
is J = [0,1]). By Py(v0,J) = {f : J¥ = R; f(x) = (v -x+b),v e RLbeE R} is
denoted the set of functions on J¢ computable by 1-perceptrons (when it is clear from
the context which .J is considered, we will write only Py(¢) instead of Py(v,.J)).

So span,, Py(1,J) denotes the set of functions on J¢ computable by -perceptron
networks with n hidden units, and span P;(1, .J) represents the set of functions com-
putable by such networks with any number of hidden units.

3 Dimension-independent approximation

3.1 Approximation from unions of finite dimensional sub-
spaces

To derive tools for the estimation of rates of approximation by one-hidden-layer neural
networks, we investigate approximation properties of sets of functions of the form
span,, G, where (¢ is any subset of a normed linear space (X, |.||). This approximation
scheme includes approximation by multilayer feedforward networks with a single linear
output and n hidden units in the last hidden layer. In particular, it includes ¢-networks.

Rates of approximation from span, G are measured by the deviation from span, G
that we denote by 6¢ ,, 1.e.

06 (Y) = 0 (Y, (X |[-D) = 8(Y; span, G, (X, |[-]]))-



The following proposition states the basic properties of é¢, that follow directly
from Proposition 2.1 (notice that span, G is homogeneous).

Proposition 3.1 Let (X, ||.||) be a normed linear space, Y and G be its subsets. Then
for any positive integer n

(D) b0(¥) 2 b (V);

(ii) 6Gn(Y) = ban(clY);

(iii) for every ¢ € R dan(cY) = |c|bg.(Y).

Since span,G is not a linear subspace, many of the convenient properties (like
uniqueness, continuity, homogeneity etc.) of best approximation operators used as
tools in linear approximation theory are no longer valid (see Kainen, Kurkova and Vogt
[10], [11], [12]). On the other hand, since the union of all linear subspaces spanned by
n-tuples of elements of a given set (7 is often much bigger than any single n-dimensional
subspace of X, for some sets of functions, rates of nonlinear approximation by span, G
might be considerably better than rates achievable using any linear approximating fam-
ily. Since we look for sets Y for which d,(Y is bigger than é¢,(Y), we will investigate
upper bounds on é¢, and lower bounds on d,(Y").

3.2 Variation with respect to a set of functions

Sets of multivariable functions with dimension independent upper bounds on the de-
viations from sets of the form span,G' can be described in terms of norms tailored to
sets (4.

Let GG be a subset of a normed linear space (X, ||.||). Then G-variation (variation
with respect to the set ) denoted by ||.||¢ is defined as the Minkowski functional of
the closed convex balanced set ¢l conv G(1), i.e.

Iflle = inf{c € Ry; ! € ¢l conv G(l)} = inf{c € Ry; f € el conv G(c)}.
c

Thus G-variation is a norm on the subspace {f € X;||fll¢ < oo} C X. G-variation
was defined by Kurkova [16] as an extension of Barron’s [2] concept of variation with
respect to half-spaces. The following proposition states the basic properties of G-
variation.

Proposition 3.2 Let (X, ||.||) be a normed linear space, G and F' be its subsets. Then
(i) Jor all f € X |[f]| < [[f]lc supyeq llgll;

(i) if € span G, then [Ifg = min{0, wils f = S wigim € Nyvgi € G, €
Rj:

(tii) ||.|lc < ¢||-||F if and only if for all h € F ||h||¢ < c.

Proof. (i) and (ii) follow immediately from the definition of G-variation. To verify (iii),
set b = ||f||p. Let f =lim,,—oo frn in |||, where for all m € Ny f,, € conv F(b). Then
fmn = 200 Wiy iy Where 3507wy, ;| < b and by, € F. Since all hy,; € ¢l conv G(e),
we have f,,; € clconvG(bc) and so ||f|la < cb=¢||f]|F. ]



When X is finite-dimensional, all norms on X are equivalent, i.e. they determine
the same topology, and thus the concept of GG-variation does not depend on the norm
on X. In an infinite-dimensional case, when (G-variation depends on the choice of a
norm ||.|] on X; we will assume that it is clear from the context with respect to which
norm (-variation is considered.

Note that GG-variation is a generalization of the concepts of total variation and /-
norm. For d = 1 variation with respect to half-spaces coincides up to a constant with
total variation (see Barron [2], Kurkova, Kainen and Kreinovich [18]).

Let A be an orthogonal basis of a separable Hilbert space (X, ||.||), then [;-norm
with respect to A is defined as || f|[1,4 = > aea | f-@|. The following proposition describes
the relationship between A-variation and the /;-norm with respect to A.

Proposition 3.3 Let (X,|.||) be a separable Hilbert space and A be its orthogonal
basis, then ||.]|a < ||-|[1,4; when ||.|| and ||.||4 are equivalent, then ||.||a = ||-||1,4-

Proof. First, check that ||.||a <||.][1,4- Let A = {a;;7 € N.}. Then every f € X can
be represented as Y02 (f - a;)a;. For m € Ny set f,, = X7 (f - a;) i b= |[f||1.a,
then for all m € Ny f,. € conv A(b). f =lim,—o fin in ||.]|, and so f is in the closure
of conv A(b) with respect to ||.||. Hence || f|la < b=|f||1,4-

To verify that ||.|[4 > ||.|[1.4 for ||.]| and ||.||4 equivalent, let f,, =37 (f - a;), and
b = limy—insty || frnll1,4. Since || finll1,4 = || fm]| (see Karkova, Savicky and Hlavackova
[19, p.654]), lim,, oo fr = f in ||.|| and limy—insey || fin]la = b. When ||| and ||.||4 are
equivalent, the set U = {h € X;||h|la < b} is open in ||.||, and so ||f|la = b = ||f|]1,4.
| ]

Thus when A is an orthogonal basis of X, then the unit ball in A-variation contains
the unit ball in the /;-norm with respect to A. For example, the unit ball in variation
with respect to the Fourier basis contains the unit ball in the /;-norm with respect to
this basis.

Some insight into properties of sets of multivariable functions that can be approx-
imated by neural networks with dimension-independent rates were obtained by Jones
[9] and Barron [1]. Using the concept of G-variation, Kurkova ([16], [17]) reformulated
Barron’s [1] improvement of Jones’ result [9] in the following way.

Theorem 3.4 Let (X, ||.||) be a Hilbert space and G be its subset. Then for every
f € X and for every positive integer n

(sallflle)* = ILA11®

IS = span,G||* <
n

where s = sup,cq lgl]-

Since span, G = span,G°, Theorem 3.4 implies

12 = ISP

If = span.G||* <
n

As an immediate corollary we get a description of sets of multivariable functions
that can be approximated by span,G with dimension-independent rates.



Corollary 3.5 Let (X, ||.||) be a Hilbert space and G be its subset. Then for every
positive integer n

s
dan(Bi(]-lle)) < N
where s = sup,eq 9], In particular,

1
86 (Bi(|-llae)) < N

Thus balls in G°-variation can be approximated by elements of span, G with a rate
of approximation that does not depend on the number of variables of functions in
X. However, with increasing number of variables the condition of being in the unit
ball in G%-variation becomes more and more constraining (see Kurkova, Savicky and
Hlavackova [19] for examples of functions with variation depending exponentially on
the number of variables).

Note that estimates of 6, in terms of G-variation are not restricted to Hilbert
spaces. Darken et al. [5] extended Jones-Barron’s theorem to L£,-spaces for p € (1, c0)

with a slightly worse rate of approximation (of order O(n_lg), where ¢ = max (p, z%) );

there also exist extensions for supremum norm (see e.g. Barron [2], Girosi [7], Gurvits
and Koiran [8], Kurkovd, Savicky and Hlavackova [19]).

4 Kolmogorov width of balls in G-variation

4.1 Basic properties of the Kolmogorov width of balls in G-
variation

When for some family of subsets {G4;d € Ny} of a family of normed linear spaces
{(Xa,]|-]);d € Ny}, where each X, consists of functions of d variables, Kolmogorov n-
width of balls in G4-variation is considerably larger than their deviation from span,, Gy,
then approximation by span, Gy outperforms any linear approximation scheme. Such
better performance is especially remarkable when d,(Bi(]|.||cs)) is of order O (d%/ﬁ)’

since by Corollary 3.5 5Gd7n(Bl(H-HG§)) < ﬁ

To describe sets Gy with é¢,.(B1(]|.]lc,) smaller than d,(B1(]|.]|lc,)), we will in-
vestigate lower bounds on Kolmogorov n-width of balls in variation with respect to
a general set of functions. The following proposition summarizes basic properties of
Kolmogorov width of such balls that follow from Proposition 2.2, Proposition 3.2 and

from the fact that Bi(||.||¢) = ¢l conv G(1).

Proposition 4.1 Let (X, ||.||) be a normed linear space, G and F' be its subsets. Then
for any positive integer n

(1) du(Bi(||.]|e)) = dn(G);

(ii) if G 2 F then dn(Bi(||.l¢)) = du(Ba(||-][F));

(iti) if a = supyep |[h]la < oo, then du(Bi(||.la)) = da(G) = 3du(F) = Jdn(Bi(]].][F))-



The first one of these elementary properties has important consequences. In par-
ticular, it implies that any estimate of the worst-case error in the linear approximation
of the unit ball in G-variation applies also to G itself. Thus a speed of the decrease of
d,(G) can be evaluated using d,,(B1(]|.||¢)) (to derive a lower bound on the Kolmogorov
width of a larger set might be easier).

4.2 Lower bounds in terms of the Bernstein width

As pointed out in Proposition 3.2 (i), it follows directly from the definition of G-
variation that, for any subset G of a normed linear space (X,|.]|), .|| < s¢ll-la,
where s = sup,cq||g]|. Thus the unit ball in [[.|| contains the ball of radius é in
Gi-variation. When also the unit ball in G-variation contains a ball of some nonzero
radius in ||.]| (i.e., it has nonempty interior in the topology induced on X by ||.||), then
the norms ||.||¢ and ||.|| are equivalent. In such a case, we can estimate the Kolmogorov
width of the unit ball in G-variation from below using the Bernstein width.

Recall that the Bernstein n-width of a subset Y of a normed linear space (X, ||.||)
is defined as

(V) = sup sup{r € Ry; Bo(]¥+) € V),
Xpy1
where the leftmost supremum is taken over all (n + 1)-dimensional subspaces of X and
||.][*7+1 denotes the restriction of ||.|| to X, 41 (see e.g. Pinkus [23]). Notice that when
Y is closed, convex and balanced, then for all n b,(Y’) is the diameter of the maximal
ball in ||.||¥#+1 contained in Y. Thus we can extend the concept of the Bernstein width
by defining
W)= ot 1.

The following proposition is an easy modification of a lower bound on Kolmogorov
width from Lorentz [20, p. 133].

Proposition 4.2 Let (X, ||.||) be a Banach space, G be its subset such that {f €
Xi||flle < oo} = X. Then for any positive integer n such that n < dim X d,(G) =

dn(Bi([|[) 2 o(Bu([[-[le)) = it A1 1)l = 13-

Proof. Let X,, be an n-dimensional subspace of X and let h € X — X,,. Let g € X,
be the closest element to h, i.e. ||h — X,|| = ||k — g|| and set f = ”hh__gg”G. Then 0 € X,
is the closest element to f: indeed, for all ¢’ € X,, we have ||f]| < ||f — ¢'|| because
1h —gll < [lh—g—ag"|, where a = || — g||¢. Since || f||¢ = 1, we have ex, (f) = || /]|
and by Proposition 4.1 (i) d.(G) = du(Bi(||.[|c)) = If| = inf{[[f][; f € Bu(l|.lle)} =

b(Bu(]l-le))- u

Since all norms on a finite-dimensional space are equivalent, we can apply Propo-
sition 4.2 to R™ with the [3-norm and A any of its orthonormal bases. Then we get

d,(A) =d,(B1i(]|.]|4)) = \/I—R for any n < m.
However, when ||| and ||.||¢ are not equivalent, this method of estimation of the
Kolmogorov width of balls in G-variation gives a trivial lower bound (equal to zero). A

more sophisticated method based on the Borsuk antipodality theorem (see e.g. Pinkus
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[23]) shows that the Kolmogorov n-width is bounded from below by the Bernstein n-
width. More precisely, for every closed, convex, balanced subset Y of a Banach space
(X, ].]]) and for all positive integers n d,(Y") > b,(Y).

To obtain from this estimate a lower bound on d,(G) = d,(Bi(]].]|¢)) larger than
the upper bound on é¢,, guaranteed by Corollary 3.5, b,(GG) must be larger than \5/4%

For example for A countable orthonormal, it is easy to check that b,(Bi(||.||4)) = \/n;?
when n < card A (since By(]|.]|1,4)NXn41 = Bi(||-||4)NXn41). Thus using the Bernstein
width as a lower bound on the Kolmogorov width of balls in A-variation for A countable
orthonormal, we get the same lower bound, ﬁ, on d,(B1(]|-]|4)) as the upper bound,
ﬁ, on 64.,(Bi1(]].]]a)) following from Corollary 3.5.

However in the next section, we will show that orthogonality of A enables to derive
lower bounds on d,(Bi(||.||4)) larger than the Bernstein n-width.

4.3 Lower bounds on the Kolmogorov width of orthogonal
sets

Even when the unit ball in G-variation does not contain a ball of any radius in the norm
|||, in which the approximation error is measured, it might happen that it contains a
ball of a non-zero radius in A-variation for some set A, the Kolmogorov width of which
can be estimated from below.

In particular for A orthonormal, we can use the following lower bound, which is an
improvement of Barron’s estimate [1, Lemma 6, p. 942].

Proposition 4.3 Let (X,]|.||) be a Hilbert space, A be its orthonormal subset. When
A is infinite, then for all positive integers n d,(A) > 1. When A is finite of cardinality

m, then for all positive integers n < m d,(A) > /1 — =,

Proof. Let X, = span{hy,---,h,}, where {hqy,---, h,} is an orthonormal subset and
let px, : X — X, be the best approximation mapping (projection) from X to X,
(see e.g. Singer [25]). Then for every f € X we have ex, ()’ = ||f — px,(f)|? =
L llpxa (I and [lps (DI = s (- h)"

For each m € N choose some subset A,, C A of cardinality m. Then > ,c 4 ||px, (a)
Y0y Yeean (e hy)? <30 ||Ay)|? = n. Hence there exists some a,, € A, such that

I* =

lpx, (am)|]? < ~ and thus ex, (an) > /1 — . So if A is finite of cardinality m, we
have d,(A) > /1 — . If A is infinite, then for all m € N, we have d,(A) > /1 — o
and so d,(A) > 1. ]

Notice that for a countable orthonormal set A this proposition gives a better lower
bound on the Kolmogorov width than the lower bound derived using the Bernstein
width.

For A, subsets of a normed linear space (X, |.||) let ag denotes the Bernstein
radius of the set A with respect to teh norm ||.|[q, i.e. ag = sup,cy4 |-

Proposition 4.3 implies a lower bound on the Kolmogorov width for any set ¢ for
which there exists an ortonormal set A with bounded supremum of G-variation of all
its elements.

10



Corollary 4.4 Let (X, ||.||) be a Hilbert space, GG, A be its subsets, A be orthonormal
with that ag finite. If A is infinite, then for all positive integers n d,(G) > i When

. . . . ey . 1 n
A is finite of cardinality m, then for all positive integers n < m d,(G) > acVL—

Proof. By Proposition 3.2 (iii) ||.||¢ < ¢||.]|a- So B%(HHA) = iBl(H-HA) C Bi(Jl-le)-
Hence by Propositions 2.2 (iii) and 4.1 (iii) d,(G) = d.(B1(]].]l¢)) > i do(B1(]].]]4)) =

LG d,(A). and hence the lower bound follows from Proposition 4.3. ]

a

Corollary 4.4 implies that whenever the unit ball in (G-variation contains a ball of
a non-zero radius r in variation with respect to some infinite orthonormal set, then ¢
cannot be approximated within an accuracy smaller than r using any linear approxi-
mation scheme. No increase at all of the dimension n of the linear approximating set
can decrease the n-width of G below r.

Even when Bi(]|.||¢) is not “large enough” to contain a ball of some non-zero
radius in variation with respect to an infinite orthonormal set, it might contain a ball
in variation with respect to some orthogonal set, the elements of which have norms
that are going to zero rather slowly with respect to the dimension d. The following
definition formalizes the concept of such a slow decrease.

Let (X, ||.]]) be a normed linear space and A C X. We say that A is slowly decaying
with respect to d if A can be linearly ordered as A = {«;; 7 € N, } so that the norms of
its elements are non-increasing, and for all r € N} ||a,q]| > % The following lemma
gives an equivalent formulation of the concept of a slowly decaying set.

Lemma 4.5 Let (X,].||) be a normed linear space and A be a subset of X. Then A is
slowly decaying with respect to d if and only if A can be represented as A = U,en, A,
where for all r € Ny card A, > r* and for all o« € A, ||| > % and for all v > r and
o € Au flall 2 flo].

The following proposition shows that the Kolmogorov width of any orthogonal
slowly decaying set exhibits the curse of dimensionality.

Proposition 4.6 Let (X, ||.||) be a Hilbert space and A be its orthogonal subset that is
slowly decaying with respect to some positive integer d. Then for any positive integer

n d,(A) > 7\/5%, where m, = min{m € N; 2n <m)& (3r € N )(m =rH)}. In
. d .
particular, for n = % for some integer r d,(A) > ﬁ%.

Proof. Let A, = {ay,...,a,a}. Then card A, = r? and, by Proposition 4.3, for all
re Ny and all n < 7? d,(A%) > /1 — %. By Proposition 2.2 (iv) then d,(A,) >
L/1—L

For each n € Ny take r € Ny for which m, = r?. Since n < 2n < m, = ¢, we
have d,,(A) > d,(A,) > %,/1 — 1. Setting r = /m,, we get d,(A) > % \d/:n_n. [ ]

The curse of dimensionality also applies to the Kolmogorov width of any family of
sets {Gy;d € N}, for which there exists a family of orthogonal sets {Ay;d € N},
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where each Ay is slowly decaying with respect to d and there exists an upper bound
on Gg-variation of all elements of Ay and all d. Even when sup, ¢4, ||a|l¢ depend on d,
but do not grow too quickly, we get useful lower bounds on the Kolmogorov width of

the family {G4;d € Ny}

Corollary 4.7 Let (X, ||.||) be a Hilbert space, GG, A be its subsets, A be orthogonal
slowly decaying with respect to some positive integer d and ¢ = sup,¢ 4 ||a|le be finite.

Then for anyn € Ny d,.(G) > m, where m,, = min {m € Ny; (2n <m)& (Ir €

N (m =rh)}. In particular, when n = r? for some integer r, then d,(G) > Wﬁ'

Corollary 4.7 gives a method of deriving lower bounds on Kolmogorov width that we
will apply in the next section to sets of functions computable by standard computational
units of neural networks: Heaviside and sigmoidal perceptrons, and perceptrons with
periodic activation function.

5 Kolmogorov width of sets of functions computable
by perceptrons

5.1 Variation with respect to perceptrons

To apply to perceptron networks the tools developed in the previous sections, we first
derive some basic properties of variation with respect to sets of functions computable
by perceptrons with various types of activation functions.

A one-hidden-layer perceptron network with an activation function 3 and n hid-
den units computes functions from the parametrized set span,, Py(v), where Py(¢) =
Pi(p, J)={f:J" = R; f(x) =(v-x+b),vER:bE R} for some compact J C R,
corresponding to the domain of network inputs.

The most common activation functions are sigmoidals, i.e. functions o : R — [0, 1]
such that limi—_., o() = 0 and limy—4. 0(t) = 1. There are used both continuous
sigmoidals like the logistic sigmotd 1;? or the hyperbolic tangent, as well as the
discontinuous Heaviside function 9, defined by d(t) = 0 for t < 0 and ¥(t) = 1 for
t>0.

Notice that the set Py(¢,.J) of functions computable by Heaviside perceptrons is
equal to the set of characteristic functions of half-spaces of J: indeed, J(v - . + b)
restricted to J is equal to the characteristic function of the positive half-space H{',:b =
{xe J4v-x+b>0}. We will write Hy(J), Hy, resp., instead of Py(9,J), Py(¢),resp.,
and call variation with respect to Hy variation with respect to half-spaces, denoted by
Il

Sometimes it is more convenient to use signum, defined by sgn(t) = —1 for t < 0
and sgn(t) = 1 for t > 0. Since signum function can be obtained from Heaviside

function by the linear transformation sgn(t) = 29(¢) — 1, any function computable by
a network with n Heaviside perceptrons can be computed by a network consisting of
n + 1 signum perceptrons. For the sake of notational convenience, we will write ||.||s,
to denote variation with respect to signum perceptrons.
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There have been considered also other types of activation functions like cosine
(Jones, [9]) and the ramp function x : R — R (Breiman, [3]), defined as x(t) =t J(1),
ie. k(1) =0fort <0 and k(1) =1 for t > 0. We will write Ry instead of Py(x).

The following proposition describes some relationships among variations with re-
spect to perceptrons with various kinds of activation functions.

Proposition 5.1 Let d be a positive inleger and p € [1,00), then in (£,([0,1]%),]|.1,)
the following holds:

(i) for every sigmoidal function o : R — R ||.||pyo) = ||| Has

(i) [so < -y < 30

(ii) ||-lry = 21,

Proof. For (i) and (ii) see [18], [16], [19]. To verify (iii) consider p : R — R defined
as p(t) = 0 for t < 0, p(t) = tfor 0 < ¢t < 1, and p(t) = 1 for t > 1. Since
p(t) = k(t) — k(t — 1), we have ||.||r, < 2||.||pyp)- Since p is sigmoidal, it follows from
(i) that |[-[|pyge) = Il-I[ .- m

So variation with respect to half-spaces is equal to variation with respect to per-
ceptrons with any sigmoidal activation function or, up to a multiplicative constant, to
variation with respect to signum or ramp perceptrons. Thus applying to perceptron
networks Corollary 3.5 (or its various extensions to L, spaces with p € (1,00] that
can also be formulated in terms of variation), we can restrict ourselves to the variation
with respect to half-spaces.

To construct a lower bound on Kolmogorov width of the unit ball in variation
with respect to half-spaces, we will use orthogonal slowly decaying families containing
plane waves. A function f:R? — R is called a plane wave, if it can be represented as
f(x) = ¥(v-x), where 1) : R — R is any function and v € R?. Notice that plane waves
are constant along hyperplanes parallel to the cozero hyperplane {x € R%;v-x = 0}
of the linear function v - x.

We will use square waves and cosine plane waves. Square waves are plane waves
obtained from the Haar function, denoted by £ : R — R and defined by &£(1) = 1
for t € [i,i+ 1) and ¢(t) = —1 for t € [i — §,4) for all integers i. When the Haar
function on an interval J C R is appropriately scaled, than it can be represented as
a convex combination of characteristic functions of half-intervals (half-spaces) of .J.
More precisely, ¢;¢ € conv Hi(J), where ¢; = ﬁ, [ denotes the length of the interval
J and [z] the smallest integer that is greater or equal to a real number x.

Variation with respect to half-spaces of a general plane wave f(x) = ¢(v-x) can be
computed from the total variation of ). Notice that for d = 1 variation with respect
to half-spaces coincides up to a constant with total variation (see Barron [2], Karkova,
Kainen and Kreinovich [18]). Recall (see e.g. Kolmogorov and Fomin [14]) that total
variation of a function ¢ : J — R, where J C R is a closed interval, is defined as

Vi, J) =sup Y [b(ti) — ¥(tia)l,
=1
where the supremum is taken over all finite partitions to < ... < t, of J = [{g,1,].
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It follows directly from the definition of total variation that for a periodic function
Y : R — R with a period 7, V(¢,J) < (ﬂ V(,[0,7]), where [ denotes the length of
the interval J. We will use this property together with the following two lemmas to
estimate variation with respect to half-spaces of cosine plane waves.

Lemma 5.2 Let d be a positive mteger and (v -x) € (L, ([0, 1], |.]l,), p € [1, 0],
be a plane wave. Then |[t(v-X)| g o112 = 1]l (1), where J = (0,50, v and Hy(J)
is considered with respect to (L,(.J), ]| H ).

Proof. To check that |[4(v - X)||m,qo.119) < 0]l a5y, let b= [[¢]|m, (). Tt follows from
the definition of Hy- Varlatlon that ;/) = hmm_m Z] L Wi, O(F — bm]) (L) |Np)s
where for all m € Ny 3 i w0 ;| < b Then o (v-x) = limy, oo Y57 Wi 5 O(V-X— by, 5)
in (£,, ([0,1]%),]|]l,), since for all x € [0,1]? we have v-x € J. So |[1(v" X)HHd 0,14 < b.

It s casy to sce that [9(0)llm = (VI e where J* = [0, oi/[v]]
Thus to prove that |[s)(v - X)|[gy0a19) = 1|0y, it is sufficient to show that [|4(v

XN aoarn = LUV e

Let u EA[O 1]¢ be such that |ul| = maX{X € [0,1]%&x" = v°}. Then X0, vi/||v| =
[ul|. Let J = {tu;¢ € [0,1]} € [0,1]%. Set [¢(V - X)||mryo,j9) = b, then (v - x) =
limy, .o fm in (£,([0,1]%),][-|l,), where for all m € N+ fm € conv Hy(b). Setting
o = fufJ we get [ € conv Hy(J)(b) and limy e fro = &([v][2) in (L,(J7), ]1]],)-

Thus (), 0m) < b .

It J C R is a closed interval, we say that v : J — R is piecewise uniformly
continuous if there exist real numbers s; < ... < s; such that J = [sq, s;] and for all
i=1,...,k—1 /(s s;41) is uniformly continuous.

Lemma 5.3 Let J C R be a closed interval, and ¢ : J — R be piecewise uniformly
continuous. Then

[l () < V()

Proof. Let s < ... < s, be a partition of J such that ¢ /(s;, s;41) is uniformly
continuous for all 7 = 1,...,k — 1. Hence for every m € N, there exists a partition
tmo < oo < tmp, of J refining s; < ... < &g, such that setting wy,,; = ¥(tm,) —
Y(tmie1) and ¥, (1) = X0 we, (Tt — b)), we have limy, oo ¥ = 0 in (L,(S), ||-]l,)-

Setting ¢, (1) = S0m It — 1), we get b = limy—co U in (Ly(S),]]|p)- Since for
Al m € Ny [[dmllimgs < S il = S [$(tn) — (tmit)] < V{3, ), we have
H77Z)HH1 < V(¢7 ) u

From Lemma 5.2 and Lemma 5.3 we get the following upper bound on variation
with respect to half-spaces of plane waves.

Proposition 5.4 Let d be a positive integer and ¢(V-X) € (L,([0,1]),]1.1l,) be a plane
wave such that b : J — R, where J = [0, 20, v;]? and v = (vy,...,vq), is piecewise
uniformly continuous. Then |[1(v - X)|| m o119 < V(, J).

It follows immediately from Proposition 5.4 that for any v € R4 1E(v-3) | a7 <
4[24, v and || cos(27v - X) || a(o.74) < 4[24, v/]. Moreover, it is easy to check that
any square wave £(v - x) is in the convex hull of Hy([0, 1)) (4[24, vi]).
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5.2 Lower bounds for perceptrons with periodic activation
functions

To derive lower bounds on the Kolmogorov width of the set of functions computable
by a single perceptron with d inputs using the methods developed in the previous
sections, we need to find suitable orthogonal sets of functions, for which variation
with respect to such perceptrons does not grow too quickly with d. For some periodic
activation functions ¢, there even exist orthogonal sets with P;(¢)-variation bounded
by a constant independent on d.

It is well-known that the following two families of plane waves are for all positive
integers d orthonormal in (L£2([0, 1]9), ||.]|2):

Aglcos) = {% cos(27v - X); v € Ni} (5.1)

A& = {&(v-x)v e {2 e Ny} (5.2)

Since the first one is a subset of %Pd(cos) and the second one of P;(¢), the following
lower bounds follow immediately from Proposition 4.3.

Proposition 5.5 For all positive integers d,n in (L2([0,1]%),].||2)

du(Pa(c0s)) = du(Bu(|l || paeon)) = V2

dn(Ps(£)) = dn(Br(]]-| Pae))) = 1.

Thus there is no possibility of decreasing the worst-case error in linear approxima-
tion of Py(cos), Py(€), resp., under /2, 1, resp., by increasing the dimension of the
linear approximating subspace. So perceptrons with either cosine or Haar function as
activations cannot be efficiently approximated linearly. On the other hand, it follows
from Corollary 3.5 that

5Pd(cos),n(B1 ( H : HPd(COS)) <

"4l

5Pd(£)7n(B1(H'HPd(f)) < \/—ﬁ

5.3 Lower bounds for sigmoidal perceptrons

It was shown above, that for any sigmoidal activation function o Py(o)-variation
is equal to variation with respect to half-spaces. Estimating the total variation of
elements of an orthogonal family of plane waves, we can find proper scalars that allow
to decrease the norms of such a family so that it can be embeded into the unit ball in
variation with respect to half-spaces.

Barron [1, Theorem 6, p. 942] used the above defined orthonormal family A4(cos) to
estimate the Kolmogorov width of sets T, defined as I'. = {f € (L£2([0, 1]%), ||.||l2); ¢ <
¢}, where ¢f = [nal|w||2 |f(w)| dw, f is the Fourier transform of f and |lwll2 = Vw - w
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denotes the [y-norm of the frequency w. He proved that d,(I'.) > Kﬁ, where £ >
—L _ while Opy(oyn(Te) < \/Lﬁ

rem =17

’ His result shows that neural networks outperform linear approximation only for
n large enough with respect to d. Indeed, consider approximation of I'. and assume
that n is the maximal number of hidden units that is feasible using a given type of
implementation. Since limg_ . ﬁ = 0, for large input dimension d d,(I'.) might be
quite small. Only for n sufficiently larger than d, the upper bound, ﬁ, on dp,(s)n(Le) is

K
7d%7

be greater than %) Only for such large n, Barron’s result implies that approximation

smaller than the lower bound on d,(I'1) (for example, for ¢ = 1 and d = 3 n must

by perceptron networks with n hidden units outperforms approximation by elements
of any n-dimensional linear subspace.

In the following, we improve this Barron’s result in two directions. We improve
the lower bound on the Kolmogorov width and show that it even applies to the set of
characteristic functions of half-spaces and that the worst-case error is achieved.

The following theorem shows that even the set of characteristic functions of half-
spaces Hy has a lower bound on its Kolmogorov n-width of order O (d\dl/ﬁ). Since all the
elements of the set Hy, Py(c), resp., have in approximation by span, Hy, span, Py(o)
error equal to zero, Hy, Py(0), resp., is an example of a set of functions, for which
neural network approximation outperforms any linear approximation method for all n

(representing, respectively, the number of computational units and the dimension of
the linear subspace).

Theorem 5.6 For all positive integers d,n in (L5([0,1]%), ||.]2)

1
Ad dm,,’

d.(Hq) > dy, (Hy) >

where m,, = min{m € Ny;(2n < m)& (Ir € Ny )(m = r!)}. In particular, for n = g
for some integer r

1

d,(Hy) > ——.

VRGN
Proof. Taking advantage of Proposition 4.7 we will derive a lower bound on d,(Hy)
using an orthogonal slowly decaying set Ay obtained from D —d(cos) by proper scaling.
For all d,r € Ny set Ay, = {ay;v € {1,....r}?} C (£2(]0,1]%),]|.]]2), where ay(x) =
ey cos(2nv - x) ¢ [0,1]F — R and ¢y = %ﬁ7 where v = (vq1,...,v4). Let

k=1 Yk

Ay = U,en, Ay We will show that A; C By z(]|.]|#,) and that Ay is slowly decaying
with respect to d.

It follows from Proposition 5.4 that || cos(27v - x)||g, < V(cos(27t), [0, 0_, vi]) <
4(2%21 vi|. Thus for every ay € Ay ||av]||m, < dv/8 and hence by Proposition 3.2 (iii)
e, < d\/gH'HAd' So by Proposition 4.1 (i) and (iii) d,(B1(||.||z,)) > dl%dn(Ad).

For all d Ay is orthogonal and it can be ordered in such a way that it is slowly
decaying with respect to d. Reindex Ay as {a;;7 € Ny} using any linear ordering of
Ny such that {||a;||2;7 € My} are nondecreasing and for all ¥ € Ny a,a corresponds
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to ag,..r). Since ||a,q|| = 1, in such a linear ordering A, is slowly decaying with respect

to d.

By Proposition 4.7 for all positive integers n d,,(Hy) = d,(B1(|].||m,)) > -2=d.(Aq) >
|

N
m, where m,, = min{m € Ny; (2n < m)&(3r € N )(m = r)}.

The following corollary shows that for each n = % for some integer r and for each

X,, n-dimensional subspace of (£5([0,1]%),]|.]|2), there exists a half-space of [0, 1]* such
that its characteristic function y, has distance from X, at least 7 L

d¥2n"

Corollary 5.7 For all positive integers d,n and every n-dimensional subspace X, of
(L2([0,1]%),]1.1]2) there exists a characteristic function x, of a half-space of [0,1]¢ such
that

1
n_Xn > -1 . —
o = Xalls 2 7o

where m,, = min{m € Ny;(2n <m)& (Ir € Ny)(m =rY)}. In particular, for n = r?2
for some integer r
1
n— Xall2 2 ——.
o=l =

Proof. By Theorem 5.6 for every n-dimensional subspace X, of (£5([0,1]%),]].]]2) we
have sup, ¢, |Ix — Xall > 74 Since Hy is compact (see Chui, Li and Mhaskar [4],

4d Ymn
Gurvits and Koiran [8]) and the error functional ey, is continuous, the supremum of
ex, on H; is achieved at some y,,. [

Thus to approximate all characteristic functions of half-spaces of [0,1]? within a

given accuracy &, the dimension of any linear approximating space has to be larger
than (ﬁ)d. When the desired accuracy of approximation ¢4 is smaller than 41—d, then
the required dimension of a linear approximating space might be too large to be feasible.
For example, when ¢ = Sl—d, the dimension of linear space must be at least 2¢. In such
a case, the set of characteristic functions of half-spaces of d-dimensional unit cube
(which is equal to the set of functions computable by Heaviside perceptrons) cannot be
efficiently approximated using any linear approximating family. Note, however, that
the value of ¢ which implies such an exponential growth of the dimension of the linear
approximating space goes to zero with d.

Since variation with respect to half-spaces is equal to variation with respect to
perceptrons with any sigmoidal activation function, Theorem 5.6 can be generalized to

include all sigmoidal perceptrons.

Corollary 5.8 Let d,n be positive integers and o : R — R be any sigmoidal function.
Then in (’62([07 1]d)7 HHQ)

1
> > —
where m,, = min{m € Ny;(2n <m)& (Ir € Ny)(m =rY)}. In particular, for n = r?2

for some r € Ny
1

d,(Pi(c)) > NS
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Proof. By Proposition 5.1 (i) ||.||pyw) = ||-||m,, and, by Proposition 4.1 (i), d.(Hg) =
dn(Bi(||l[14)) = dn(Bir(||-[|Pae))) = dn(Fa(a). m

So to approximate within ¢ by an n-dimensional subspace the set of all functions

d
computable by a sigmoidal perceptron with d inputs, n has to be at least O ((4}?) )

6 Discussion

We have studied the worst-case errors in approximation by a linear approximating
set and by certain class of nonlinear sets that includes sets of functions computable
by feedforward neural networks. Our aim was to describe sets of multivariable func-
tions for which the worst-case errors in linear approximation are larger than those in
approximation by neural networks.

Taking advantage of relatively small upper bounds on approximation errors of balls
in certain norms tailored to a type of computational unit by such networks with units
of such a type, we have explored possibilities of finding large lower bounds on the worst-
case errors of such norms in linear approximation. We have considered various methods
of estimation of the Kolmogorov width describing best accuracy achiavable using linear
methods for such balls. Applying these methods to perceptron with various types of
activation functions, we have obtained two types of sets on which neural networks
outperform linear approximation. The first one includes the above mentioned balls for
perceptrons with some periodic activation functions: they can be approximated by such
networks with n hidden units within an while no increase of the dimension of a linear
approximating set can decrease the worst case error under a certain constant. The
second one includes sets of functions computable by sigmoidal perceptrons: the worst-

case error in approximation by such networks is zero, while in linear approximation it
1

d¥n"

Note that an analogous e\é’_gument as in the proof of Theorem 5.6 for scaled cosine
plane waves, can be done for scaled square waves. The unit ball in variation with respect
to half-spaces also contains scaled waves obtained from the Haar function. Moreover,
appropriately scaled square waves are equal to convex combinations of characteristic

functions of half-spaces. However, using scaled orthogonal square waves instead of

is bounded from below by

cosine plane waves to derive a lower bound on the Kolmogorov width of the set of
characteristic functions of half-spaces, we obtain a much smaller value for such a lower
bound. The reason is that to guarantee orthogonality for a family of square waves,
dyadic scalars have to be used. Such scaling, however, has to be compensated by
much faster decrease of the norms of such waves, so that they remain in the unit
ball in variation with respect to half-spaces. Using the same proof technique as for
Theorem 5.6, by means of square waves we obtain for all positive integers d,n the
following estimate of Kolmogorov n-width in (£2([0, 1]%),|.||2):

I
>
~ Ady229m

where m,, = min{m € Ny; (2n < m)&(Ir € N)(m = r?)}.

d,(Hq) > dp, (Hqg)
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In particular, when 2n = r? for some integer r, we have

11
dy(Hy) > ————.
i) 2 R
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