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Abstract

Dempster—Shafer theory is an interesting and useful mathematical tool for uncertainty
quantification and processing. From one point of view it can be seen as an alternative
apparatus to probability theory and mathematical statistics based on this probability
calculus, as D.—S. theory can be developed in a way quite independent of probability
theory, beginning with a collection of more or less intuitive demands which an uncer-
tainty degree calculus should meet. On the other side, however, D.—S. theory can be
developed also as a particular sophisticated application of probability theory, using the
notion of non—numerical, in particular, set—valued random variables (random sets) and
their numerical characteristics. This later aspect enables to generalize D.—S. theory
beyond its classical scopes using appropriately the apparatus of probability theory and
measure theory.

This report is the third part of a surveyal work cumulating, and presenting in a
systematic way, some former author’s ideas and achievements dealing with applica-
tions of probability theory and mathematical statistics when defining, developing, and
generalizing various parts of D.—S. theory. The more detailed contents of this report
can be understood from the list of the titles of the particular chapters presented just
below.
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set
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11 Signed Belief Functions and Belief Functions
with Nonstandard Values

Both signed beliet functions and belief functions with nonstandard values generalize
the notion of belief function in the sense that the domain of this function is the same
as in the classical case, i.e., the field of all subset of a nonempty set S (as a rule, we
shall limit ourselves to finite sets 5), but the values are either real numbers including
those beyond the scope of the unit interval (0, 1), or even some objects from a more
complicated structure. A theoretical motivation for such generalization can be given
by our attempt to define an operation inverse to the Dempster combination rule &,
i.e., to define an operation & such that, given basic probability assignments (b.p.a.’s)
my and my on S, the equality ((mq & m2) S m2)(A) = my(A) would hold for all
A C 5. Although the problem is stated at a purely theoretical and algebraical level,
it possesses an intuitive interpretation which is perhaps worth being discussed in more
detail. Let us consider a subject whose degrees of belief concerning the membership of
the actual state of the investigated system in particular subsets of the set S of all states
are quantified by a basic probability assignment (b.p.a.) m and by the corresponding
belief function bel,,,. The subject combines her/his beliefs with the beliefs of her/his
colleague quantified by a b.p.a. mq and by bel,,,, so that she/he obtains the actualized
beliefs quantified by my & mq and by bel,,, & bel,,,, and completely forgets the original
beliefs my and mg, erasing them totally from her/his memory. Later, however, she/he
obtains a new piece of information saying that the former information given by the
second subject was completely irrelevant, unreliable and in this sense wrong. As the
first subject takes, for no matter which reason, this new information as more reliable
than that offered sooner by the second subject, the first subject wants to cancel, some-
how, the impact of my to her/his beliefs and to turn back to the original beliefs my. If
she/he wants to realize such a cancellation by an application of the Dempster combi-
nation rule, she/he must express the reliable information claiming the nonreliability of



the second subject by the means of a b.p.a. ms such that (mq & my) & ms = my. As
the operation & is associative, (mq & mz) & ms = my & (ma & ms) = my & mg should
be valid, so that the problem converts into that to find ms such that my @& ms = mgs
(let us recall that mg(S) =1, mg(A) = 0 for each A C 5, A # S). As can be easily
seen, up to trivial cases when my = mg holds (and in this case also ms = mg holds),
this problem is unsolvable at least within the space of b.p.a.’s and belief functions as
defined above.

Let us illustrate the problem of “deconditionalization” or “de-actualization” by the
most simple case. Let the first subject know nothing about the problem in question
which she/he is to solve so that her/his beliefs are quantified by the vacuous b.p.a.
mg expressing just the assumption of closed world. Then the subject obtains a new
information saying that the actual state of the system is in a proper subset A of S.
Hence, she/he combines mg and my4 (ma(A) =1, ma(B)=0for all BC S, B # A)
by the Dempster rule and obtains mgs & my4 = my4. Later, a new piece of information
arrives saying that the last information was not true. This can be taken, however, in
the two different ways.

Either, it is taken as the information saying that the negation of the former infor-
mation holds true, i.e., as the information saying that the actual state of the system is
not in A, consequently, due to the closed world assumption, that it is in S — A. This
information is quantified by the b.p.a. mgs_4, however, combining mg&m4 = m 4 with
ms_4 we obtain the contradiction and we cannot escape from this contradiction if no
matter which further information is combined with mg, m4 and ms_4.

Another and more acceptable, in our context, interpretation of the meta-information
“the information contained in m 4 is not true” is to take this information as completely
irrelevant in the sense that all consequences possibly drawn from the information that
the actual state of the system is in A should be cancelled and the state of the sub-
ject’s beliefs should turn back to the previous state, i.e., to the state expressed by the
belief function mg in our most simplified exmaple. This is just the case which should
be expressed formally by combining m4 with its inverse element m}' in such a way
that the result should be mg, and to this case we shall orient our effort in the rest
of this chapter. Before going on with an explanation of the solution proposed in this
chapter let us refer the reader to [44] or [45], where the algebraic properties of b.p.a.’s,
belief functions and Dempster operations are discussed in more detail. Besides the
mathematical and methodological motivations for an operation inverse to the Demp-
ster combination rule there are also motivations of a very practical nature connected
with the HUGIN expert system (cf. [1] for more detail). This field of investigation
seems to be very interesting and useful, but because of a limited extent of this chapter
and because of the declared theoretical and formally mathematical nature of this work
as a whole we have to postpone such a research till another occasion.

When facing the negative result of our effort to define m™! for non-vacuous b.p.a.’s
m, our solution will follow the clasical paradigma applied already many times in math-
ematics: if some operation can be defined only partially within some structure, we shall
extend the support of this structure by new objects in order to make the operation in
question totally definable. The new problem is then to find an interpretation for the
new objects as close as possible to the interpretation introduced before for the objects



of the original structure. An alternative motivation can read as follows: to solve a
problem it is often advantageous to embed it in a larger context, and to solve it here, if
it is guaranteed that the solution itself belongs to the original domain (remember the
use of complex numbers in physics, e. g.). For example, negative integers were defined
in order to be able to define the operation of substraction as a total operation, and then
these objects were interpreted as quantities for debts, altitudes below the sea surface,
etc. The same was the story with rational, real and complex numbers. Namely, in our
case of belief functions we shall take profit of the definition of b.p.a.’s and belief func-
tions through set-valued random variables replacing, in this definition, the underlying
notion of probability space by a more general space with signed measure.

From one side it is quite natural and legitimate to consider probability measures as
functions taking their values in the unit interval of real numbers. Or, probabilities have
been always conceived as idealized (from the philosophical point of view) or limit (from
the mathematical point of view expressed by various laws of large numbers) values of
relative frequences which are trivially embedded within the unit interval by definition
(cf. [12] for a more detailed philosophical discussion). From the other side, however,
probabilities are defined by measures, i.e., by functions quantifying numerically the
sizes of some sets and obeying the common laws of such quantifications postulated as
soon as in the antic Greece (cf. [49]). But these rules and laws allow to consider also
size quantifications taking values outside the unit interval. Consequently, at least from
the purely mathematical point of view taken as primary in this work, generalizations
of probability measures which extend the scope of their possible values are worth
considering. Let us introduce the formal definitions.

Definition 11.1. Let (Q, A) be a measurable space, i.e., { is a nonempty set and A
is a nonempty o-field of subsets of (.

(i) A mapping P : A — (0,1) is called probability measure, if it is o-additive,
e, P(UX,A) = > 2, P(A;) holds for each infinite sequence Ay, A, ... of mutually
disjoint sets from A, and P(Q) = 1;

(i1) a mapping p : A — RT = (0,00)U{oo} is called measure, if it is o-additive and
1(0) = 0 for the empty subset @) of 2. Obviously, {0, 2} C A holds for each nonempty
o-field of subsets of ). The usual conventions concerning the arithmetical operations
with the value oo are supposed to be adopted;

(iii) a mapping ¢t : A — R* = (—o00,00) U {—o0} U {o0} is called signed measure,
if it is o-additive, if u(0) = 0, and if it takes at most one of the values —oo, oo, i.e.,
if there are no sets A, B € A such that y(A) = oo and u(B) = —oo in order to avoid

expressions like co — oo, cf. [18].

Let (©, A) be a measurable space. A triple (2, A, ) is called probability space, if u
is a probability measure on A, it is called space with (signed) measure, if ;1 is a (signed)
measure. A measurable mapping f which takes a probability space or a space with
(signed) measure (2, A, ¢) into a measurable space (X, X') is called random variable.
Sometimes the term generalized random variable is used in this case preserving the ex-
pression “random variable” for the particular case of real-valued mappings measurable
in the Borel sense, i.e., for the case when (X, ) = ((—o0, ), B).



The way to the notions of basic signed measure assignment and signed belief func-
tion mostly copies that one presented above for the probabilistic case just with prob-
ability space replaced by a space with signed measure and with a stronger simplifying
consistence condition than in the probabilistic case. So, let S be a finite nonempty
set of states of a system, let £ be a space of possible values of empirical data and
observations concerning the system and equipped by a nonempty o-field of subsets of
F denoted by &, let p: S x E — {0,1} be a compatibility relation, let (©2, A, i) be a
measurable space with a signed measure g, and let X : (Q, A, ) — (F, &) be a random
variable such that the composed mapping U : (Q, A, u) — (P(S), P(P(S))) defined by
Ulw)=U(X(w)) ={s €95 :p(s,X(w)) =1}, for each w € O, is a set-valued random
variable taking as its values subsets of 5. Besides the already presented simplifying
assumption that S is finite we shall also suppose that signed belief functions are defined
only if the composed mapping U : Q — P(S5) is strongly consistent in the sense that,
for all w € Q, U(w) # 0. The reason is that we want to escape from difficulties con-
nected with the necessity to introduce conditional signed measures and to investigate
their properties which do not need copy the properties of conditional properties in the
extent necessary for our purposes. The introduced stronger form of the consistence
condition ({w € Q : U(w) = 0} = 0 instead of u({w € Q: U(w) = 0}) = 0) is involved
by the fact that sets of zero measure are of different nature in spaces with signed mea-
sures and in probability spaces, e.g., a set of zero signed measure can be a union of
two sets of non-zero measures.

Since now, we shall suppose that we have a space (Q, A4, u) with signed measure, a

finite set S, and a strongly consistent set-valued random variable U taking (€, A, u)
into (P(S), P(P(S))).

Definition 11.2. Let S be a nonempty finite set. Basic signed measure assignment
(b.s.m.a.) defined on S is a mapping m : P(5) — R* = (—o0,00)U {—o0} U {oo} such
that m takes at most one of the infinite values —oo, oco. A b.s.m.a. m on S is induced
by a set-valued random variable U defined on a space (2, A, ) with signed measure
and taking its values in P(5), if m(A) = p({w € Q: U(w) = A}) foreach A C S. If m
is a b.s.m.a. on S induced by a strongly consistent U, then the signed belief function
induced by m is the mapping bel,, : P(S) — R* defined by bel,,(A) = Y gca m(B) for
each A C S. If m is defined by a strongly consistent set-valued random variable U, then
obviously bel,,(A) = p({w € @ : U(w) C A}) for each A C 5. A b.s.m.a. m (signed
belief function bel,,, resp.) is called finite, if —co < m(A) < 0o (—oo < bel,,(A) < o0,
resp.) holds for each A C 5. O

Lemma 11.1. Let m be a b.s.m.a. on a finite set 5. Let m*(B) = Y 4czm(A) for
each ) £ B C P(5), let m*(0) = 0 for the empty subset of P(5). Then m* is a signed
measure on the measurable space (P(S5), P(P(S5))). O

Proof. As S and P(S) are finite spaces, o-additivity of m* coincides with finite
additivity and this property follows immediately from the definition, as well as the
equality m*(0) = 0. As each B C P(S) is finite, m*(B) = oo (= —o0, resp.) can hold



iff m(A) = oo (= —oo, resp.) holds for at least one A € B. So, m* can take only
this infinite value which is taken by m, consequently, m* can take at most one infinite
value. Hence, m* is a signed measure. O

The following statement proves that in the case of finite b.s.m.a.’s there exists a
one-to-one relation between b.s.m.a.’s and signed belief functions like as in the case of
basic probability assignments investigated above. On the other side, however, if m is
a b.s.m.a. ascribing an infinite value to a proper subset of 5, then there exists another
b.s.m.a. m', m’ # m, generating the same belief function as m.

Lemma 11.2. Let my, my be finite b.s.m.a.’s on a finite set S such that bel,,, and
bel,,, are defined. If my # mgy, then bel,,, # bel,,,, hence, if there exists A C 5 such
that m(A) # my(A), then there exists B C 5 such that bel,, (B) # bel,,(B). If m
is a b.s.m.a. on a finite set S such that bel,, is defined and m(A) = oo for a subset
A C S, A# S, then there exists b.s.m.a. my on S such that m(B) # ¢mq(B) for some
B C S and for all —oco < ¢ < oo, but bel,,(C) = bel,,, (C) for all C C S. O

Proof. The proof for the case of finite mq, my over a finite set 5 is by induction on
the cardinality of S like as in the case of basic probability assignments investigated
above. Let

no = min{n€N+ ={1.2,...}: (FACY) (cardA = n&m;(A) # mg(A))}; (11.1)

by the conditions imposed on my and my such an ng, 1 < ng < cardS, is uniquely

defined. Let A C S be such that cardA = ng and mq(A) # my(A). Then

bel,,(A) = ZBcA mq(B) = ZBC&B#A ma(B) + mi(A) # (11.2)
S gy el B) + 1o A) = bel(A),

as my(B) = ma(B) for all B C S, cardB < ng, in particular, for all B C A, B # A,
and my(A) # m2(A).

Let m be a b.s.m.a. on a finite set S, let A C S, A # S, be such that m(A) = o
(consequently, —oo < m(A) holds for each A C S5). Let B, A C B C S be such
that A # B, as A # S5, such a B always exists. Let mi(B) = oo, if m(B) < oo,
let m1(B) < oo be chosen arbitrarily, if m(B) = oo. Let mi(C) = m(C) for all
C C S, C# B,sothat m(B) # ¢mq(B) holds for all —co < ¢ < 0.

Let C C S be such that B ¢ €. Then

bel,(C) = ZDCc m(D) = ZDCc mq(D) = bel,, (C), (11.3)

as B ¢ C implies that m(D) = mq(D) for all D C C. Let C' C S be such that B C C.
Then also A C C holds and

bel,,(C) = ZDCQD#A m(D) +m(A) = o0 = (11.4)
- ZDCC,D;&A my(D) 4+ mi(A) = bel,, (C),
as m(A) = my(A) = 0. So, bel,, = bel,,, and the lemma is proved. a

5



Definition 11.3. Two random variables Uy, Uy : (2, A, ) — (P(S), P(P(S))), de-
fined on a measurable space (€, 4) with a signed measure p, taking as their values
subsets of S and such that the values p({w € Q : U;(w) = A}) = m;(A) are finite for
all A C S and for both 7 = 1,2, are called statistically (stochastically) independent, if
the equality

p{w € Q: Ui(w) = A, Us(w) = B}) = mi(A) ma(B) (11.5)

holds true for all A, B C S. The generalization to the case of a finite sequence
Uy,Us, ..., U, of random variables is straightforward. a

Not so straightforward, however, is a generalization of this definition to the case
when the b.s.m.a. m; generated by U; or Uy (or both) on P(S) can take also infinite
values, as in such a case we have to adopt some conventions concerning expressions
like 0- 00, 0-(—00), 00-0, (—0)-0, co- 00, 0o-(—0), etc. The notion of statistical
independence will then substantially depend on the convention adopted. E. g., random

events {w € Q: U1(w) = A} and {w € Q : Uy(w) = B}, A, B C S, such that

p{w € Q:Ui(w) = A}) = p({w € Q1 Uy (w) = A, Uy(w) = B}) =0, (11.6)
p{w € Q: Uz(w) = B}) = o0,

are statistically independent, if 0 - co = 0, but they are not statistically independent,
if 0- 00 = 1. In order to avoid, in the most possible degree, the influence of certain
arbitrariness connected with the conventions of this kind, we shall investigate, at least
now, just the case of such random variables which generate finite b.s.m.a.’s on S.

Let Uy, Uy be two stochastically independent set-valued random variables defined
on a measurable space (2, A4) with a signed measure y, taking as their values subsets
of a finite set S, and such that both the b.s.m.a.’s my, my generated by Uy, U, are
finite. Let A C S. Then

p{w € Q: Uy(w) NUs(w) = A}) = (11.7)
Z(B,O)EP(S)XP(S),BOC:A p{w € Q:Uh(w) = B, Uyw) = C}) =

H{w e :Uj(w)=B}) - p({fw e Q: Uh(w)=C}) =
(B)mao(C).

Z(B,C)EP(S)XP(S),BOO:A H
Z(B,C)EP(S)XP(S),BOO:A i
So, denoting by ms the b.s.m.a. generated by the random variable Uy N Us, i.e.,
ms(A) = p({w € Q: Uy(w) N Uy(w) = A}), the relation between the b.s.m.a. ms and
the pair (mq, ms) of b.s.m.a.’s is close to that between basic probability assignments

my, ma, and my@my, for the non-normalized Dempster combination rule. This analogy
motivates the following definition.

Definition 11.4. Let mq, my be finite basic signed measure assignments over a finite
set 5. Let mg be the b.s.m.a. on S defined, for each A C S, by the relation

ms(A) = Z(B,O)EP(S)XP(S),BOC:A mi(B)ma(C). (11.8)



Then ms is called the Dempster product of the b.s.m.a.’s m; and my and denoted by
my[+]ma. The operation which transforms pairs of b.s.m.a.’s into a new b.s.m.a.
is called the Dempster combination rule for finite b.s.m.a.’s. a

In the same way as in the case of b.p.a.’s we can prove that also the operation
over the pairs of finite b.s.m.a.’s is commutative and associative, i.e., m[+]my =
my[+]my, and my[+](me[+]ms) = (mi[+]mz)[+]ms holds for all finite b.s.m.a.’s
my, my, mg with = denoting, as above, the equality of the corresponding values for all
subsets of S. Given A C S and a € (—o0, 00), denote by m 4, the b.s.m.a. for which
maq(A) = a and my,(B) = 0 for each B C S, B # A. In particular, we write 1g
for mgy and Og for mgo (= ma, for all A C 5), hence 15(5) = 1, 1s(A) = 0 for all
AcCS, A# S, and 0g =0 for all A C 5. The index S in 15 and 05 will be omitted

supposing that S is fixed and no misunderstanding menaces.

Lemma11.3. The b.s.m.a. Og is a zero element and the b.s.m.a. 15 is a unit element
in the space of all finite b.s.m.a.’s over a finite set S and with respect to the Dempster

combination rule . O

Proof. An easy calculation yields that for each finite b.s.m.a. m over a finite S, and

for each A C S,

(m[+]1) (4)

(1[+]m) (A) = Z(B,O)EP(S)XP(S),BOC:A L(B)m(C)  (11.9)

chs, SnC=4 1(5)m(C) = m(A),

and

(m[£]0) (4) = (O[x]m) (A) = 25 ) eps)cp(s), o= OB M(C) = 0, (11.10)
as 0(B) =0 for all B C S. 0O

As can be easily proved, Og and 15 are the only zero and unit elements with respect
to the Dempster combination rule [+].

It is perhaps worth recalling explicitly that the mapping ¢, : P(S5) — (—o0, )
defined, for each b.s.m.a. m on S and each A C 5, by ¢n(A) = Y gyam(B), is
nothing else than a straightforward generalization of the so called commonality function
defined in this way when m is a b.p.a. on S. This function possesses a number of
properties dual, in an intuitive sense, to those of belief functions. Moreover, some
formulas describing the basic properties of the Dempster—Shafer theory take a more
simple syntactical pattern when using commonality degrees (values of commonality
functions) as the basic numerical degrees of uncertainty instead of the degrees of belief.
On the other side, at least in the author’s subjective opinion, the possible intuitions
and interpretations behind the degrees of belief (“probability of provability”, say) seem
to be more transparent and lucid, so that the use of the degrees of belief as the basic
stones in our constructions and reasonings is perhaps at least partially justified.



Definition 11.5. A finite signed measure assignment m over a finite set S is called
invertible, if the inequality Y- g-4 m(B) # 0 holds for each A C S. O

The following statement illustrates the motivation for the adjective “invertible” just
introduced. Let us postpone a discussion on this notion till an appropriate place below.

Theorem 11.1. Let m be an invertible finite b.s.m.a. over a finite set S. Let m™!

be the b.s.m.a. over S defined recurrently in this way:

m(A) = (m(9))7, (1)
m(A) = Y BCs.ccs, Bro=4,B2a M (B)m(C) (11.12)
ZBCS,BDA m(B) ’
if AC S, A#S. Then m[x]m™' = 1. 0

Remark. An open question arises, whether there is some relation between the trans-
formation just defined and the so called Mobius transformation, but we shall not ana-
lyze this problem in more detail now.

Proof. First of all, we have to prove that the definitions (11.11) and (11.12) are
correct. Applying the condition Y g4, m(B) # 0 to the case A = S, we obtain that
m(S) # 0 for invertible b.s.m.a.s. Hence, (m(S))~" is defined. The summation on the
right-hand side of (11.12) goes over the sets B such that BN C=A and B # A, hence,
over the sets B C S such that B D A and card(B) > card(A). Consequently, m™*(A)
is uniquely defined in the recurrent way according to the decreasing cardinality of A.
L.e., first of all m~'(S5) is defined by (11.11), in the definition of m™'(A) for A such
that card(A) = card(S) — 1 only m™*(S) occurs, so that the definition is correct, and
so on till »

m=1(0) = 2 BCS,CCS, Bno=0, B£0 (B)m(C) (11.13)

Y pcsm(B)

For the whole set S we obtain
(mm_l) (5) = ZBC&OCs’BmO:Sm(B) m_l(C) =m(9) m_l(S) =1. (11.14)
Let ACS, A#S. Then
(mm_l) (A) = ZBC&OC&BOO:A m(B) m_l(C) (11.15)

by definition. The set {(B,C) € P(S) x P(S5), BN C = A} can be decomposed into

four disjoint subsets:

AN}, (11.16)
A): BCS, BDA, sothat BNA=A, B+# A},
,BY: BCS,BDA, sothat BNA=A, B+# A},
C):BCS,CCS, B#A,C+#+A BNC = A}.

8



So, omitting the expression “...€ P(S) x P(S5)” for the sake of simplicity we obtain
that

(mEm™)(4) = 250 poscoa ™BImTH(O) + (11.17)
T ZB,O,BJA,B;&A,C:A m(B)m™'(C) +
+ ZB,C,BDA,C:A m(B)m™(C) +
+ ZB,O,B;&A, C#A, BAC=A m(B)m™(C) =
= mA)m T A+ XL m(B)mT (A) +
+ ZB,BDA,B;&A m(A)m™H(B) +

_1 _
+ ZB,C,B;&A,C;&A,BOO:A m(B)m™(C) =

— ml(A) [m(A)—FZB’BDA’B#Am(B) 4
(C)ym™(B) +
“H(B)m(C),

m
+ ZB,C,BDA,B;&A,O;&A

m
+ ZB,O,B;AA, C#A, BNC=A

as the last sum contains, with each product m(B)m™!(('), also the product m(C) m~(B).
Or, it B, C are such that B # A, C' # A, and BN C = A, the same holds for the pair
(C, B). Consequently,

(m[F]m™)(A) = m(A) [ZB,BDA m(B)] + (11.18)

-1
T ZB,O,BDA,B;&A,ODA, Bacea ™ (B)m(C).

Combining (11.18) and (11.12) we obtain that (m[+]m™"') (A) = 0 foreach A C S, A #
S, so that mm_1 =1 holds. The theorem is proved. O

Let S be a finite set. As basic probability assignments (b.p.a.’s) over S are particular
cases of finite b.s.m.a.’s, Theorem 11.1 holds for b.p.a.’s as well. As can be easily seen,
a b.p.a. m is invertible iff m(S) is positive. Or, if m(S) > 0, then Y g5, m(B) >
m(.S) > 0 holds for each A C S, if m(S) =0, then Ygysm(B) =m(S) =0 and m is
not invertible. It follows immediately that the A-conditioning b.p.a. m4 defined, for
0£ACS, A#S, by ma(A) =1, so that ma(B) =0 for each B C S, B # A, cannot
be inverted. Let us consider an (g, A)-conditioning b.p.a. m. 4, where ¢ € (0,1) is a

real number, defined in this way (0 £ A C S, A#95):
mea(A)=1—e, mea(S)=¢, m.a(B)=0, BCS, B#A, B#£S. (11.19)
Hence, the result of (¢, A)-conditioning applied to a b.p.a. m is defined by the Dempster
product m[+]m. 4 (= m @ me 4 in this particular case).
Lemma 11.4. Let m. 4, ¢ € (0,1), 0 #A#S, AC S, be defined by (11.19). Then
m_4(S) = 1/e, m_}4(A)= (11.20)
= —(l—eg)/e, m_4(B)=0, BCS, B#A, B#S.



Proof. Let us omit the indices ¢ and A throughout this proof. An easy calculation
yields that

(m[+]m™ ) (S) = moa(S)m_4(5) =1, (11.21)
(m[F]m™)(A) = D5 s pneoa MBI m () = (11.22)
- ZB,CCS,BﬁO:A,m(B);éO,m—l(O);éo m(B)m™(C) =
= Liporeraasaasy B mC) =

= m(A)m™ (A) + m(S)m™H(A) + m(A)m™H(S) =
= 1 —-e)f—ecMe(l—e)+e (1l —¢)=
= e (-14+2—?—e+e?+1-¢)=0.
Let DCS, D#A, D#S. Then ANA#D, ANS#£D, SNA#D, SNS#D,
but for each (B,C) € P(S) x P(S5) such that (B,C) ¢ {(A, A),(A,S), (S5, A),(5,5)},
either m(B) = 0 or m™*(C') = 0, so that

(m[+]m™") (D) = ZBCC&BOC:D m(B)m™(C) = 0. (11.23)
Consequently, (m[+]m™")(B) =0 for all BC S, B # S, so that m57Am;114 =1.0
Definition 11.6. A nonempty set R of basic signed measure assignments over a

finite set S is called coherent, if there are no my,my € R and no A C S such that
my(A) = oo and ma(A) = —oc. O

Lemma11.5. Let R be a coherent set of b.s.m.a.’s over a finite set .S, let p: RxR —
R* = (—00,00)U{o0} U{—00} be defined by

p(m1, my) = max{|mi(A) — mq(A)|: AC S}, my, my €R, (11.24)
where co —a = 00, —00 —a = —00, a4 — (—0) = 00, ¢ — 00 = —00, 00 — 00 =
(—o0) — (—o0) =0 for each @ € (—o0,00). Then p is a metric on R. O

Proof. Obviously p(my,mq) = 0 and p(my, ma) = p(mz, mq) for all my, my € R. Let
my, mq, ms € R. Then

p(m1, ms) = max{|mq(A) —ms(A)|: AC S} = (11.25)
max{|mi(A) — ma(A) + ma(A) —ms(A)|: A C S} <

(A) = ma(A)| + [m2(A) —ms(A)[: AC 5} <

(

)

max{|my

IA A

A)—ma(A)]: AC S} + max{|mz(A) —ms(A)|: AC S} =

(mlv mg) + p(m27 m3)

max{|my

all the inequalities in (11.25) being evidently valid also when some of the values
mi(A), © = 1,2,3, are infinite. Hence, the triangular inequality for p and the lemma
as a whole are proved. a

Every b.s.m.a. over a finite set S is almost invertible in the sense defined in the
following assertion.
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Theorem 11.2. For each b.s.m.a. m over a finite set S and for each & > 0 there
exists a b.s.m.a. mg over S such that p(m,mo) < & holds and mg" is defined. a

Proof. Let m be a b.s.m.a. over a finite set 5, let € > 0 be given, let 0 < g1 < e. If
the inequality 3" 554 m(B) # 0 holds for each A C S, then m™" is defined, hence, for
m = myg the assertion trivially holds, as p(m,m) = 0 < e. If this is not the case, set

iy =max{n:3JACS, cardd =n,>_ m(B) = 0}. (11.26)
Set also, for each A C 5,

mi(A) = m(A)+eq, if cardAd =14, and Y g5 m(B) =0, (11.27)
m1(A) = m(A) otherwise.

In particular, (11.27) yields that mq(A) = m(A) for all A C S such that cardA > ¢y or
cardA < 17; holds.

Let A C S be such that cardA > ¢. Then Y pymi(B) = Ygyam(B) # 0
holds due to the definition of #2;, as for each B O A the relations cardB > 7; and
m1(B) = m(B) follow. Let A C S be such that cardA = ¢ and Y g5, m(B) # 0.
Then, again, mi(B) = m(B) for all B D A, B # A, but also mi(A) = m(A) due
to (11.27), so that Y54 m1(B) = Y gyam(B) # 0. Finally, let A C S be such that
cardA = ¢y and Y gy, m(B) = 0. Then m(B) = m(B) for each B D A, B # A, but
mq(A) = m(A) 4 e1, so that

D poami(B) = ZBDA,B;&Aml(B) +mi(A) = (11.28)
= ZBDAm(B) +¢e1 #0.

Consequently, for each A C 5, cardA > i1, the inequality Y- g4 mi(B) # 0 holds.
By induction, let us apply the same modification to m. Set

iy =max{n:3JACS, cardA = n,ZBDA m1(B) = 0}, (11.29)

BDOA

and define my by (11.27), just with m replaced by m;. Evidently, i < ¢; and
Spyamz(B) # 0 for all A C S, cardA > iy, by the same way of reasoning as above.
Moreover, my(B) = mq(B) for all B C S such that card B > iy, so that mz(B) = m(B)
for all B C S with card B > 7;. Hence, repeating this induction step ng-times for an
appropriate ng < cardS, we arrive at a b.s.m.a. m,, such that Y g4 m,(B) # 0
holds for each A C 5, consequently, m! is defined. For each particular A C S the
original value m(A) is changed at most once during the procedure leading from m to
My, 80 that either m, (A) = m(A), or my,,(A) = m(A) + ¢, for each A C 5. Hence,
p(m,my,) = max{|m(A) — m,,(A4)] : A C S} < &, < ¢ obviously follows, so that,
setting mg = m,,,, we can conclude the proof. a

Corollary 11.1. Let R be a coherent set of b.s.m.a.’s over a finite set S, let p' :
R xR — RU{oc} U{—00} be defined, for each my, ms € R, by

P ) = X, I (B) — ma(B)|. (11.30)
Then Theorem 11.2 holds for p' instead of p. O
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Proof. Given e > 0, take 51 = £/(2°® 4+ 1) and apply the same inductive process of
modification as in the proof of Theorem 11.2 in order to obtain the b.s.m.a. mg such
that Y- g4 mo(B) # 0 holds for each A C S. Again, for each B C S either mo(B) =
m(B) or mo(B) = m(B) + &1 holds, so that |mo(B) — m(B)| < e1. Consequently,

pl(m,my) = ZBCs |m(B) — mo(B)| < eqcardP(S5) = (11.31)
_ [6/(2card5+ 1)] peards e,

so that the corollary is proved. a

Let us generalize the approach explained in this chapter using also signed measures
with “almost zero” and “almost infinite” values. We refer the reader to [32] for more
detail, but we consider as useful to present a brief sketch of this generalization also
here, so that the connections can be easily seen.

We shall generalize the approximative solution to the invertibility problem for
b.p.a.’s illustrated above by the e-quasiconditioning approach. The weak point of
this approximation consists in the fact that it introduces a new and ontologically in-
dependent parameter ¢, the actual value of which cannot be justified only within the
framework of the used mathematical formalism. Consequently, the subject (user) must
choose some value on the grounds of her/his subjective opinion taking into consid-
eration, e.g., the intended field of application and other extra-mathematical circum-
stances. Below, we shall present a model which enables to invert also b.p.a.’s ascribing
to the whole space a value “greater than 0 but smaller than any positive £”, in other
words, a “quasi-zero value”, both these notions being given a correct mathematical
sense. The corresponding inverse “generalized b.p.a.” then will take “quasi-infinite
values” smaller than oo but greater than any finite real number.

Let R = X2, R;, Ri = (—o00,00) for each 1 € Nt = {1,2,...} be the space of all
infinite sequences of real numbers. For each € R, z; denotes the :-th member of x, so
that @ = (2;):2,. Given € R, set w(x) = lim,;_ x; supposing that this limit value is
defined and including the case when w(x) = +00. Let R, = {z € R : w(x) is defined}
be the space of all convergent infinite sequences of real numbers, let R.y = {z € R. :
—o0 < w(x) < oo} be the subspace of convergent infinite sequences with finite limit
values. Let us define three following binary relations in R:

(i) identity: given x, y € R, x =y iff ; =y, for each i € N'T;

(ii) strong equivalence (s.e.): given z,y € R, x ~ y if there exists igc € N'* such
that x; = y; for each ¢ > ig;

(iii) weak equivalence (w.e.): given x, y € R., x ~ y iff w(x) = w(y).

Arithmetical operations in ‘R will be defined in the pointwise way, so that = +y =
(r; +yi)2y and 2y = (x;y:)i2, for each z,y € R. It follows easily that Y27, 27 =
<Z? 1 :1;]>Z and 7, 2 = <H? 1 xj>i1 holds for each finite sequence z', z2,..., 2"
of sequences from R. Both the addition and multiplication operations can be easily
extended to equivalence classes from Ry or R 0. Let 2]y ={y € Ry &~ x}, let

[z]n = {y € Rep 1y ~ x}. Setting [z]x + [y]x = [v + yx for all 2,y € R, and
[2]~ + [y]l~ = [# + y]~ for all x, y € R.s, we obtain a correct extension of both the
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arithmetical operations to Ry and R.s~, as the definitions do not depend on the chosen
respresentants of the classes [z]x, [y]x, [2]~, and [y]~. For [z]x-[y]x defined by [zy]w, if
x,y € R, and for [z].-[y]~ defined by [xy]~, if , y € R.y, as well as for finite products
in general, the situation is analogous. However, if w(z) = +o00 or w(y) = +oo, the
definitions of [z]. + [y]~ and [z]. - [y]~ are evidently not correct. Also the extension
of both the operations to infinite sums and products is impossible, take 7 = <$Z>?i1
such that =t = 1, 2! = 0 for each i # j. Then w(z’) = 0 for each j € N, but
w (Z;’;l l’j) = 1. We use intentionally the same symbols + and - for operations in
R, R, Ry and R.s~, to emphasize their analogous role in all the cases. It should be
always clear from the context, in which space these operations work.

Also the ordering relation can be extended, even if only as a partial ordering, from
R = (—00,0) to other spaces under consideration. If x, y € R, we write > y, if
x; > y; holds for each i € N'*, and we write > .y, if there exists i € Nt such
that @; > y; holds for each i > i, if @,y € R., we write & = y, if w(x) > w(y)
holds. The inequality > and > . on R, and = on R., are defined analogously, just with
x; > y; replaced by a; > y;, and w(x) > w(y), by w(x) > w(y), also the inequalities
<, <, <., < and = are obvious. The relations > . and > . can be extended to R, and
=, = t0 Refn, setting ]y > .[y]x, if © > .y, and setting [z]~ = [y]~, if © = y. Both
these definitions are correct, i.e., independent of the representants of the equivalence
classes in question. Inequalities < and =< are extended to Ry and R s~ in the same
way.

Let @ € R be a real number, let ¢* = (a;)32,, a; = a for each i € N'T be the
corresponding constant sequence from R.;. The real line can be embedded into Ry,
when identifying each ¢ € R with the equivalence class [a*], and R can be embedded
into R.¢~, when identifying a with [¢*].. However, there is an important difference.
The second mapping takes R onto R.s~, as for each € R,y there is a real number
a, namely ¢ = w(x), which is mapped on [z] € R.s.. Contrary to this fact, there
are many ¢ € R such that no « € R is mapped onto [z], take, e.g., © = (n)2,, or
y = (1/n)>2,. Denoting the classes from R, which are images of real numbers from R,
by standard real numbers, [x]y and [y]x just defined are examples of nonstandard real

~

numbers. In particular, [x]y is an example of quasi-infinite nonstandard real number,
as [z]x > .[a*] obviously holds for each ¢ € R, and [y]|x can serve as an example of
quasi-zero nonstandard real number, as [y]x > .[0%]x, but also [a*]x > .[y|x for each

~

a € R, a >0, can be easily verified.

Definition 11.7. Let S be a finite nonempty set. Basic dynamic assignment (b.d.a.)
on S is a mapping m : R(S) - R = X, R;, R = (—o0,00), = = 1,2,.... If
m(0) = 0* (= (0,0,...)), then dynamic belief function induced by b.d.a. m on S is a
mapping bel, : P(S) — R such that bel,,(A) = Y gcy m(B) for each A C 5. If m
is a finite b.s.m.a. on S, then m* is the b.d.a. on S defined by m*(A) = (m(A))* for
each A C S, if m is a b.d.a. on S, then m* = m, i.e. m*(A) = m(A) for each A C 5.
Let us recall that «* = (a,a,...) for each a € R = (—00,00). Let my, my be b.p.a.’s,
b.s.m.a.’s or b.d.a.’s on S. Then my is strongly equivalent to mso, my / my is symbols,
it mi(A) = m3(A) holds for each A C S, my is weakly equivalent to ms, my ~ my in

symbols, if mi(A) ~ m3(A) holds for each A C S. O
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Definition 11.8. Let my, my be b.d.a.’s on a finite set S. Their Dempster product
m1[+]mg is the b.d.a. on S defined by the relation

(mi[+]mae) (A) = ZB7CCS7BOC:Am1(B) mo(C') (11.32)

for each A C S. It m is a b.d.a. on 5, then m; denotes the finite b.s.m.a. on S
defined by (m;)(A) = (m(A)); for each i € Nt and A C S. Let us recall that z;
is the ¢-th member of the sequence © = (;)72; € R. Vacuous b.d.a. on S is such
my that my(S) = 1* and my(A) = 0* for each A C S, A # S. Consequently,
(mv); is the vacuous b.s.m.a. (and the vacuous b.p.a.) on S for each i € N't. The
dynamic commonality function induced by a b.d.a. m on a finite set S is the mapping

Gm - 'P(S) — R defined by qm(A) = ZBDA m(B) for each A C S. 0

Theorem 11.3. Let m be a convergent b.d.a. on a finite set S, i.e., let m(A) € R.
for each A C S. Then there exist b.d.a.’s m; and m;' on S such that m; ~ m
and my ml_1 = my. In other words: for each convergent b.d.a. m there exists an
invertible b.d.a. weakly equivalent to m. a

Proof. Let m be a convergent b.d.a. on a finite set S. For each i € N't, let m?
be such a b.s.m.a. on S, that |m;(4) — mY(A)| < 1/i and ¢:(A) # 0 holds for each
A C S, such m? exists due to Theorem 11.2. Let m° be the b.d.a. on S such that
m°(A) = (m?(A))2, foreach A C S. Asw(m(A)) = lim;_., m;(A) exists for each A C
S, w(m (A)) = lim; o, mY(A) = w(m(A)) exists as well, so that m ~ mg holds. Let
(m?)~! be the b.s.m.a. on S defined by (11.11) and (11.12) above (cf. Theorem 11.1)
for the b.s.m.a. m{. Then (m{[+](m{)~") = ms (the vacuous b.s.m.a. on 5), so that,
setting (m®)71(A) = ((mf)~'(A)):2, we obtain, that m°[+](m°)~" = my, here my is
the (obviously convergent) vacuous b.d.a. on S defined above. The assertion is proved.
O

Let us illustrate this statement by the example of the single support b.p.a. myu
defined by ma(A) = 1 for a given A C S, hence my(B) = 0 for each B C 5, B # A,
this b.p.a. is used, if § # A # S, in the conditioning operation. Here we can define
mY% ~ my in such a way that (m%);(4) = 1 — (1/7), (m%):(S) = 1/i, (m%):(B) =0
for each B C S, B# S, B# A. Let (m%)™" be the b.d.a. defined by ((m%)™"):(5) =
G, (M) ™A= - —1), (MY ™1)(B)=0forall BC S, B#S, B+# A and for

all i € N'T. An easy calculation then yields that m4 ~ m9 and m%(m%)_l = my

hold.
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12 Jordan Decomposition of Signed Belief Func-
tions

In this chapter we shall try to arrive at some decompositions into generalized or even
into classical probabilistic belief functions inspired by, and similar to, the Jordan de-
composition of signed measure. Here generalized belief function is a particular case
of signed belief function supposing that the signed measure p used when defining the
belief function in question takes only non-negative values (possibly including +o0),
so that g is just what is called simply (o-additive) measure in [18]. We shall also
prove that generalizations of basic probability assignments, generated on P(S) with a
finite S by signed belief functions, are also signed measures on the measurable space
(P(S),P(P(S))). The following well-known theorem will play the key role of an inspi-
ration, but also as a technical tool for all our reasonings and constructions throughout
this chapter.

Theorem 12.1. (Hahn decomposition theorem.) Let (€2, A) be a measurable space,
let u be a signed measure defined on (€2, A). Then there exist disjoint subsets Q% O~
of 2 such that QT U™ =Q, OF € A, hence, Q= € A as well, and both the mappings
f1, pg 2 A — (—o0,00) defined by p1(A) = p(ANQT) and pa(A) = —p(AN Q) for
each A € A, are measures (i. e., non-negative signed measures), so that p;(A) € (0, 00)
for both ¢ = 1,2. So, for each signed measure p defined on (€, A4) and for each A € A
the value pu(A) = p1(A) — pu2(A) is the difference of the values ascribed to A by two
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(non-negative) measures defined on (2, A). The pair (2%, Q) is called the Hahn
decomposition of € and it need not be defined uniquely, the pair (yuq, p2) is called the
Jordan decomposition of the signed measure p and it is defined uniquely. a

Proof. Cf. [18] for a more general case of signed measures defined on o-rings of
subsets of (). O

The following statement is an almost obvious application of the Hahn decomposition
theorem to the case of basic signed measure assignments.

Theorem 12.2. Let (2, A) be a measurable space, let p be a signed measure on
(0, A), let S be a finite nonempty set, let U be a measurable mapping which takes
the measurable space (€2, A) into the measurable space (P(5), P(P(S5))). Set, for each
ACS mA) =p {weQ:Uw) =A4}) (le, p({fw e @ : U(w) : Ulw) € {A} €
P(P(S9))})) and set, for each B C P(5), m*(B) = Y 4es m(A) with the convention
that p*(0) = 0 for the empty subset () of P(P(5)). Then m* : P(P(S)) — (—o0,0)
is a signed measure on (P(S5), P(P(S5))). Set Pi(S)={A C S:m(A) >0}, P(5) =
{AC S:m(A) <0}. Let PT(S) C P(S), p~ C P(S) be such that Py(5) C PH(S)
P2(S) CP(S), PHS)NP(S) =0, PH(S)UP(S)=P(S). Then (PT(5),P~(S5)

is a Hahn decomposition of P(.S) with respect to the signed measure m*.

~—

O

Remark. Obviously, this Hahn decomposition is not uniquely defined supposing that
m(0) = 0, as in this case we can take either § € PT(S5) or § € P~(5).

Proof. The equality m*(0) = 0 follows immediately from the definition of m*. Due to
the finiteness of S and, consequently, of P(5), o-additivity reduces to finite additivity
and this property obviously holds for m*. Or, if By, Bs are disjoint subsets of P(.5),
then

m*(ByUBy) = ZAeBluB2 m(A) = ZAeBl m(A) + ZA€B2 m(A) = (12.1)
= m*(B1) + m*(Bs).

Let the signed measure p be such that —oo < p(FE) < oo holds for each F € A (the
case when —oo < p(F) < oo holds is processed analogously). Hence, for each A C S
the relation —oo < m(A) = p({w € @ : U(w) = A}) < oo holds so that, as S and P(.5)

are finite sets, the same relation
—oo<m*(B) = ZAeB m(A) < oo (12.2)

holds for each B C P(S). Hence, m* is signed measure on the measurable space
(P(5), P(P(5)))-

Let (P*(S),P~(S)) be a decomposition of P(S) such that, for all A € PT(S) (A €
P=(9), resp.), the relation m(A) > 0 (m(A) < 0, resp.) holds. Then, evidently, the
inclusions Py(S) = {A C 5 : m(A) > 0} C PH(S) and P2(S) = {A C 5 :m(A) <
0} C PH(S) are valid. Let B C P(S). Then the inequalities

m*(BNPH(S)) = ZAEBOWS) m(A) >0 (12.3)
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and
m* (BNP~(9)) = ZAeBnP—(S) m(A) <0 (12.4)

obviously hold, as m(A) > 0 for each A € PT(5) and m(A) < 0 for each A € P~(5).
Hence, (PT(S5),P7(5)) is a Hahn decomposition of P(S) with respect to the signed
measure m* and the (nonnegative and o-additive) measures mi(-) = m*(- N P*(S5))
and m3(-) = —m*(- N P~(5)) on P(P(S)) represent the (obviously uniquely defined)

Jordan decomposition of m*. a

Obviously, each Hahn decomposition (P+(S), P7(5)) of P(S) is such that Py(S) C
PH(S)C{AC S:m(A) >0} and Po(S) C P (S) C {AC S :m(A) <0} hold. Or,
if there exists A C S such that m(A) < 0 and A € PT(S) hold simultaneously, then
for B = {S} C P(S) we obtain that m*(B N P*T(S5)) = m*({A}) < 0. Hence, PT(S5)
is not a positive set and this fact contradicts the assumption that (P*(5),P~(S)) is a
Hahn decomposition of P(5). The case with A € P~(.5) such that m(A) > 0 is treated

analogously.

Theorem 12.3. Let the notations and conditions of Theorem 12.2 hold. Let Ay C A
be the minimal o-field of subsets of 2 containing all the sets {w € Q : U(w) = A}, A C
S. Let x be an object different from all subsets of S. Then there exist probabil-
ity measures P;, P, defined on the measurable space (€, 4q), two random variables
Uy, Uy taking (Q, Ag) into (P(S) U {z},P(P(S)U {z})), and two finite nonnegative
real numbers «, 3 such that, for all A C S with —oo < bel(U, p) (A) < oo,

bel(U, 1) (A) = abel(Uy, Py) (A) — Bbel(Uy, Py) (A). (12.5)

Remark. The values a and 3 are independent of A. Hence, the value ascribed to
A C S by the signed belief function bel(U, i) can be obtained as a linear combination
of the values ascribed to the same set A by two (classical probabilistic) belief functions
bel(Uy, P1) and bel(Us, P2). The relation (12.5) can be taken as something like a Jordan
decomposition of signed belief functions. If bel(U, p) (A) is infinite, (12.5) obviously
cannot hold for finite «, 3, as bel(U;, P;) (A), ¢ = 1,2, are probability values, hence,
values embedded within the unit interval of reals.

Proof of Theorem 12.3. Let (P*(5),P~(S)) be a Hahn decomposition of P(5)
with respect to m*. Define the mappings U; : Q@ — P(S)U {x}, ¢ = 1,2, in this way:
Uj(w) = A C Siff Uw) = A and A € PH(S), Ui(w) = x otherwise, Uz(w) = A
iff U(w) = A and A € P7(S), Uy(w) = x otherwise. Evidently, both Uy, Uy are
measurable mappings, i.e. (generalized, non-numerical) random variables, as {w € 2 :
Ui(w) = A} € Ag holds for both ¢ = 1,2 and for all A C Sor A=x. For A C Sitis
clear, for A = x we obtain that {w € Q : Ui(w) = 2} = Usep-(s){w € Q: U(w) = A}
and {w € Q1 Usy(w) = v} = Usep+(s){w € @ : U(w) = A} and both these sets are in Ay
due to the fact that P*(S) and P~(.5) are finite systems of sets. Moreover, if U;(w) = A
for some A C S, then m(A) = p({w € O : U(w) = A}) >0, and if Uy(w) = A C 5,
then m(A) < 0 due to the definitions of U; and U,. As {w € Q: U(w) =0} =0, also
{weQ:Ui(w) =0} =0 for both 7 =1, 2.
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Let us suppose that there exist A, B C S such that 0 < m(A) < oo and 0 >
m(B) > —oc hold, in other words, suppose that P;(S) N Fint(m, S) # 0 and Py(S) N
Fin~(m,S) # 0, where Fin™(m,S) = {A C S : m(A) < o} and Fin~(m,5) =
{A C S :m(A) > —oo}; let us recall that P1(S) = {A C S : m(A) > 0} and
Pa(S)={AC S:m(A) <0}. Set

O =

ZAEP‘I'(S)nFin"'(m,S) m(A), (12.6)

p o= _ZAEP—(S)nFin_(m,S)m(A)'

By assumptions (P(9) finite, P1(S) and P2(S) nonempty) we obtain that 0 < o < o0
and 0 < < oo hold.
Define P; : Ay — (0,1), ¢ = 1,2, in this way:
P{fweQ:Uw)=A}) = m(A)/a, if A€ PT(S), m(A) < o, (12.7)
= 0 for other A C 95,

P{we:Uw)=A}) = —m(A)/p, if AeP(5), m(A) > —oo, (12.8)
= 0 for other A C S.

Both the mappings Py, P, can be uniquely extended to o-additive probability measures
on the o-field Ag, as non-negativity is clear and

Yoses Pillw € Q: Ui(w) = A}) = Z%Pﬂs)nmﬂms) m(A) =1 (12.9)

(similarly for P, and Uy). Hence, for both « = 1,2, (Q, Ay, P;) is a probability space
and U; : © — P(S)U{x} is a random variable (measurable mapping with respect to the
o-field P(P(S)U {x})). Consequently, we can define the classical probabilistic belief
functions bel(Uy, P1) and bel(Usy, Py) on P(S U {x}), setting bel(U;, P;) (A) = Pi({w €
Q:Uj(w) C A}) for every A C S U {x}. In particular, for A C S an easy calculation
yields that

bel(Uy, P1)(A) = Pi({w € Q: Ui(w) C A}) = (12.10)
= ZBcA P({w e Q:Ui(w)=B}) =

ZBCA,BEP+(S),m(B)<oo Ploe:liw) = B}) =

ZBCA,BeP+(S),m(B)<oo m(B)/a =
= (1/a)u ({fw € Q: U(w) € P(A) N PH(S) N Fint(m, 5)}) .
so that

p({w € Q: U(w) € P(A)NPH(S)N Fin"(m, S)}) = (12.11)
= abel(Uy, P1) (A).

Analogously,

bel(Un, P2) (A) = 325 pepi(s)mipns—n —m(B)/B) = (12.12)
= —(1/B)p ({w € Q: U(w) € P(A)NP~(S) N Fin~ (m, 5)})
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and

p{w € Q:Uw) € P(A)NP(S)N Fin~ (m,S)}) = (12.13)
= —Bbel(Us, P5) (A).

Let A C S be such that
bel(U,pu) (A) = p{w € Q: U(w) C A}) = ZBcA m(B) < 0. (12.14)

If there exists B C A such that m(B) = oo, then it cannot exist B’ C S such that
m(B') = —o0, as in this case m*({B}) = oo and m*({B’}) = —o0, what contradicts
the proved fact that m* is a signed measure on P(P(.5)). Hence, m(B) = oo for some
B C A implies that m(A) = oo as well, in other words, bel(U, n) (A) < oo implies
that m(B) < oo for all B C A, in symbols, (12.14) yields that P(A) C Fin™(m,S).
Analogously, if bel(U, u) (A) > —oo, then m(B) > —oo for all B C A, hence, P(A) C
Fin~(m, S). So, if bel(U, u) (A) is finite, then P(A) C Fint(m, S) N Fin~(m, S) and
bel(U,pu) (A) = p({w € Q: U(w) C A}) = (12.15)
— (e €91 Ulw) € P(A)) =
= p({w € Q:U(w) € P(A)NPHS)N Fint(m, S)}) +
+ p({w € Q:Uw) € P(A)NP(S)N Fin~(m,S)}) =
== ozbe](Ul, Pl) (A) — ﬂbe](UQPQ) (A)
by (12.11) and (12.13), so that (12.5) holds.
Let us consider, now, the case when P;(.5) or Py(S) is empty. If P1(S) = P(S) =0,
then m(A) =0 for all A C S so that bel(U, ) (A) = 0 for all A C S. Consequently,

bel(U, 1) (A) = 0 - bel(Uy, P) (A) — 0 - bel(Uy, Py) (A) (12.16)

for no matter which probability measures Py, P> on Ag. Let P1(S) # 0, Pa(S) = 0,
so that m(A) > 0 holds for each A C S. Then (P(5),0) is also a Hahn decomposition
of P(S) with respect to m* (here §) is the empty subset of P(S), i.e., the empty
system of subsets of 5). As the Jordan decomposition of m* is independent of the
Hahn decomposition of P(S), we can replace (P*(S),P*(S)) by (P(5),0) and apply
the same way of reasoning as above. Let there exist at least one A C S such that

0 < m(A) < oo, i.e let Pi(S)N Fin™(m,S) # 0. Then
0<a= ZACFiH+(m,S) m(A) < oo (12.17)

holds, so that, for P; defined as above with P*(.S) = P(S5) and for P, defined arbitrarily

on Ag, we obtain that
bel(Uy, P1) (A) = (1/a) p({w € Q: U(w) € P(A) N Fint(m, S)}). (12.18)
In the same way as in (12.7) we prove that if bel(U,u)(A) < oo, then P(A) C
Fint(m, S), so that
bel(U,p) = p({w € Q: U(w) C A}) = (12.19)
= u({w € Q:U(w) € P(A)N Fin™(m,9)}) =
= abel(Uy, Py)(A) —0- bel(Us, Py) (A),
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so that (12.7) holds again with 3 = 0. The case when P;(S5) = 0 and P(S) N
Fin~(m,S) # 0 is processed analogously. Finally, if m(A) = oo for all A C S (or if
m(A) = —oo for all A C 5), then there is no A C S with finite and nonozero value
bel(U, i) (A), so that (12.7) holds either trivially, or with o = 5 = 0. The theorem is
proved. a

Let us extend the definition of conditioned beliet functions to the generalized ver-
sions of belief functions as defined above. The assertion following this definition proves
that if the basic space S is finite, the well-known combinatorial expressions for the
conditioned belief functions are valid in the generalized case as well. As elsewhere
in this text, we shall limit ourselves to the purely formalized and mathematical as-
pects of conditioning operations for belief functions, leaving aside the motivation and
interpretation (the reader is kindly invited to consult [9] or other sources for this sake.)

Definition 12.1. Let (©, A) be a measurable space, let y be a probability measure
(a measure, a signed measure, resp.) defined on ({2, A), let S be a nonempty finite set,
let U : (2, A) — (P(5),P(P(5))) be a measurable mapping which takes € into P(5),
let T be a nonempty subset of S. The conditioned classical probabilistic (generalized,
signed, resp.) belief function bel(U, p) (-/T') is the mapping of P(5) into (0, 1) defined,
for each A C S, by the relation: bel(U, u) (A/T)=0,ift A g T,

bel(U, ) (AJ)T) = p{w € Q: 0 £ U(w)NT C ANTY) (12.20)
otherwise. Evidently, bel(U, ) (-) = bel(U,u)(-/S) for all the three kinds of belief

functions.

Theorem 12.4. Let the notations and conditions of Definition 12.1 hold. Then
for the conditioned classical probabilistic (generalized, signed, resp.) belief function

bel(U, i) (-/T) the relation

bel(U, 1) (A, T) = bel(U, 1) (AU (S — T)) — bel(U, u) (S — T) = (12.21)
- Z@;ABCAnT ZXCS—T m(BUX)

holds for each A C T', where m(C') = p({w € Q: U(w) = C}) for all C C S. 0

Proof. Because of the evident fact that probability measures are a special case of
measures and the later ones are a special case of signed measures, it is sufficient to
prove the assertion for the case when p is a signed measure. For the sake of simplicity
we omit the parameters U and g throughout this proof.

As S and, consequently, P(S) are finite sets, the o-additivity of g immediately
yields that, for A C T,

bel(AJT) = ZBCS’WBOTC%TM({@ € Q:U(w) = B}). (12.22)

Each B C S such that § # BNT C ANT can be uniquely decomposed into disjoint
subsets () £ By = BNT and By = BN(S—1T), conversely, for each §) # B; C ANT and

20



By € S—T the set B = By U B, belongs to the class of sets over which the summation
in (12.22) is defined. As the mapping B « (B, By) is one-to-one, (12.22) immediately
yields that

bel(A/T) = ZQ)#BMOT ZB2CS_T m (B U By) (12.23)

and the equality between the first and the third item in (12.21) is proved. In fact, it is
just this equality which serves, as a rule, as the definition of conditioned belief function
in the works dealing with belief functions over finite spaces S.

By the definition of the (unconditioned) signed belief function we obtain that

bel(AU(S = 1)) = bel(S = T) =3, om(B) =Y, m(BYR.21)

ZBCAU(S—T),B¢S—T m(B) =

ZBE{OcS:CnAnT;&@,Oc(AnT)u(S_T)} m(B) =
ZB=B1U32,®¢B1CAOT, ByCS-T m(Bl U Bz) =

- Z®¢B1CAF‘|T ZB2CS—T m(Bl U BQ)

The assertion is proved. a

Theorem 12.5. Let the notations and conditions of Theorem 12.2 hold, let Ag and z
be as in Theorem 12.3, let bel(U, 1) (A/T) be defined as in Definition 12.1. Then there
exist probability measures P, P, random variables Uy, Uy, and finite nonnegative
real numbers «, § with the properties claimed in Theorem 12.3 and such that, for all
A C T C S with the property that bel(U, u) (AU (S —T)) and bel(U, ) (S — T) are

finite numbers, the equality
bel(U, u) (A/T) = abel(Uy, P) (A/T) — Bbel(Us, Py) (A/T) (12.25)
holds. O

Proof. Applying (12.5) to the sets AU (S —T) C S and S — T C S we obtain, by
an easy calculation, that
bel(U, u) (A/T) = bel(U, ) (AU (S =T)) — bel(U, ) (S —T) = (12.26)
[abel(Uy, P1) (AU (S =T)) = pbel(Uz, P) (AU (S = T))] —

— [abel(Uy, Py) (S = T)— pgbel(Uy, P) (S —1T)] =
albel(Uy, Pr) (AU (S =T)) = bel(Uy, ) (S —=T)] —

— B [bel(Usy, Py) (AU (S =T)) — bel(Us, P,) (S —T)| =
= abel(Uy, P) (A/T) — Bbel(Us,y, Py) (A/T).

a

Hence, Jordan decomposition of a conditioned signed belief function can be obtained
as the linear combination of the corresponding conditioned classical probabilistic belief
functions with the same coefficients as in the unconditioned case. The last fact is quite
intuitive, as in the case when T'= S (12.25) immediately converts into (12.5).
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13 Monte—Carlo Estimations for Belief Functions

Let S be a finite set, let £ be an empirical space, let p : S x £ — {0,1} be a
compatibility relation, let X : (Q, A, P) — (F, &) be a random variable, let bel,, . be
the belief function defined, for each A C S, by

bely, (A) = P({w € Q: U,(X(w)) C A}). (13.1)

Let us suppose that there exists, for each @ € F, a value s € S such that p(s,2) =1
so that U,(X(w)) # 0 holds for every w € Q, hence, m, x(0) = 0.

Taken as a mapping from P(.5) into (0, 1), belief function does not meet, in general,
the demands imposed to probability measure, as a matter of fact, bel,,  , is additive iff
bely,, x(A) =0 for all A C S such that card(A) # 1. However, as the particular values
of belief functions can be defined, due to (13.1), by values of probability measures
ascribed to certain random events, they can be also estimated using the well-known
Monte-Carlo methods (or probabilistic algorithms, in other terms). The basic idea
behind is very simple: to take arithmetical means, defined by a large enough finite
number of stochastically independent and identically distributed (i.i.d.) random sam-
ples, as reasonable and good enough estimations of the corresponding expected values.
The theoretical soundness of the basic idea of Monte-Carlo methods as just outlined is
based on two elementary assertions of the axiomatic probability theory: the strong law
of large number (SLLN) and the Chebyshev inequality. Both of these statements will
be used below in the form presented in Chapter 2 (Part One of this Research Report)
so that it is not necessary to recall them here in more detail.
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The most obvious and immediate application of the SLLN to the case of belief
functions reads as follows.

Theorem 13.1. Let (2, A, P) be a probability space, let (P(5),S) be a measurable
space over a nonempty set S such that P(T) € S holds for each T" C S, let U be
a (generalized set-valued) random variable defined on (2, A, P), taking its values in
(P(S),S), and such that U(w) # 0 holds for each w € Q. Let Uy, Us,. .. be a sequence
of statistically independent random variables defined on (€, A, P), taking their values
in (P(5),S), and possessing the same probability distribution as U, so that for each
ke Nt ={1,2,...},each ny < ny < --- < ng, and V1, V,,...,V; € S the equality

P(NifweQ: U@ ev)) =T, Plwe Q: U, (w) € V1)) (13.2)
holds. Moreover, for each 1 € N* and each V € S
PlweQ:Ui(w)eV})=P{H{we:Uw)eV}. (13.3)

Let T' C 9, let xp(r) be the characteristic function (identifier) of the system P(T') of

all subsets of T', so that xpy(A) = 1,if A € P(T), ie, it A CT, xpr(A4) =0
otherwise. Let
bely(T) =P ({w e Q:U(w) CT}) (13.4)
denote the belief function induced by the random variable U/. Then
P ({we im0 Y7 xpm(Uiw))] = belu(T)}) = 1. (13.5)
O
Proof. An immediate consequence of SLLN. Setting
Ai={weQ:Ui(w) e P(T)} (={weQ:Ui(w)C T}, (13.6)

we can easily observe that (Ay, Ay, . ..) is a sequence of statistically independent random
events such that P(A;) = bely(T') holds for each i € N'*. Hence, n™' 320y xp()(Ui(w))
is the relative frequency of occurences of a random event with the probability bely (T')
in a sequence of n statistically independent realizations, and this relative frequency
tends to bely(T') almost surely. O

Before focusing our attention to more sophisticated and complex Monte-Carlo al-
gorithms for belief functions we should mention, at least very briefly, our motivation
for such an effort. In order to define and to compute the value bely(T') we need not
only the notion “state compatible with an observation”, defined by a binary compat-
ibility relation between states and empirical values at the intensional level, but also
the extension of this notion in the form of a subset of the state space S. If S is finite,
such an extension can be obtained by testing, sequentially for each s € S, whether
s is compatible with the observation in question, if neglecting, for the moment, the
problems with high computational complexity of such a procedure for large S. It S
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is infinite, this approach is impossible and problems arise with the definability of the
set of compatible states in terms acceptable by the used formal apparatus. So, our
aim will be to suggest a Monte-Carlo algorithm for belief functions using the binary
compatibility relation between states and empirical values just at the level of a black
box outputing the answers YES (compatible) of NO (incompatible) for each input pair
“state-empirical value”, but incapable to generate sets of states compatible with a
given empirical observation.

Let S, (E,&) and p: S x E — {0,1} be as above. A random variable X defined on
the probability space (€2, A, P) and taking its values in the measurable space (F, ) is
called regular with respect to the compatibility relation p, if the mapping Ux , : ! —
P(S9), defined by

Uxpw)=Un, x(w)={s€ 5:p(s,X(w)) =1} (13.7)

and each w € , is a random variable defined on (2, A4, P) and taking its values
in the measurable space (P(5),S), where § is the minimal o-field over the system
{P(T):T C S} CP(P(Y)). Hence, if X is regular with respect to p, then {w € 0 :
Ux,(X(w)) C T} € A holds for each T' C S, so that the value bely, (T') = P({w €
Q: Uy (w) CT})is defined for all T C S. Let X3, X5, ... be a sequence of statistically
independent and identically distributed random variables defined on (€, A, P), taking
their values in (E, &) and regular with respect to p.

Theorem 13.2. Let U; = Uy, , for each ¢ = 1,2,.... Then Uy, U,,... is a sequence
of statistically independent and identically distributed random variables defined on

(9, A, P) and taking their values in (P(5),S). O

Remark. In the rest of this chapter we shall omit the symbols “...w € Q:...” in the
expressing defining particular subsets of €2, if no misunderstanding menaces.

Proof. Let V € S, leti e N*. Then
P({Ui(w) € V}) = PHU(Xi(w)) € V}) = P({Xi(w) € UT'(V)}) = (13.8)
PH{Xi(w)e{z e E:U(x)eV}})=P{Xi(w)e{z e E:U(x) e V}}) =
PHU(X:i(w)) € V}) = P({Ui(w) € V})

due to the identical distribution of X; and Xj, so that the random variables U; and
U, are also identically distributed. Let & € N T, let ny < ny < -+ < ny be positive
integers, let Vi, Vs,..., Vi € S. Then

P(mle{wu)evi}): (fl{ff( n(w) EVi}) = (13.9)
= P (M (X lw) e U7 W)) =TI, PUXL (@) € U 00))) =
= I, PHU(X, () eV} I, PUU.(w) € Vi)

due to the statistical independence of the random variables X, X5, .... So, Uy, Us, ...
is a sequence of statistically independent and identically distributed (generalized set-
valued) random variables. O
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(o)

Suppose, since now on, that the state space S is finite or countable. Let {Y;}5_,

be a system of statistically independent and identically distributed random variables
defined on (Q, A, P), taking their values in the measurable space (S, P(5)) and such
that, for each s € S, P({Yi1(w) = s}) > 0 holds. What we have at our disposal, it
is the system {p(Yj;(w))}i=y =y for some n, m(i) € N'* of binary values and our aim
will be to estimate the value belyr, (T), for a given T' C 5, on the ground of these
data.

Informally, if for some i € At for m(7) large enough, and for all j < m(z) such that
Yij(w) is compatible with X;(w) also the relation Y;;(w) € T holds, we are temptated
to believe that all s € S compatible with X;(w) belong to T', in other words, that
the inclusion U(X;(w)) C T holds. So, setting A;(T,w) = 1, if for all ;7 < m(¢) such
that p(Y};(w), Xi(w)) = 1 also xr(Vij(w)) = 1, and setting A;(T,w) = 0 otherwise, we
feel that A\;(T,w) is a reasonable and relatively good approximation of the value xpr)
(Ux, ,). Defining A;(T,w) more formally we can write that

MTow) = 1, () < m(i) (Vi) X)) € a(V(e)) (13.10)
Ai(T,w) = 0 otherwise,
hence

MN(Tw) =TI, eis(T,w), (13.11)

where

pi(Thw) = 1, if p(Yi(w), Xi(w)) < xr(Yij(w)), (13.12)
ij(T,w) = 0 otherwise.

Accepting the convention that 0° = 1 we obtain easily that

¢ij(T,w) = min[l, 1 — p(Yj(w), Xi(w)) + x7(Yij(w))] = (13.13)
= [y (Yij(w))ru @ X,

and
Ml w) = H;nz(i)min(l’1_p(yij(w)?Xi(w))‘I'XT(YZ']‘(CU))): (13.14)
= T DO,

Using the values A;(7',w) as approximations of xp(r)(Ux, ,(w)), like as in Theorem 13.2,
we arrive at the following random variable.

BXhP (Tv n, <m(l)>?:17w) =n! Z?:l )‘Z(va) = (1315)
= Y T min (11— (Vi (). i) + (Vi () =
LD D | N S

We shall try to demonstrate, in the rest of this chapter, that, and in which sense and
degree, the value By, ,(T,n,(m(i))",,w) is a reasonable and good estimation of the

value be]UXLp(T).
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Theorem 13.3. Let the systems {X;}7, and {Vj;}i_; /2 1 of random variables de-
fined above be mutually statistically independent, let <E &) be such that F is fi-
nite or countable and &€ = P(E), let ¢ > 0 be given. Then there exists a value
A* € <beIUX17p(T), beIUXLp(T) +¢) and a value m* € Nt such that, if m(¢) > m* for
each i € N7, then the relation

P ({w €0 lim By, (T.n, (m(i))y,0) = )\}) _1 (13.16)

holds. O

Proof. First, let us prove that, given ' C S, (X(T),-))", is a sequence of statistically
independent random variables. So, we have to prove that the equality

PO AT w) = ki) = [T, PUA(T,w) = i) (13.17)
holds for each n-tuple (k1,k2,...,k,) € {0,1}". The proof will be done by induction
on the number of occurrences of zeros in (K1, kg, ..., Ky,), so that the first step deals

with the case when k£ =0, i.e., when k; = 1 for each ¢ < n.

Let Fr(s) ={x € E: p(s,z) =0}, if s € S =T, set Fr(s) = E otherwise. An
easy calculation using the supposed statistical independences among particular random
variables X;, ¢« <n, Yi;, ¢ <n, j <m(¢), as well as between the systems {X;}"_, and
{Kj}?:17?:(21) of random variables yield that

PN {M(Tw) = 1}) = P(m?:m?i?{pww,Xz»(w)) < xr(Vig(w))}15:18)
gt @pem () {P(Sw M) < xr(s)), Vijlw) = s }) =

PN NP Xiw) € Fr(s), Yi(w) = si}) =

= Z((s% ..... Sin(1)> ..... I 577;(”)>>€Xi:1 Ssm(1)

eSM(n) Z

[Hj IIH] ) w) € Fr(st),Yij(w) = s })]
: [Hk . PUX(w) € Fr(sp), Yip(w) = SZ})] _

e TS PUX () € Frlsf) Vo) = 5]

T I8 PUXUw) € Fr(sh), Yi(w) = 51 1)
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Applying the same calculation to the last component in the last right-hand side ex-
pression in (13.18) we obtain, after n — 1 further steps, that

PNZ{X(Tw) =1}) = (13.19)
- Hjﬂ Z<5; ..... gmin L1, 1 € Fr(sy), Yir(w) = Sé})] =
=TI [T s T PR XD < s Yol = 1) =
= TI_, P (MiEHe(Xi(w), Yir(w)) < xr(Yie(w))})
= I, (((Tw) = 1)),

Hence, the first step of our induction, i.e., the validity of the relation (13.17) for
</£17 Koyeony

ko) = (1,1,...,1), is proved.

Let (13.17) hold for k < K|, i.e., for each (ki,ka,...,k,) € {0,1}" such that
Sr ki > n—K, let (k1, K2, ..., k,) besuch that Y7 | k; = n— K — 1. Take arbitrarily

to < n such that x;, = 0, and set k7 = x; for all ¢ # 2, £} = 1, hence, }°I_ | k7 = n—K.

Then
PNz (1w ) ki) + P (Mo (T, w) = £7}) = (13.20)
= PN AN (T w) = s )+ T P{T,0) = ki}) =
= PN {(Tw)=xh) =TT, gy PN @) = w7,
so that

PN A(Tow) = wih) =TT, L P (T w) = w7)) (13.21)
~TIL, P (T w) = k7)) =
=TI, ., PUNTw) = w71 [T = P({A(T\w) = &7
= TI_, ., PUNTw) =T [ P({AZ(J(T,w):l}]:
= [H?“#OP({A T.w) = i1 | P({A(Tow) = 0}) =

= (I, L P ON(T) = KD PO = i) =

= ﬁP({)\Z»(T,w) = K;i}).

So, (13.17) holds also for all (k1, k2, ..., k,) with K 4 1 occurrences of zero, hence, by
induction, (13.17) holds for each (k1,k2,...,k,) € {0,1}", and the random variables
{Ai(T,w)}r, are proved to be statlstlcally independent. Our further goal will be to
compute the value P({\;i(T,w) = 1}), which is evidently identical with the expected
value B A\;(T,-). An easy Calculation yields that

PU(T,w) =1}) = P (2 {p(V (@), Xi(w)) < xr(Vij(@))}) = (13.22)
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= P ([NEp(Vig(w), Xi(w)) < o (V@) n{U(Xi(w)) C T}) +

+P ([N (Vi (), Xi(w)) < xr(Vii(w))}] 0 {U(Xi(w)) ¢ T}) =
= PHUX(w))C T} +

+P ([N {p(V5 (@), Xi(w)) < vr (Vi (@)} N {U(Xi(w)) € T1)

U(Xi(w)) C T implies that if Vj;(w) € U(X;(w)), i.e., if p(Vij(w), X;(w)) = 1,
then Yij(w) € T, hence, yr(Y;;(w)) = 1, consequently, for all J < m(z) the mequahty
p(Yii(w), Xi(w)) < xr(Y;j(w)) holds. Another easy calculation yields that

N oY), Xifw)) < xr (Vi)Y n{U(Xi(w)) £ T3) = (13.23)
MY (@) ¢ (U(Xi(w) = T N {U(Xi(w)) ¢ T}) =

N {Yi(w) € 8 = (U(Xi(w)) = T n{U(Xi(w) ¢ T}) =

- P(mmo(w)es (U(x) = 1)} N {Xi(w) = 2}) =

= Y enu ﬂ{H — P({Yii(w) € Ule) = TH| | PUXi() = o)) =
= ZxEEU Al = P{Yu(w) € Uz) = TH" D} P({Xi(w) = 2}),

as the random variables Y;; are supposed to be statistically independent and identically
distributed. Random variables X, are also identically distributed, so that we can
replace X; by Xj in (13.21).

As the set F is finite of countable, there exists, given € > 0, a finite subset Fy(¢) C E
such that P({X1(w) € Eo}) > 1 — (¢/2) holds. If € Ey is such that U(x) ¢ T, i.e.,
such that U(z) =T # 0, then P({Y1;(w) € U(z) =T}) = Ccvw)-r PH{Yn(w) = s}) >

0 holds due to the conditions imposed to random variables Y;;. Hence, the value
m*(z) = min{m e N : (1 — P({Yiu(w) € U(x) = T}))™ < e/2} < (13.24)
is uniquely defined for each @ € Ey such that U(x) ¢ T. Set

E

)
(

“U“U“UN

(
(
(
(

I
M

m* = max{m*(z) : x € Ey} (13.25)
and define
=Y vmer L~ PUYR(@) € Ule) =THI™ P({Xi(0) =2 })f . (13.26)
Obviously,
X=X vmer L~ PUY(w) € Ule) - T}W <{X1< = o })§13.27)
o vmer 1L~ PUYI(@) € Ule) - T})] <{X1 =a})f <
< D em vimer WL~ PUY(w) € Ula) = THI™ P({Xi(w) = x} )}
3 epp, PUXI@) = 2)) <
> en, (F/DPUX (@) = 2}) + P({Xi(w) € B = Eo}) <
(c/2) P({X1(w) € Eo}) + (¢/2) < =
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Consequently, setting m(z7) = m* for each ¢ € N'F, setting
A= P({U(Xl (w)) C T}) + A= be]le,p(T) + )\**, (1328)

and combining together all the relations from (13.22) to (13.28) we obtain that, for
each 1 € N'T,

PUN(T,w) = 1}) = PUU(X1(w)) C TH + A" =\ € (13.29)
€ (PHUX (w)) C T}), PHU(X1(w)) CT}) +¢) =
= (beluy, (T), beluy, (T)+¢).

Hence, {X:i(T),-)}32, is a sequence of statistically independent and identically distributed
binary-valued random variables so that, due to the strong law of large numbers, the
relative frequency of occurrences of unit values taken by A;(7,w), i.e., the value

Bx ,(T,n,(m(:))",,w) according to (13.15), tends, with n increasing, almost surely
to the probability A* with which each A;(T,-) takes the unit value. So, the assertion
(13.16) is proved. O

Theorem 13.4. Let the notations and conditions of Theorem 13.3 hold, let lim;_,., m(¢) =
oo. Then the equality

P ({w e Q:lim o By, ,(T.n, (m(i))ey,w) = bely,, (T)}) =1 (13.30)

holds. O

Proof. Let m(1),m(2),... € Nt be such that lim;,_., m(:) = oco. Set, for each
i, ke N T,
m W (i) = m(k), it i <k, mFGE) =m(), if i > k. (13.31)

Define ng)(T,w) analogously to (13.28), but with m(:) replaced by m®(7), so that

m k) (i

AT w) =TI min {11 = p(Vig(w) X)) +xr(Vgw))} . (13.32)

Consequently, for ¢ > k the equality ng)(T,w) = Xi(T,w) holds for each w € Q. The
values taken by the random variables S\Z»k) (T,-) are either 0 or 1, so that the limit values
of the relative frequencies of both the outcomes, if defined, do not depend on any initial
segment of a sequence of such values. Hence,

limy—oe n ™S00 AT w) = lim, o n™ 30T N(Tw) (13.33)

i=1 "%

for each & € Nt each and w € Q for which one of these limit values is defined. So,
setting . N
BY) (T.n (m(i))y,w) =07 307 AT, w) (13.34)
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for each k € N'* and each w € Q, we obtain that

lim,,_ o BX1 (T, (m(2))is,,w) = (13.35)
= llmnﬁooBle( ,<ﬁ1k(z) " l,w) =
= lim,_...nt Z AL k)(T, w) =
= lim,_...nt Z Mi(T,w) =
= limy—e Bx,,p (T, n, {m())i_,,w) =
(k)

= lim,—o Bx,, (T7n7 (m'* (l)>2 1% )

by (13.15) for each w € Q for which at least one of the limit values in (13.35) is defined,
and for each k € N'T.

Take arbitrarily ¢ > 0 and define, for @ € F, mI(x) by (13.24); define also m?
by (13.25). As limg_., m(k) = oo, there exists kg € ANt such that m(k) > m? holds
for every k > ko, hence, m®(j) > m? holds for each such k and each j € N'*.
Theorem 13.3 then yields that, for each k£ > kg, the relation

limy e Bx, o (11, () (i))iey,w) € (belu,, (1), bely,, (T)+¢), (13.36)
s0, due to (13.35), also the relation
limy,—oo Bx,,, (T, m, (m(i))i,,w) € <beIUX17p(T), beIUXLp(T) +¢e) (13.37)

holds for each w € Qy C 2, where Qy € A and P(Qy) = 1. As e > 0 was taken
arbitrarily, (13.37) immediately implies that

P ({weQ:lim, o By, o(T.n, (m(i))y,w) = bely,, (T)}) =1, (13.38)
and the assertion is proved. a

Let us sketch, very briefly, a Monte-Carlo algorithm based on the limit assertions
presented and proved above and offering numerical values which can be taken, in the
sense specified by Theorem 13.5 below, as reasonable estimations of the values of the
belief function in question. Let S = {s1,52,..., 8y} be a nonempty finite state space of
an investigated system, let £/ = {eq, €a,..., ex} be a nonempty finite space of empirical
or observational values, let p : S x E' — {0,1} be a compatibility relation such that
p(sj,e;) = 1iff s; cannot be eliminated from the set of possible internal states of the
investigated system supposing that the empirical value e; was obtained or observed as
the result of some measurements, experiments or observations concerning the system
in question and/or the environment where it is situated.

The role of the input of the proposed algorithm plays a finite sequence YV =
(24, y:, 211, of triples where 7; € E, y; € 5* = 32, 5%, and z; € {0,1}* = U52,{0, 1}*.
Namely, for each 1 <1 < R, z; € I is an empirical value, i.e. 2; = ¢; for some
J SN, yi = (sa,82,.- .,Sim(i)> is a finite nonempty string of elements of the state
space S, and z; = (0i1,0:2, ..., 0ir()) is a finite binary string such that ((¢) = m(z) and
6ij = p(sij, ;) for each 1 < j < m. Informally, x; is an element of F sampled at
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random by the random variable X, s; are the elements of the state space S sampled
at random by the random variables Y; and tested, whether there are compatible with
x; or not, and the results of these tests are encoded by z;. Evidently, x; maybe be
the same for different triples and also the possibility that two or more triples in Y are
identical is not excluded.
Set, for each 1 < ¢ < Rand for (x;,y:, 2:), yi = (i1, Siz, . . . ,Sim(i)% zi = (61,659, . 5im(i)>v

u(zy) = {85 : 1 < j <mli), & = 1}, (13.39)
set also, for each 1 < 5 < K,
Ule;) = U1§k§R,xk:e]U(l‘k)- (13.40)

The set U(e;) approximates, in the statistical sense, the set U,(¢e;) of states compatible
with the empirical value e¢; € E. Setting, moreover,

plej) = R card{k : 1 <k < R, z), = ¢}, (13.41)

we can see that p(e;) approximates the probability with which X;(w) = ¢;. Combining
both those approximations together, we can set

bel’(T) = lejgﬁzu(%)d p(e;) (13.42)

and we obtain that bel’(T') is a reasonable statistical estimation of the value be]UXLp(T).
The quality of this estimation is stated by the following assertion

Theorem 13.5. Let the notations and conditions of Theorem 13.3 hold, let ¢ > 0
be such that the inequality 0 < ¢ < EMN(T,-) — bely, (T) holds for a given subset
T C S, here \;(T),-) is defined by (13.10). Then the inequality

P ({w € Q:[By, (T.n, (m(i))iey,w) — bely, (T)| > e}) < (13.43)
< 1/dn(e — (BX(T,-) — bely,. (1))

holds. O

Proof. Due to the Chebyshev inequality for binary random variables we obtain that

P ({w € Q[ Bxy (T, n, (m(0)ing, ) = BN, )| 2 e}) < (13.44)
holds due to Theorem 13.3. Evidently, if
| By, o (T, (m(3)) iy, @) — beluy, (T)| > € (13.45)
holds, then
| Bxy (T, (i) iy, w) — EX(T, )] = (13.46)

> &—

EX(T,+) = belu, (T)|
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must hold as well. So
P ({w e Q:[By, (T.n, (m(i)iy,w) — bely, (T)| > e}) < (13.47)
< P({w e [Bx, (T, (m(i))i,,w) = EA(T, )| >

e — (EN(T,) = bely, (1))}) <
< 1/4n(e — (EX(T,-) = bely, (T)))?

follows immediately from (13.41) when replacing € by ¢ — |[EX\(T,-) — bely, ()| and
taking into consideration that E'A(T,-) > bely, (1) always holds (cf. the proof of
Theorem 13.3). O

The dependence of the upper bound on the right-hand side of (13.43) on the value
bely, (T) can be eliminated, using Theorem 13.3, when choosing m () uniformly large
enough.

Theorem 13.6. Let the notations and conditions of Theorem 13.3 hold, let ¢ > 0 be
given. Then there exists m*(¢) € N'* such that, if m(i) > m*(¢) holds for each i < n,
then

P ({w € Q:|By, (T.n, (m(i))iy,w) — bely,, (T)] > c}) < 1/ne? (13.48)
holds. 0
Proof. Theorem 13.3 yields that there exists m*(¢) such that

[EX(T, ) = beluy, ()| < &/2 (13.49)

holds supposing that m(¢) > m*(¢) holds for each ¢ < n. Combining (13.43) and
(13.49) we obtain immediately that (13.48) is valid. O
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14 Boolean—Valued and Boolean—Like Processed
Real-Valued Belief Functions

The reasons for which it may seem useful to reconsider the Dempster—Shafer model
of uncertainty quantification and processing from the point of view of possible non-
numerical quantification of occurring uncertainty degrees can be divided into two
groups: why to refuse the numerical real-valued degrees, and why to choose just this or
that set of values and structure over this set as an adequate alternative to the original
numerical evaluation. First, there are some general arguments in favour of the claim
that structures over sets of abstract objects of non-numerical nature can be sometimes
more close to the spaces of uncertain events and structures over them than the space of
real numbers with all the riches of notions, relations and operations over these numbers
(overspecification of the degrees of uncertainty by real numbers, these degrees need not
be dichotomic, a danger of an ontological shift from structures over real numbers to
structures over uncertainties, and so on). A more detailed discussion in this direction
can be found in [8] and [37], as far as fuzzy sets are concerned, in [5] for set-valued
probability measures, and in [26], [27] for applications of such probabilities in uncertain
data processing expert (knowledge) systems; we shall not repeat this discussion here
and refer to these sources. The reason for our particular alternative choice taken in
this chapter is twofold: boolean algebras, which generalize the set-theoretical struc-
tures over the power-set (set of all subsets) of a fixed basic space, are perhaps the most
developed non-numerical abstract mathematical structures. Moreover, just because of
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their just mentioned near relation to the set-theoretical structures boolean-valued un-
certainty degrees in D.-S. theory seem to be easy compatible with the set-theoretical
operations (e.g., joints) and relations (e.g., inclusions), often occurring above when
defining belief functions and other numerical characteristics typical for the D.-S. the-
ory.

Definition 14.1. Boolean algebra is a quadruple B = (B,V,A, ), where B is a
nonempty set called the support of B, V is a binary operation taking B x B into B and
called supremum, A is a binary operation taking B x B into B and called infimum,
and — is a unary operation taking B into B and called complement; these operations
are supposed to satisfy, for each z, y, z € B, the following five axioms (cf. [42])

Al tVy=yVz, e Ay=yAuz,

A2) aV(yVz)=(xVy)Vz, 2AyAz)=(zAy)Az,

=

ALy aA(yVz)=(zAy)V(zAz), aV(yAz)=(xVy) A(zVz2),

(
(
(
(
(

)
)
3) (eAy)Vy=y, (xVy)Ay=y,
)
)

A5)  (xA(mx))Vy=y, (zV(~x) Ay =y,

where = denotes the identity relation on B. The partial ordering relation <z (or simply
<, if no misunderstanding menaces) is defined by « < y <4 ¢ V y = y or, what turns
to be the same, © < y <39 * Ay = x. As can be easily proved, there exists just one
element 05 € B such that 0 < x holds for each # € B, this element is called the
zero or the minimum element of the Boolean algebra B. Dually, there exists just one
element 15 € B such that + < 1z holds for each * € B, this element is called the
unit or the maximum element of B, also in these cases the indices B are omitted if no
misunderstanding menaces. The operations V (A, resp.) can be easily proved to possess
all the properties of supremum (infimum, resp.) operation with respect to the partial
ordering relation <. The Boolean algebra B is called nontrivial, if card(B) > 2; if this
is the case, then 0z # 1z and only such Boolean algebras will be considered in what
follows. O

We refer to [10] and [42] as far as some elementary facts concerning Boolean algebras
and used below are concerned.

Definition 14.2. Let © be a nonempty set, let A be a nonempty o-field of subsets
of Q, let B = (B,V,A,) be a nontrivial Boolean algebra. Conditional boolean-
valued probability measure (c.b.v.p.m.) defined on the measurable space (2, A) and
taking its values in B is a mapping P : A — B x B such that, setting for each
A€ A, P(A)=(Pi(A),P(A)), Pi(A) € B for both « = 1,2, the following conditions
hold:

(i) Pi(A) < P(A) for each A € A, (14.1)
(i)  if A=Q, then Pi(A) = Py(A)
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(iii)  P(Q—A)=(-Pi(A), P,(A)) for each A € A,

(iv) if Ag={A1, As,...} CA, andif P(A;) = (Pi(A), Pa(A)))
with the same P»(A;) = C' € B independent of ¢, then
V2, Pi(A;) is defined and P (U2, Ai) = (V2 Pi(A),C).

a

Definition 14.3. Let P be a c.b.v.p.m. over (£, A) taking its values in the Boolean
algebra B, let A, C € A be two measurable sets (random events), then the condi-

tional boolean-valued probability of A given C' (or: under the condition that C' holds)
generated by P will be denoted by P(A/C') and defined by

P(AJC) = (PL(A) A PL(C), Py(A) A P(C)). (14.2)
O

Definition 14.4. C.b.v.p.m. P over Q, A, and B is called regular, if P,(A) # 0p
is the same for all A € A; P is called unconditional, a priori or simply boolean-
valued probability measure, if P»(A) = 0z for each A € A. C.b.v.p.m. P over Q, A,
and B is called complete, if A = P(Q) and if (iv) of Definition 14.2 holds for each
04 A CP(Q) (={A: ACQ}).

O

Lemma 14.1. Let P be a.c.b.v.p.m. over Q, A, and B, let Ay = {A;, Ay, ...} satisfy
the conditions of (iv), Definition 14.2. Then A2, Pi(A;) is defined and P (N2, 4;) =
(NZi P (Ai), C). O

Proof. As A, € Aforeachi=1,2,..., then N2, A; = Q—UZ,(Q— A;) € A as well,
hence, P (N2, A;) is defined and

P(NZA) = (P (N2 A, P2 (N2 A0) = (14.3)

(P (2 =UZi (2= A), P (2 —UZi (2 - A))) =
= (A(Q-UZ(2-4)),0) = (=~ (UZ ( - 4)),0) =
= (VZ A0 - A4),C) = (FVE(CRA(Q - 4),C) =
= (A2 Pi(A), C),

using appropriate points of Definition 14.2 in particular steps. a

Definition 14.5. Let v € B, let § # Co C B. Cj is called a decomposition of x,
if for each y, = € Cy, y # 2 implies that y A 2 = 0z and V, ¢,y = x. The set of
all decompositions of = will be denoted by Decp(x), obviously, Dep(x) C P(P(B)).
A decomposition C' of x is called strict, if 0 ¢ C, only = # 0p possesses strict
decomposition(s). Let (€2, A) be a measurable space such that {w} € A holds for each
w € Q, let P be a complete a priori b.v.p.m. over Q, A and B. Then the system
{Pi{w}) : w € Q} of elements of B is called a priori boolean-valued probability
distribution (a priori b.v.p.d.) over Q defined by the a priori b.v.p.m. P. a
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Lemma 14.2. If P is a complete a priori b.v.p.m. over Q, A and B such that {w} € A
holds for each w € 2, then {P;({w}) :w € Q} € Dep(15). 0

Proof. Let A, = {w} for each w € Q, so that U ,cqA, = Q. As P is complete, (ii)
and the extended version of (iv) in Definition 14.2 yield that

P (Useadu) = P() = (P(Q), () = (15,15) = (14.4)
= (VueaF1(Au), 15)
so that
Veea1(Aw) = Ve Pi{w}) = 15. (14.5)

Let wy,wqy € Q, wy # wq. Then, for A ={Ay, Ay, ...} C A such that Ay = {w}, 43 =
{ws}, Ap = Q for every k > 3, Lemma 14.1 yields that

Pr(NZiA) = Pi(0) = =Pi(Q) =05 = N2, Pi(A) = (14.6)
= Pi({wi}) A Pi({w2}) A PI(Q) = Pi({wn}) A Pil({we}) A lp =
= Pi({wi}) A Pi({w2}),
hence, {A({w}) : w € O} € Dep(1p). O

Let S be a finite set, let P be an a priori b.v.p.m. defined on the measurable space
(P(S),P(P(S))), let {P(F): FE C S} be the a priori b.v.p.d. defined by P and such
that P;()) = 05. Then the boolean-valued belief function bel®(T) and b.v. plausibility
function pIB(T) can be defined, in an abstract way following the pattern of algebraic
definition of numerical belief and plausibility functions, for each T' C S as follows:

bel’(T) = (VacrPi(A), 15) (14.7)
pIB(T) = <\/A,AOT;£Q)P1(A)7IB>' (14-8)

If P(A)#0p, (14.7) and (14.8) are replaced by
bel(T) = (Vigacr Pi(A), VogacsPi(A)), (14.9)
pl*(T) = <\/A,A0T;£Q)P1(A)7 VQ);&ACsPI(A)>' (14.10)

Let U be a measurable mapping defined on an abstract measurable space (€, .4)
and taking its values in the measurable space (P(S), P(P(S5))), let P* be an a priori
b.v.p.m. on (2, A) such that, for each A C S

Pr{w e Q:U(w) = A}) = Pi(A). (14.11)
Then

VizactPr(A) = Vyzacr Pi({w € Q1 U(w) = A}) = (14.12)
= P} (Uppacriw € Q:Uw) = A}) = Pr({w € Q: 0 # U(w) C T}).
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In the same way,
So, (14.9) implies that

bel®(T) = (PF({w € Q: 0 £ U(w) CT}), P{w € Q: 0 #£ U(w) C T})) #£14.14)
=P {weQ:04£U(w)CTH{weQ:U(w) #0})

according to the definition of conditional boolean-valued probability given by Defini-
tion 14.3. Let us recall that P* is an a priori b.v.p.m., so that P;({0 # U(w) C
T}) = 15. An analogous relation can be easily proved also for pl?. consequently, also
boolean-valued belief and plausibility functions can be equivalently defined, using the
set-valued random variable U, in a way similar to that in the case of numerical belief
functions.

Let us investigate, now, a variant of Dempster combination rule fitted for boolean-
valued belief functions. First of all, let us briefly return to the numerical belief functions
as developed above. Let bel;, bely be numerical belief functions. A mapping (or:
combination rule) & ascribing the belief function bel; & bels, i.e., the value (bel; &
bely) (T)) € (0,1) to each T' C 5, is called extensional, if there exists a function F' :
(0,1) x (0,1) — (0,1) such that

(bely @ bely) (T) = F(bely(T), bely(T')) (14.15)

for each bely, bely and each T' C S. The validity of an analogous relation for pl; & pl,
(with a different function ¢ instead of F, of course) then immediately follows supposing
that pl; & pl, is the plausibility function corresponding to bel; & bel;. Neither the
Dempster combination rule defined in the abstract algebraic way, nor its alternative
definition based on the set-valued random variable U;(w) N Uy(w), are extensional in
this sense, as can be easily seen.

Let myq, my be two (numerical) b.p.a.’s such that m()) = mq(0) = 0, let m3 be a
mapping which takes P(5) into (0,1) such a way that

. > A BCSANB=E my(A) ma(B)

FE) =
m3( ) ZA,BCS,AOB;&(ZJml(A)mZ(B)

(14.16)

supposing that this value is defined, i.e., supposing that there exist A, B C S such
that m(A) > 0, m(B) > 0 and AN B # 0 hold. Then ms is also b.p.a. on S and

Dempster combination rule reduces to
(bely & bely) (T') = Z@;AECT ms(F). (14.17)

Hence, the operation @ is weakly extensional or quasi-extensional in the sense that
bel, & bely is defined by a b.p.a. ms which is given as an extensional function h(ms,mz)
of the b.p.a.’s my, my defining bel; and bels.

In order to arrive at the boolean-valued case of the Dempster combination rule, let
us consider the case when ' is finite, U;, ¢ = 1,2, are random variables defined on the
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probability space (€, A, P) and taking their values in P(S), let bel;, ¢ = 1,2, be the

corresponding belief functions. Then

(bely & bely) (T') = (14.18)
PH{weQ:U(w)NUsz(w) CT}H/A{w € Q: Ui(w) N Ux(w) # 0}).

If P is a numerical probability measure, then (14.18) can be converted into the com-
binatoric case (14.16) only under some further conditions including the statistical in-
dependence of the set-valued random variables Uy, U, and analyzed, in more detail, in
Section 6 above. If P is an a priori b.v.p.m., we obtain that, for each T'C S

(belf @ bel5) (T) = (14.19)
= (PL{weQ: 04 Ui (w)NUz(w) CTY}), A({w e Q: 0 #£ Uy(w)NUsz(w)})) .

However, due to the extensionality of boolean-valued probability measures we obtain
that

PHw e Q: 0 £ Ui(w)NUy(w) CT}) = (14.20)
= (PL{w e Q:0#£ Ui(w)NUz(w) CTY}),15) =
= <P (U@;AECTU 4,BYeP(s)xP(s),anB=£ ({w € L : Ur(w) = AN
Nw € Q: Uh(w) = B})), 1) =
= <P1 ( Uia,yer(s)xp(s),anBcr.anszo ({w € 2 Ur(w) = AN
Nw € Q: Uh(w) = B})), 1) =
= <\/ 4.BYeP(s)xP(s)d2anscr (D1 ({w € Q2 Ur(w) = ABA
/\Pl({w €N:Uz(w)=B})),15).
In an analogous way we obtain that
P{w e Q:Ui(w)NUz(w) £ 0}) = (14.21)
= <\/(A Byer(s)xp(s)pzans (P1({w € @ : Ur(w) = A}A
AHHMGQ Uz(w) = B})) . 1) ,
so that
(bel®) & bel (T) = (14.22)

- <V(A,B)EP(S)XP(S)JD#AOBCT(Pl({w € Q:Uhw) = APA
AP ({w € Q: Us(w) = BY})) ,

Via,Byep(s)xP(s)0zans (P({w € Q: Ui(w) = A})A
AP({w € Qs Up(w) = B}))) .

Hence, setting, for : = 1, 2,

mP = {(PL{w € Q:Uiw)} = A), L{w € Q: Ui(w)£0})}, 0AAC S,  (14.23)
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as two boolean-valued basic probability assignments defining the boolean-valued belief
functions be]f, ¢ = 1,2, and considering the system

my = <\/(A,B)6P(S)xP(S),AﬁB:E,AﬁB;ﬁ@(Pl({w € Q:Ui(w) = AN (14.24)
AP ({w € Q: Ux(w) = B})),

Via.Byer(s)xp(s)anszs (P1({w € Q: Ur(w) = APA
APL({w € Q2 Ua(w) = BY)))grpcs -

we can easily observe that ms is also a boolean-valued b.p.a. which defines be]ig P be]f.
Hence, for boolean-valued belief functions the combination rule @ is weakly extensional
or quasi-extensional as in the case of the abstract combinatoric definition of the Demp-
ster combination rule for numerical b.p.a.’s and the corresponding belief functions.
The fact that in the boolean-valued case no supplementary conditions of statistical
independence imposed on the set-valued random variables U; and U, are necessary, is
a trivial consequence of the extensional nature of boolean-valued probability measures
with respect to the set-theoretic operations over random events.

Let us close this chapter by a short and rather sketched reasoning which shows
that the weak or quasi-extensionality of the combination rule for belief functions is
achievable, without any conditions of statistical independence of the random variables
U; and U, also for certain numerical-valued probability measures supposing that they
are defined in a rather nonstandard way conserving the extensionality of boolean op-
erations over a particular Boolean algebra. Let us focus our attention to the three
following particular Boolean algebras which are obviously isomorphic with each other.

Let Nt = {1,2,...} be the set of all (standard) positive integers, let P(NT) be the
power-set of all subsets of N, let U, N and N’ — - be the set-theoretic operations of
union, intersection and complement. Then the quadruple By = (P(N1), U, N, Nt — )
is evidently a complete Boolean algebra with the empty subset () of N'* as the zero
element Op,, the set 't as the unit element 15,, and with the set-theoretic relation of
inclusion C playing the role of the partial ordering <3, .

Let By = {0,1}* be the space of all infinite binary sequences, let & = (@1, 2,...)
or & = (x;)%2,, z; € {0,1} for all i € Nt denote an element of B; (and similarly
for y, z,...). Let 0°° = (0,0,0,...) € By and 1™ = (1,1,1,...) € B; denote the two
constant sequences, let V1 and Ay be binary operations taking By x By into B; in such
a way that & V1 y = (sup{a;,y;})2, and @ Ay y = (inf{x,,y:})2, for each @, y € By;
here sup and inf are the usual supremum and infimum operations in {0,1}, so that
sup{z;,y;} = 0iff ; = y; = 0 and inf{a;,y;} = 1 iff 2; = y; = 1. Let 1 — - be
the unary operation taking B; into B; in such a way that 1™ — & = (1 — ;)72 for
all ® € By. Then the quadruple By = ({0,1}%,Vy,A1,1°° — ) is a complete Boolean
algebra with the zero element 15, = O* and the unit element 13, = 1°°. The Boolean
algebras By and By are isomorphic, their isomorphism being established by the 1 — 1
mapping y : P(N*1) — {0,1}* which ascribes to each A C N7 its characteristic
function (sequence, in this particular case) y(A) = (x(A):)52, € {0,1}*, defined for
each i € Nt by y(A4); = 1,if 7 € A, x(A); = 0 otherwise.

The third Boolean algebra will be obtained by a particular 1 —1 encoding of sets of
positive integers and infinite binary sequences by real numbers from (a certain subset
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of) the unit interval of (standard) real numbers. Let C be the well-known Cantor
subset of (0,1). Informally, C is defined by erasing the open interval (1/3,2/3) from
(0,1), and by repeated applications of the same operation to the remaining closed
intervals. I.e., the open interval (1/9,2/9) is reased from (0,1/3) and (7/9,8/9) from
(2/3,1) and so on ad infinitum, what remains is just the Cantor set C. Formally, C
is the set of all real numbers from the unit interval for which there exists its ternary
decomposition (decomposition to the base 3) which does not contain any occurrence of
the numeral 1. It follows immediately that if a decomposition satistying this property
exists, it is defined uniquely (the ternary decomposition 0, aq, ag, ..., 0,0, 1, 1,1, ..,
alternative to 0,aq,...,a,,2,0,0,0,... does not meet the constraint not to contain
any occurrence of 1). Hence, the mapping ¢o = {0,1}* — C ascribing to each & =
(z1,29,...) € {0,1}* the real number Y52 2x;37" is a | — | mapping as well as the
composed mapping ¢ : P(NT) — C defined by

P(A) = po(x(A) = D07 2x(A); 37 (14.25)

for each A C N,
The mapping ¢ induces binary operations V, and A, and unary operation 1—- in
C as follows. Set, for each o, 5 € C,

aVafp = ¢ (¢ (a (). (14.26)
anB = ¢(p7a (),
12a = ¢ (W —p7l(a),

—” denotes the set-theoretic operation of complement. All the three

JUe™!
)N

in the last row “

operations are evidently correctly and unambiguously defined, moreover, an easy cal-
culation yields that 1—a = 1 — « holds for each a € C, where 1 — a denotes the usual
operation of substraction in (0,1). The quadruple By = (C, Va2, Ag, 1 — ) is a complete
Boolean algebra, 1z, = 0 and 15, = 1, and By is obviously isomorphic with the Boolean
algebras By and B; due to the mappings ¢ and ¢, defined above.

The following partial operation 3.* : C* — C ascribing to (some) infinite sequences
of real numbers from the Cantor set C a number from C will be defined as follows. Let
(a1, aq,...) be a sequence of numbers from C such that the subsets o™ (a;) of N7, 7 =
1,2,..., are mutually disjoint. Then >0 a; is defined by ¢ (U2, ), 220 i
being undefined otherwise. As can be easily seen, for each sequence (o, ay,...) € C™®
the following implication holds: if 3777 «; is defined, then 777 a; = 372, «;, where
the last expression denotes the usual operation of summation in (0,1). The operation
Yo is commutative in the sense that if 27 a; is defined, then 3727 o is also
defined and, consequently, equal to 32727 ay, 2272, ay, and 3772 ag, for each 1 —1
mapping 7 : Nt — N7T. The definition of 3224 a; can be easily extended, contrary to
the classical definition of 3772, a;, to that of 3~ . « for each nonempty subset D C C,
but we shall not need and use this generalization in what follows.

It is perhaps worth mentioning explicitly, that the partial operation > 77 can be
defined also in an alternative, direct product like way based on the classical (stan-
dard) operations over particular items of infinite binary sequences. Namely, given
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(ar,aq,...) € C™, let d(oy) = (d},d?,...) be the unique ternary decomposition of «;

not containing any occurrence of 1, let d; = df/Z for each 7, j € N, so that d(o;) =
@3,3?, ...) is an infinite binary sequence. Let 3229 d(a;) = <Z?i1 E}, Pyl E?, . > be

the infinite sequence from {N*t U {0} U {00} }*> resulting when summing, in the stan-
dard sense, the particular items of the corresponding binary sequences d(ay), d(az), . . ..

Now, Z?i*l a; is defined iff 3029 d(a;) € {0,1}> holds, and in this case
Yodlea) =322 (307 d(ad)) 37 (14.27)

Both the definitions of }°:°7 can be easily proved to be equivalent.

The basic structure, enabling to formalize, at the most abstract level, the notion
of probability and random event, is that of probability space. Let us recall, for the
sake of reader’s convenience, its usual (standard) definition, immediately followed by
its nonstandard modification.

Definition 14.6. (i) Let © be a nonempty set, let A be a o-field of subsets of Q, i.e.,
A is nonempty and, for each A, Ay, Ay,... € Aalso @ — A € Aand U2, A; € A hold.
The pair (2, A) is called measurable space (generated in © or over ) by the o-field A)
and elements of A are called measurable sets.

(ii) A mapping P : A — (0, 1) ascribing to each A € A a real number P(A) from the
unit interval of reals is called (standard) probability measures (p.m., abbreviately) on
(Q,A),if (a) P(2) =1 (2 € A and 0 € A obviously hold for each o-field A C P())
and (b) P(UZ2,A;) = 32, P(A;) holds for each sequence (Aq, As,...) of mutually

disjoint sets from A.

(iii) A mapping g : A — C (Cantor subset of (0,1)) is called non-standard (Cantor-
valued probability measure (n.s.p.m., abbreviately) on (2, A), if (a) u(2) = 1 and

(b) for each sequence (A, As, . ..) of mutually disjoint sets from A the series 727 p(A;)
is defined and p (U2, A;) = 30007 p(Ay).

(iv) A triple (Q, 4, P) ({2, A, ), resp.), where (2, A) is a measurable space and
P is a probability measure (x is a nonstandard probability measure, resp.) on (€, .A)
is called (standard) probability space (nonstandard or ns-probability space, resp.). In
both the cases, measurable sets, i.e., elements of A, are called random events. For
each A € A, the value P(A) (u(A), resp.) is called the probability (nonstandard or
ns-probability, resp.) of the random event A. a

It follows immediately from what we told above, that if Y7 u(A;) is defined, then
S (A = 302, 1(Ag), hence, every ns-probability measure on (2, A) is a (special
case of ) standard probability measure on the same measurable space. Consequently,
perhaps the adjective “strong” or “special” probability measure would better express
the relation between the usual operations over the space of values of probability mea-
sures, i.e., over the unit interval (0, 1), and their alternatives introduced above in this
chapter. On the other side, not every standard probability measure is also a nonstan-
dard one. Take, e.g., the probability measure defining a regular coin tossing, where
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P(HEAD) = P(TAIL) = 1/2; as 1/2 ¢ C, P is obviously not nonstandard, in general,
this is the case for every probability measure P which takes a value P(A) ¢ C for at
least one random event A.

The formal difference between (ii) and (iii) in Definition 14.6, consisting in the fact
that the condition of convergence of the series 3777 p(A;) is explicitly requested to be
satisfied, in spite of the case when standard probability measure P is defined, could be
avoided by joining the condition that 3252, P(A;) is defined to (ii), Definition 14.6. As
a matter of fact, if the operation }>7°; is taken in its usual sense and as an operation
over the extended real line including both the infinite values +00 and —oo, then any
series of nonnegative real numbers from the unit interval always converge. However, if
So2, is defined as a partial operation on the non-extended real line (—oo, ), i. e., not
admitting the infinite values, or even as a partial operation taking the space (0,1)*
of infinite sequences of real numbers from the unit interval into (0, 1), the condition of
convergence of the series 22, P(A;) would become non-trivial and its satisfaction must
be explicitly demanded. In the case of nonstandard probability measure the demand
that 3227 p(A;) is defined is obviously non-trivial and, as will be seen below, it will
play the key role in what follows.

In our context, the most important property of nonstandard probability measures
consists in the fact that they are extensional in the sense that nonstandard probabilities
of random events combined from some “elementary” random events by the set-theoretic
operations of union, intersection and complement can be defined and computed as
real-valued (vector) functions of the nonstandard probabilities of these “elementary”
random events. The corresponding formalized statement reads as follows.

Theorem 14.1. Let (2, A, 1) be a nonstandard probability space. Then, for all
A Be A,

p(Q—A) = 1—u(A), f(AUB) = (14.28)
p(A) Vo p(B), (AN B) = u(A) Ay u(B),

where Vo and Aq are the binary operations taking C x C into C defined by (14.26). O

Proof. The following relation between the operations V, and >°727 is almost evident.
If (a;)$2, is a sequence of real numbers from C such that «; = 0 for all 7 > n and
o1 «; 1s defined, then

ZZ? o, = \/2 (8% \/2 s \/2 (7% (1429)

holds and we shall use the notation }°1*; «; to abbreviate the right-hand side expression
in (14.29). Or, (14.29) yields, by an easy induction, that

ap Vo ag Vy - Vo, =p (U?:lcp_l(ozi)) , (14.30)

from what also the associativity of the operation V5 and, consequently, the possibility
to avoid bracketing in the left-hand side expression in (14.30) follows. If o; = 0, then
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o '(a;) =0 C NT, hence, if a; = 0 for all 7 > n, the equality
S = (Uip (@) = ¢ (Uig ™ () = (14.31)
= o VaazVy---Vaay :Z::l%’

holds.
Let A, Be A. Setting By = A—B, B,y =ANB, Es=B— A, and E; =0 C Q
for each ¢ > 3, we obtain a sequence of mutually disjoint measurable sets from A, so

that 3527 pu( 2) is defined and U2, F; = AU B. So, (14.26) and (14.31) yield that
p(AUB) =37 w(B) = p(By) Vo u( Ba) Va pl( Bs) = (14.32)

= p(A=B)Va u(ANB)Vy u(B — A) =
= (u(A—B) Vo p(ANB)) Vy u(B — A) =

(¢7 (1A = B) U™ (1(AN B))) Vo pu(B — A) =

o7 (o™ (n(A = B)) U™ (AN B>>>) P (B — A))] =

[ (A= B))U wwx NB) U™ A))] =

(¢ (WA= B) U™ (m(ANB) U < (ANB) U™ (u(B — A)))| =

= ¢l M (uA) U™ (u(B))| = pu(A) Va2 pu(B).

As each nonstandard probability measure is also a classical probability measure,

w( —A) =1— pu(A) holds for each A € A. De Morgan rules then yield that
(AmB) =pu(Q— (=AU (Q=B))) = (14.33)
= 1= (u(Q—=A) Vo u(2 = B)) =

¢ ( P (@ = A) V2 p(Q = B))) =

¢ (N+ e ele T (@ = A) U™ (@ = B))]]) =
= o (M = [eTH (@ = AU (u(Q = B))]) =
o (N = W = (7 (1(A) N~ (u(B))]) =
2 (¢7 () N7 (B)) = ul(A) Az p(B),
as for each A € A,

(= A)) =T L = p(A) = NT — o7 (u(A)) (14.34)
holds. The theorem is proved. O

Let us recall explicitly that >°"" «; is defined, and if this is the case, equal to
g Vaag Vo Voo, il 3777 «; is defined for oy = 0 for all 2 > n. Hence, when defining
Viep (V'D, abbreviately) and ALcp (A™D, abbreviately) for each ) # D C C by

VD = ¢ (Usepe (@) . A°D = ¢ (Nuepw™ (a) . (14.35)

then VV*D is a conservative extension of 77 «; in the case when D = {ayq, az,...} and
S0 o is defined. However, \/*D (and A*D) is defined for all ) # D C C, but ZZ e
is defined only when ¢~ (ozl) N '(a;) =0 C Nt holds for each 7, j = 1,2,..., i # j.
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Definition 14.7. Let S be a finite nonempty set. Basic nonstandard probability
assignment (b.ns-p.a.) on S (or: over S) is a mapping m* : P(S) — C such that
Y hcsm (A) is defined and Y% - m*(A) = 1. 0

Remark. The value 3% -5 m*(A) is defined by S @i, where (Ay, Ay, .. AL, s =
card(P(S)) = 2044 is an ordering (without repetitions) of all subsets of S, a; =
m*(A;) for i < s, and o; = 0 for all 7+ € N, ¢ > s. If this is the case, i.e., if
> hcs M (A) is defined, then obviously Y2727 a; = Y202, = 270, m™(Ay) = m*(Aq) Vs
m*(Az) Vg -+ Vo m*(As). As the operation Vj is commutative and associative, the
value )7 g m™(A) is defined unambiguously, i.e., it does not depend on the particular
ordering (A, Ag, ..., As) of all subsets of S.

As in the case of usual b.p.a.’s, every ns-b.p.a. on a finite set S can be induced
by a set — valued random variable defined on a nonstandard probability space, as the
following statement claims and proves.

Theorem 14.2. There exists a nonstandard probability space (€, A, i) such that, for
each finite nonempty set S and each ns.-b.p.a. m* on 5, there exists a measurable map-
ping (set-valued random variable, in other terms) Uy« : (Q, A, u) — (P(S), P(P(95)))
such that, for each A C S,

m*(A) = p ({w € Q: Upe(w) = A}). (14.36)

a

Proof. Let Q = N = {1,2,...} be the set of all positive integers, let A = P(NT)
be the system of all sets of positive integers, let u({1}) = 2-37" for all : € N'*. Hence,

p(Q) = p(N*H) =322,2-37 = (2/3) (1 = (1/3))7" = 1 and p(A) = Ticap({1}) =
Sica2 37" € C holds for each A € N't. Consequently, (Q, A, u) = (NT, P(NT), 1)
is a ns. probability space. Or, let Ay, Ay,... C N'" be an infinite sequence of mutually
disjoint subsets of N'*. Then

p(UZA) = D e 0237 =200 2, 2087 = (14.37)

= > u(A) =3 u(A),

Let us recall the 1 — 1 mapping ¢ : P(NT) — C (the Cantor set) defined above.
For each & € C, ® < (11, 29,...) € {0,2}*,

N e)={i e Nt 2, =2}, (14.38)
so that @ € e ,—1(2) 237", Set, for each w € @ = ¥,
Upr(w)=ACNt iff wep(m*(A4)). (14.39)
Consequently, for each A C Nt
p{w € Qi Up(w) =AY =p({FeNT 1ie g™ (m (A)}) = (14.40)
= (T M) = X ey 2737 = (A),
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and the assertion is proved. a

The following theorem deduces and presents a boolean-like modification of Demp-
ster combination rule which can be obtained within the framework of our nonstan-
dard model. The obtained combination rule conserves the semi-extensional nature of
the classical Dempster combination rule in the sense that the values of the combined
ns. basic probability assignment are defined by, and can be computed from, the values
of the two particular ns. b.p.a.’s which are to be combined together, but no assumption
concerning the statistical independence (or a special kind and/or degree of depencen-
dence) of the random variables in question is needed.

Theorem 14.3. Let (Q, A, i) be a nonstandard probability space, let S be a nonempty
finite set, let F;, ¢ = 1,2, be nonempty empirical spaces, let &, ¢ = 1,2, & C P(F;),
be nonempty o-fields of subsets of these empirical spaces. Let X; : (Q, A, p) — (E;, &),
i = 1,2, be measurable mappings (generalized random variables), let p; : S x F; —
{0,1}, ¢ = 1,2, be compatibility relations over the corresponding spaces. Let the
mappings U; : @ — P(9) defined, for each w € Q and for both i = 1,2, by

Ui(w)={s € 5:pi(s, Xi(w)) =1} (14.41)

be measurable mappings taking the ns. probability space (2, A, i) into the measurable
space (P(5), P(P(S)).

Let p1a: S x (Ey x Ey) — {0, 1} be the compatibility relation over the space S and
the Cartesian product F; x FEj of the empirical spaces Fy, Es, defined by

p12(s, (w1, 72)) = min{p1(s, x1), pa(s, v2)} (14.42)
for every s € S, 71 € By, 23 € Ey. Set
U(w) ={s € 5: prafs, (Xi(w), Xo(w))) = 1} (14.43)
and denote by m3(A), i = 1,2,12, A C 5, the value
m;i(A) = p({w € Q: Ui(w) = A}). (14.44)

Then m? is a ns.b.p.a. on S for each ¢« = 1,2,12, and

*

mi,(A) = ZBCC&BOC:A mi(B) Ae m3(C) (14.45)
holds for each A C S, where Ay is the nonstandard infimum operation defined by
(14.26). 0

Proof. For i = 1,2, both the mappings U; : @ — P(S5) defined by (14.41) are
supposed to be measurable with respect to (P(.5), P(P(5))), so that {w € Q: U;(w) =
A} € Aholds for each A C S and both ¢ = 1,2. Consequently, u({w € Q: U;(w) = A})
is defined. If Ay, Ay C S, Ay # Ay, then

{weQ:Ui(lw)=A}Nn{we:Ujw)= A2} =0 (14.46)
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is valid for both ¢ = 1,2, so that {{w € Q : Uj(w) = A} : A C S} is a system of
mutually disjoint subsets of © (a decomposition of 2 to subsets from A, in fact), and
for such systems % - p({w € Q : Uj(w) = A}) is defined and equals to 1 for 2 = 1,2,
as (2, A, ) is a nonstandard probability space. Hence, both mj and m} defined by
(14.44) are ns.b.p.a.’s over S.

As in the standard case, (14.42) and (14.43) yield that

Upp(w) = {s €5 :min{p1(s, X1(w)), pa(s, Xa(w))} =1} = (14.47)
= {5 €5 (s X)) = pals, Xafew)) = 1} =
= {seS:p(s, Xi(w))=1}N{s € 5: pa(s, Xa(w)) =1} =
= Ui(w) NUz(w).

For each A C S,

{we: Upw)=A={weQ:Ui(w)NUs(w) = A} = (14.48)

= Usccspno=a {w € Q: Ui(w) = B} N{w € 0 : Ua(w) = C}).
This subset of © belongs to A, as due to the finiteness of S and, consequently, also of
P(S), there is only a finite number of pairs (B, C) € P(S5) x P(S) such that BNC = A.
Being a o-field, A is closed with respect to finite intersections and finite unions. Hence,

Uy is also a measurable mapping which take (2, A, u) into (P(S), P(P(S5))), and the

relation
ZACs p{w € Q: Upp(w) = A}) = ZACs miy(A) =1 (14.49)
can be proved in the same way as in the case of mj and mj3.

Let (By,Ch), (B2, C3) be two different pairs of subsets of S, so that either By # B,
or (1 # C5. Then, obviously,

{w - Q: Ul(w) == Bl, UQ(C{J) == Cl} N {w - Q: Ul(w) == BQ, UQ(C{J) == 02} == @, (1450)
so that mJ,(A) can be written as

mi,(A) = p({w € 0 : Upp(w) = A}) = (14.51)
H{w e Q:Ui(w) =B} N{w e N: Uzw)=C}) =

ZBCCS’BOC:A pweQ:Uh(w)=B) Ap({weQ:Uy(w)=C}) =
mi(B) Am3(C)

*

ZB,OcS,BnO:A H

*

ZB,OCS,BOO:A

due to Theorem 14.1 and due to the definition of mi(B) and m3(C) by (14.44). The

theorem is proved. a

It is perhaps worth noting explicitly, that the formula (14.45), which defines the
modified form of the Dempster combination rule, can be rewritten in a way still more
close to the standard one. As a matter of fact, the binary operation Ay on C can be seen
also as a natural extension of the standard multiplication (product) operation in (0, 1)
extended in the same boolean-like pointwise way as }.* extends addition. This idea
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follows from the trivial fact that the infimum operation Ay on By = {0,1}>, defined,
for each & = (21, 22,...), ¥y = (y1,92,...) €{0,1}* by & Ay y = (inf{a;, a2, }){t =1},
is identical with the binary operation 1, defined by @ ©1y = (2;9:);2,. Hence, we can
write also 9 instead of Ay and (14.45) can be converted into

*

Mia(A) = 370 o moes H(B) G2 m3(C). (14.52)

An open, and perhaps interesting question for a further research reads, whether the
Boolean algebra By of all subsets of the set AN/ of positive integers can be replaced
by another and perhaps more general and abstract Boolean algebra B, and which
restrictions should be imposed on B in order to be able to encode its elements by (some)
real numbers from the unit interval in a reasonable and one-to-one way, or at least to
assure that such a mapping exists. However, let us postpone such an investigation till
another occasion.
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