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Abstract

Dempster	Shafer theory is an interesting and useful mathematical tool for uncertainty
quanti
cation and processing� From one point of view it can be seen as an alternative
apparatus to probability theory and mathematical statistics based on this probability
calculus� as D�	S� theory can be developed in a way quite independent of probability
theory� beginning with a collection of more or less intuitive demands which an uncer�
tainty degree calculus should meet� On the other side� however� D�	S� theory can be
developed also as a particular sophisticated application of probability theory� using the
notion of non	numerical� in particular� set	valued random variables �random sets and
their numerical characteristics� This later aspect enables to generalize D�	S� theory
beyond its classical scopes using appropriately the apparatus of probability theory and
measure theory�

This report is the 
rst part of a surveyal work cumulating� and presenting in a sys�
tematic way� some former author�s ideas and achievements dealing with applications of
probability theory and mathematical statistics when de
ning� developing� and gener�
alizing various parts of D�	S� theory� The more detailed contents of this report can be
understood from the list of the titles of the particular chapters presented just below�
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Dempster	Shafer theory� probability theory� belief function� random variable� random
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A common feature of the following three chapters consists in their aim to go beyond the
framework of the already classical mathematical model for Dempster	Shafer theory� as
explained and analyzed till now� in at least the three following directions�

�i to weaken the demands imposed to the notion of compatibility relation as the
basic relation binding the empirical data being at the user�s �observer�s disposal with
the hypothetical internal states of the system under investigation �this chapter�

�ii to abandon the assumption that the state space S is 
nite and to extend the
de
nition of degrees of beliefs to at least some subsets of an in
nite space S �the next
chapter�

�iii to replace the probabilistic measures used in our de
nitions of basic probability
assignments and belief functions by more general set functions� e� g�� by measures or
signed measures� in order to generalize the notion of basic probability assignment and
belief function so that an operation inverse to the Dempster combination rule were
de
nable if not totally� so at least for a large class of generalized basic probability
assignments �Chapter ���

Let S and E be nonempty� but not necessarily 
nite sets� let � � S � E � f�� �g
be a compatibility relation� This relation can be easily extended to a total relation
�� � P�S�P�E� f�� �g� setting for each T � S and F � E such that T �� �� F �� ��

���T�F  � maxf��s� x � s � T� x � Fg� ����

and setting ���T� � � ����� F  � � for each T � S and each F � E� Obviously�
���fsg� fxg � ��s� x for each s � S and x � E� Hence� ���T�F  � � i� there are
s � T and x � F such that ��s� x � �� If the actual state s� of the system is de
ned
by the value of a random variable �� taking a 
xed probability space h��A� P i into a
measurable space hS�Si generated by a nonempty ��
eld of subsets of S� if the observed
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empirical value x is de
ned by the value of a random variable X taking h��A� P i into
hE� Ei� where E is a nonempty ��
eld of subsets of E� and if the compatibility relation
� � S � E � f�� �g is de
ned by

��s� x � � i� ����

f� � � � ��� � sg � f� � � � X�� � xg �� ��

then

���T�F  � � i� ����

�� s � T  ��x � F  �f� � � � ��� � sg � f� � � � X�� � xg �� �

i���
s�T

f� � � � ��� � sg
�
�
��

x�F
f� � � � X�� � xg

�
�� �

i�

f� � � � ��� � Tg � f� � � � X�� � Fg �� ��

The extension of � to �� de
ned by ���� and ���� agrees with our intuition im�
posed above on the notion of compatibility between states and empirical values� Or�
���T�F  � � should mean that if the observed value is in F � then the laws and rules
governing the system and its environment as a whole are such that the membership of
the actual state s� in T is impossible� In a more subjective way taken� knowing that
the observed empirical value is in F � but not knowing anything more about it� we are
able to prove that s� cannot be in T � From both these interpretations it follows imme�
diately� that in such a case each state s � T must be incompatible with each x � F �
so that ��s� x � � for each s � T� x � F � and ���� follows� The reasoning verifying
the inverse implication� i� e�� that ��s� x � � for all s � T and x � F should imply
���T�F  � �� is not so persuasive and immediate� and is charged with a great por�
tion of Platonistic idealization� but we shall accept it as a useful simpli
cation for our
further considerations and computations� In more detail� the case that ���T�F  � �
but ��s� x � � for some s � T and some x � F evidently contradicts the intuition
behind and the relation ����� but the case when ���T�F  � � and ��s� x � � for all
s � T and all x � F � even if also contradicts ����� admits an interesting interpretation�
Or� consider the case when� in order to arrive at the conclusion that � �� T � S and
F � fxg � E are incompatible� we have to prove� within an appropriate deductive
formalism� that ��s� x � � holds for each s � T in particular� If T is in
nite� this
cannot be sequentially done by a 
nite proof� so that we cannot arrive at the conclusion
that ���T� fxg � � and we must accept that ���T� fxg � �� The same situation oc�
curs also for 
nite sets T supposing that only proofs not longer than a given threshold
value are accepted as proofs� because of perhaps various reasons of mathematical as
well as extra�mathematical nature� So� it may be also worth considering more general
extensions of � to P�S � P�E� namely� the mappings ��� � P�S � P�E � f�� �g
such that

����T�F  	 maxf��s� x � s � T� x � Eg ����

holds for each � �� T � S� � �� F � E� with ����T� � � ������ F  � � as above�

�



De�nition 	��� Given a �total compatibility relation � on S�E� the relation �� on
P�S�P�E� uniquely de
ned by ����� is called the �total� generalized compatibility
relation induced �on P�S � P�E� by �� and each relation ��� on P�S � P�E sat�
isfying ���� is called a quasi�compatibility relation induced �on P�S � P�E by ���
A partial generalized compatibility relation �partial quasi�compatibility relation� resp�
on P�S�P�E is a mapping �� de
ned on a subset Dom��� � P�S�P�E� taking its
values in f�� �g and such that there exists a total generalized compatibility relation ��

�quasi�compatibility relation ���� resp� on P�S�P�E such that �� is the restriction
of �� �of ���� resp� to Dom���� in symbols� �� � �� � Dom��� ��� � ��� � Dom����
resp�� �

Evidently� not every partial or total mapping �� � P�S � P�E � f�� �g is a
partial generalized compatibility relation or a partial quasi�compatibility relation on
P�S � P�E� As a counter�example let us consider any mapping �� such that� for
some T� � T� � S and for some F� � F� � E� fhT�� F�i� hT�� F�ig � Dom��� and
���T�� F� � ���T�� F� holds� Let us investigate� 
rst of all� under which conditions
a �partial mapping �� � P�S � P�E � f�� �g is a partial generalized compatibility
relation and when the corresponding total generalized compatibility relation is de
ned
unambiguously� Consequently� we shall focus our attention to the cases when a partial
generalized compatibility relation is the only knowledge about the investigated system
and its environment being at hand� Then� we shall try to deduce� or at least to
approximate� the original compatibility relation on S�E and to use this approximation
in order to obtain reasonable approximations of the belief and plausibility functions
de
ned by the original compatibility relation�

Given a partial mapping �� � P�S � P�E � f�� �g with the domain Dom��� �
P�S�P�E� we set for each s � S� x � E�

��s� x � min
n
���T�F  � hT�F i � Dom���� s � T� x � F

o
� ����

if there exists hT�F i � Dom��� such that s � T and x � F� ��s� x � � otherwise� We
also set� for each T � S� F � E�

���T�F  � maxf��s� x � s � T� x � Fg ����

with the conventions for T � � or F � � as in ����� In other words� �� is a total
mapping which takes P�S�P�E into f�� �g� de
ned by �� � ����

Theorem 	��� Let �� � P�S�P�E� f�� �g be a partial mapping with the domain
Dom���� let � and �� be de
ned by ���� and �����

�i For each hT�F i � Dom��� the inequality ���T�F  
 ���T�F  holds�

�ii Let �� be such that

�a for each hT�F i � Dom��� such that ���T�F  � � and each hT�� F�i � P�S�P�E
such that T� � T and F� � F hold� hT�� F�i � Dom��� and ���T�� F� � � hold as
well�

�b for each nonempty parametric set � and for each fhT�� F�i � � � �g � Dom����

�



if h
S
��� T��

S
��� F�i � Dom��� holds� then �� �

S
��� T��

S
��� F� � maxf���T�� F� �

� � �g� Then �� � ���T�F  for each hT�F i � Dom����

�iii If �� � �� for a compatibility relation � � S � E � f�� �g� then � � �� i� e��
��s� x � ��s� x for each s � S� x � E� �

Proof� Let Dom��� � �� Then the equality �� � �� on Dom��� holds trivially� Let
���T�F  � � for each hT�F i � Dom��� �� �� Then ��s� x � � for each s � S and
x � E� hence ���T�F  � � for each T � S and each F � E� and the equality between
�� and �� on Dom��� again immediately follows� So� let there exist hT�F i � Dom���
such that ���T�F  � �� Relation ���� yields then� for each s � T and x � F � that

��s� x � min
n
���T�� F� � hT�� F�i � Dom���� s � T�� x � F�

o

 ���T�F  � �� ����

Consequently� by �����

���T�F  � maxf��s� x � s � S� x � Fg � �� ����

so that the inequality ���T�F  
 ���T�F  for each hT�F i � Dom��� immediately
follows and �i is proved�

Let the conditions of �ii holds� let hT�F i � Dom��� be such that ���T�F  � ��
So� by ����� maxf��s� x � s � T� x � Fg � �� consequently� ���� yields that

min
n
���T�� F� � hT�� F�i � Dom���� s � T�� x � F�

o
� � ����

holds for each s � T� x � F � Hence� for each pair hs� xi � T � F there exists

hThs�xi� Fhs�xii � Dom��� such that s � Ths�xi� x � Fhs�xi� and �
�
Ths�xi� Fhs�xi

�
� �� Us�

ing the axiom of choice� let us choose just one such
D
Ths�xi� Fhs�xi

E
for each hs� xi � T�F �

Set� for each hs� xi � T � F� T �
hs�xi � T � Ths�xi� F

�
hs�xi � F � Fhs�xi� then s � T �

hs�xi

and x � F �
hs�xi hold for each s � T� x � F � moreover

S
hs�xi�T�F T

�
hs�xi � T andS

hs�xi�T�F F
�
hs�xi � F � By �ii �a

D
T �
hs�xi� F

�
hs�xi

E
� Dom��� and ��

�
T �
hs�xi� F

�
hs�xi

�
� �

hold for each s � T� x � F � so that� by �ii �b

��
hs�xi�T�F

T �
hs�xi�

�
hs�xi�T�F

F �
hs�xi

�
� Dom��� �����

and

��
��

hs�xi�T�F
T �
hs�xi�

�
hs�xi�T�F

F �
hs�xi

�
� ���T�F  � �����

� max
n
��
�
T �
hs�xi� F

�
hs�xi

�
� hs� xi � T � F

o
� ��

Consequently� ���T�F  � � implies ���T�F  � � what� combined with �i� yields that
���T�F  � ���T�F  for each hT�F i � Dom���� So� �ii is proved�

Let �� � �� for a compatibility relation � � S � E � f�� �g� so that ���T�F  �
maxf��s� x � s � T� x � Fg for each T � S and each F � E� If T� � T and F� � F �

�



then� obviously� ���T�� F� 
 ���T�F  so that ���T�F  	 ���fsg� fxg holds for each
s � T and each x � F � Consequently�

��s� x � minf���T�F  � s � T� x � Fg � ���fsg� fxg � ���fsg� fxg ������

� maxf��s�� x� � s� � fsg� x� � fxgg � ��s� x

holds for each s � T and each x � F � so that �iii is proved� The proof of Theorem ���
is completed� �

Theorem 	��� Let �� � P�S � P�E � f�� �g be a partial mapping with the do�
main Dom��� such that ���T�� F� 	 ���T�� F� holds for each fhT�� F�i� hT�� F�ig �
Dom��� such that T� � T� and F� � F�� let s � S and x � E be such that
hfsg� fxgi � Dom���� let � be de
ned by ����� Then ��s� x � ���fsg� fxg� �

Proof� By ����

��s� x � min
n
���T�F  � hT�F i � Dom���� s � T� x � F

o

 ���fsg� fxg� �����

as hfsg� fxgi � Dom���� s � fsg� and x � fxg� However� ���T�F  	 ���fsg� fxg
holds for each hT�F i � Dom��� such that s � T and x � F due to the conditions
of Theorem ���� Hence� ��s� x 	 ���fsg� fxg immediately follows and the proof is
completed� �

Theorem 	��� Let �� � P�S�P�E � f�� �g be a partial generalized compatibility
relation such that �� � �� � Dom��� for a compatibility relation � on S � E� let � be
de
ned by �� using ����� Then ��s� x 	 ��s� x holds for each s � S and each x � E�
�

Proof� An easy calculation yields that

��s� x � min
n
���T�F  � hT�F i � Dom���� s � T� x � F

o
	 �����

	 minf���T�F  � s � T � S� x � F � Eg �

� ���fsg� fxg � ��s� x�

as the inequality ���T�F  	 ���fsg� fxg obviously holds for each T � S and F � E
such that s � T and x � F � �

As can be easily proved� the inequality in the assertion of Theorem ��� cannot be�
in general� replaced by equality� Or� let f � E � S be a total function such that
��s� x � � i� s � f�x� ��s� x � � otherwise� So�

���S�E � maxf��s� x � s � S� x � Eg � maxf��f�x� x � x � Eg � �� �����

Consequently� for each s � S and each x � E� if Dom��� � fhS�Eig� then

��s� x � min
n
���T�F  � hT�F i � Dom���� s � T� x � F

o
� �����

� ���S�E � ���S�E � ��

�



so that ��s� x � ��s� x holds for each s � S� x � E such that s �� f�x�

Before focusing our attention on a more detailed investigation of partial generalized
compatibility relations we take as worth saying explicitly� that compatibility relations
on P�S�P�E can be de
ned not only by extending compatibility relations de
ned
on S � E to P�S � P�E by ����� but also directly� taking S� � P�S instead of S
and E� � P�E instead of E in the general de
nition of compatibility relation� Such
a compatibility relation �� � S� � E� � f�� �g cannot be� in general� de
ned by an
extension of a compatibility relation de
ned on S � E� or as a fragment of such an
extension� if �� is partial� as it is possible that ���T�F  � �� but ���T�� F� � � for
some T� � T � S� F� � F � E� So� such a compatibility relation on P�S � P�E
can be taken as a relation between a metasystem the states of which are sets of states
of the original system� and an enriched observation space the elements of which are
sets of original empirical values� A more detailed mathematical investigation and
possible interpretations of such meta�systems� meta�observations and corresponding
compatibility relations would be interesting and perhaps useful� but it would exceed the
intended scope and extent of this chapter and will be postponed till another occasion�

In order to simplify our further reasonings by avoiding technical di�culties we shall
suppose� till the end of this chapter and unless stated otherwise� that both the spaces S
and E are 
nite� As above� we shall suppose that the empirical values �values from E
being at the subject�s disposal are of random character and can be described� quanti
ed
and processed by the tools of the classical �Kolmogorov axiomatic probability theory�
In the way described above we arrive at the notion of belief function and plausibility
function induced by a compatibility relation � � S � E � f�� �g�

Let �� � P�S�P�E be a partial mapping� let � be de
ned by ����� Then we set
bel���T  � bel��T  for each T � S� A compatibility relation � de
ned on S � E is
called consistent� if for each x � E there exists s � S such that ��s� x � ��

Theorem 	��� Let the notations and conditions of Theorem ��� hold� let � be con�
sistent� Then bel��T  
 bel��T  and pl��T  	 pl��T  hold for each T � S� �

Proof� By Theorem ���� ��s� x 	 ��s� x holds for each s � S� x � E� so that

U��x � fs � S � ��s� x � �g � fs � S � ��s� x � �g � U��x� �����

Hence� U��x �� � holds for each x � E� bel��T  � P �f� � � � U��X�� � Tg�
moreover� U��X�� � U��X�� is valid for each � � �� Consequently� for each
T � S� if U��X�� � T � then U��X�� � T � In other terms�

f� � � � U��X�� � Tg � f� � � � U��X�� � Tg � �����

and this inclusion immediately yields that

bel��T  � P �f� � � � U��X�� � Tg 
 �����


 P �f� � � � U��X�� � Tg � bel��T �

The dual inequality for plausibility functions is obvious so that the assertion is proved�
�

�



It is perhaps worth stating explicitly that if the basic compatibility relation � is not
consistent� then the inequality ����� need not hold� as the following example illustrates�

Let S � fs�� s�� s�g� letE � fx�� x�� x�g� let p�xi � P �f� � � � X�� � x�g � ���
for each i � �� �� �� Let the compatibility relation � on S � E be de
ned as follows�
��s�� x� � �� ��si� x� � � for each i � �� �� �� ��si� xj � � otherwise� Hence� � is not
consistent� as there is no state si compatible with the empirical value x�� Recalling
that U��xi � fs � S � ��s� xi � �g we obtain easily that U��x� � fs�g� U��x� �
�� U��x� � fs�� s�� s�g � S� Setting T� � fs�� s�g � S� F� � fx�� x�g � E� an easy
calculation yields that

bel��T� � P �f� � � � U��X�� � T�g � f� � � � U��X�� �� �g � �����

�
P �f� � � � � �� U��X�� � T�g

P �f� � � � � �� U��X��g
�

P
x�E����U��x��T� p�xP
x�E����U��x� p�x

�

�
p�x�

p�x� � p�x�
�

���

��� � ���
�

�

�
�

For the generalized compatibility relation �� induced by � we obtain that

���T�� F� � maxf��s� x � s � T�� x � F�g 	 ��s�� x� � �� �����

as s� � T� and x� � F�� Moreover�

���T� fx�g � maxf��s� x � s � T� x � fx�gg � � �����

for each T� � �� T � S� and

���fs�g� fx�g � ��s�� x� � � � ��s�� x� � ���fs�g� fx�g� �����

Let �� � �� � Dom���� where

Dom��� � fhT�� F�i� hfs�g� fx�gi� hfs�g� fx�gig  fhT� fx�gi � � �� T � Sg � �����

We obtain easily that for both i � �� �� j � �� �

��si� xj � min
n
���T�F  � hT�F i � Dom���� si � T� xj � F

o
� �����

� ���T�� F� � ���T�� F� � ��

as hT�� F�i is the only pair hT�F i in Dom��� such that si � T and xj � F hold
simultaneously for i � � or � and j � � or �� Moreover� for i � �� �� ��

��si� x� � min
n
���T�F  � hT�F i � Dom���� si � T� x� � F

o
� �����

� min
n
���T� fx�g � si � T

o
� minf���T� fx�g � si � Tg � ��

and

��s�� x� � min
n
���T�F  � hT�F i � Dom���� s� � T� x� � F

o
� �����

� ���fs�g� fx�g � ���fs�g� fx�g � ��s�� x� � ��

�



as well as

��s�� x� � min
n
���T�F  � hT�F i � Dom���� s� � T� x� � F

o
� �����

� ���fs�g� fx�g � ���fs�g� fx�g � ��s�� x� � ��

So�
U��x� � fs � S � ��s� x � �g � fs�� s�g �����

by ����� and ������ analogously� by ����� and ������ we obtain that

U��x� � fs�� s�g� �����

Finally� ����� yields that
U��x� � fs�� s�� s�g � S� �����

So� U��x �� � for all x � E� and an easy calculation yields that

bel��T� � P �f� � � � U��X�� � T�g � f� � � � U��X�� �� �g � �����

� P �f� � � � U��X�� � T�g �
X

x�E�U��x��T�
p�x �

� p�x� � p�x� � ��� � ��� � ��� � ��� � bel��T�

by ������ Hence� the inequality ����� does not hold�

As the example just presented shows� if the basic compatibility relation � on S�E
is not consistent� then its behaviour and the properties of the corresponding belief
functions are rather counter�intuitive� Namely� having at our disposal only a partial
knowledge about the compatibility relation �� i� e� the knowledge encoded by a frag�
ment of the induced generalized compatibility relation� we can arrive at higher values
of the belief function for some subsets of S� This fact follows from a more general
paradoxal property of belief functions according to which enriching the database by
new items which are inconsistent with the former ones can augment the degree of belief
for some sets of states� It is just this strange property which� together with the tech�
nical di�culties involved by the apparatus of conditional probabilities� makes a great
portion of specialists dealing with the D�	S� theory to consider just the case of con�
sistent compatibility relations� Another solution may be� to abandon the assumption
of closed world� i� e�� to admit that there are also some possible internal states of the
system not contained in S� and to take the case when the data are inconsistent as the
indication that the actual state of the system is beyond the set S� At the formalized
mathematical level this approach leads to the case of non�normalized belief functions
when the inequality bel��S 	 � can hold�

The next assertion generalizes Theorem ��� in the sense that two partial generalized
compatibility relations induced by the same compatibility relation on S �E and with
domains ordered by set�theoretic inclusion as far as the corresponding belief functions
are concerned�

�



Theorem 	��� Let ��� �� � P�S � P�E � f�� �g be two partial generalized com�
patibility relations such that �i � �� � Dom��i for both i � �� �� and for a consistent
compatibility relation � on S � E� let Dom��� � Dom��� � P�S�P�E hold� Let

�i�s� x � min
n
�i�T�F  � hT�F i � Dom��i� s � T� x � F

o
�����

for both i � �� �� and for all s � S� x � E for which this value is de
ned� let �i�s� x � �
otherwise� Then the inequalities bel���T  
 bel���T  and pl���T  
 pl���T  hold for
each T � S� �

Proof� For each hT�F i� T � S� F � E� if hT�F i � Dom���� then hT�F i � Dom���
and� moreover� ���T�F  � ���T�F  � ���T�F � as both �� and �� result from restric�
tions of the same generalized compatibility relation �� to various domains� Hence� for
each s � S and x � E such that ���s� x is de
ned by ����� we obtain that

���s� x � min
n
���T�F  � hT�F i � Dom���� s � T� x � F

o
	 �����

	 min
n
���T�F  � hT�F i � Dom���� s � T� x � F

o
�

� ���s� x�

If ���s� x is not de
ned by ������ then ���s� x � � and the inequality ���s� x 	
���s� x holds trivially� Setting� for both i � �� � and for each x � E�

U�i�x � fs � S � �i�s� x � �g� �����

we obtain easily that for each x � E� U���x � U�
� �x� and both these sets are nonempty

�both of them contain U��s� x �� �� as the relation � is supposed to be consistent�
As in the proof of Theorem ��� we obtain that the inclusion U���X�� � U���X��
holds for each � � �� consequently� for each T � S�n

� � � � U���X�� � T
o
�
n
� � � � U���X�� � T

o
� �����

what immediately yields that

bel���T  � P
�
f� � � � U���X�� � Tg

�
�����


 P
�
f� � � � U���X�� � Tg

�
� bel���T �

The dual inequality for the plausibility functions follows trivially� so that the assertion
is proved�

As follows from Theorems ��� and ���� belief function bel�� de
ned by fragments of
the generalized compatibility relation induced by an original compatibility relation ��
is a lower approximation of the original belief function bel�� This approximation can
be improved� i� e�� bel� can be approximated more closely� if the fragments being at
our disposal are enriched by a new part� Consequently� when using the original belief
function bel� in decision rules according to which the hypothesis that the actual state of
the system is in T � S is accepted� if bel��T  	 
 holds for some threshold value 
 close

�



enough to one� this decision rule can be replaced� conserving the pessimistic worst 	
case principle typical for the D�	S� theory way of reasoning� by a more severe rule which
accepts the same hypothesis when bel��T  	 
 holds� On the other hand� knowing
that the last inequality holds� we do not need to compute the value bel��T � what may
be much more time and space consuming� to be able to decide that bel��T  	 
 holds�
At least the two following ways of further development are worth considering�

�i to apply our reasonings to particular partial generalized compatibility relations�
e� g� to those generated by appropriate equivalence relations on the spaces S and E�
to arrive at more detailed results than those introduced above� and

�ii to compute the time and�or space computational complexity savings achieved
when replacing bel� by bel� in decision rules like that one mentioned above�

It can happen� because of many reasons of practical nature� that the investigator
is not able to distinguish two or more states of the system �two or more empirical
values� resp� from each other� E� g�� when states of the system are numerical real�
valued parameters� they can be processes only within a limited number of decimal digits
and the same may hold true for the observed values of real�valued random variables�
Here we shall limit ourselves to the most simple case when the indistinguishable states
or empirical values are just the equivalence classes generated by certain equivalence
relations on the corresponding sets� Hence� �S ��E� resp� is supposed to be an
equivalence relation on S �on E� resp�� and for each s � S �x � E� resp� �s��S ��x��E �
resp� denotes the class of equivalence in S� �S �in E� �E� resp� such that s � �s��S
�x � �x��E � resp�� The relations�S and�E are 
xed in what follows� so that the indices
�S an �E are omitted� if it is clear from the context to which set the element between
� � belongs� For T � S �F � E� resp� we set �T ��S �

S
s�T �x� ��F ��E �

S
x�F �x��

resp� with the same convention adopted concerning the indices as in the case of
single elements� In the rest of this chapter we shall discuss the case when the only
information about relations between states and observations is given in the form of a
compatibility relation between classes of states and classes of empirical values� I� e��
�� takes Sj�S � Ej�E into f�� �g and �� is supposed to be de
ned by an unknown
compatibility relation � � S � E � f�� �g by the relation

����s�� �x� � maxf��s�� x� � s� �S s� x� �E xg � �����

� maxf��s�� x� � s� � �s�� x� � �x�g �

This relation is obviously the restriction of �� induced by � and de
ned by ���� to
the domain Dom��� � fh�s�� �x�i � s � S� x � Eg� In order to simplify our further
reasonings we shall suppose that the underlying basic compatibility relation � is con�
sistent in the sense that for each x � E there exists s � S such that ��s� x � �� so that
U�x � U��x �� � for all x � E� Let us also de
ne� for each T � S �for each F � E�
resp�� hT i �

S
f�s� � �s� � Tg �hF i �

S
f�x� � �x� � Fg resp�� so that hT i � T � �T �

and hF i � F � �F � hold for each T � S and F � E�
Setting� for each s � S� x � E�

��s� x � min
n
����t�� �y� � t � S� y � E� s � �t�� x � �y�

o
� �����

��



we obtain immediately that ��s� x � ���s�� �x�� as �s� ��x�� resp� is the only class
in Sj�S �in E�E � resp� containing s �x� resp�� Given T � S� x � E� and Y �
Sj�S � setting T � � f�s� � �s� � Tg � Sj�S for each T � S �notice the di�erence
between T � and hT i� supposing that S is 
nite and considering the random variable
X � h��A� P i � hE� Ei as above� we can de
ne

U��x � fs � S � ��s� x � �g� �����

bel��T  � P �f� � � � U��X�� � Tg �

U��x � fs � S � ��s� x � �g�

bel��T  � P �f� � � � U��X�� � Tg �

U����x� �
n
�s� � Sj�S � ����s�� �x� � �

o
�

bel���Y  � P �f� � � � U����X��� � Y g �

Theorem 	��� Let S be 
nite� let S � P�P�S� let � � S�E � f�� �g be consistent�
Then for each T � S the following relations hold�

bel��T  � bel���T  
 bel��T � �����
�

Proof� As s �S s and x �S x hold for each s � S� x � E� ����� and ����� yield
that ��s� x 	 ��s� x for all s � S� x � E� Hence� U��X�� � U��X�� for all
� � �� so that the inequality bel��T  
 bel��T  immediately follows� If s� �S s�
and s� � U��x� then � � ��s�� x � ����s��� �x� � ����s��� �x� � ��s�� x� so that
s� � U�x� Hence� U��x �

S
s�U��x��s� � �U��x�� If x� � x� and s � U��x�� then

� � ��s� x� � ����s�� �x�� � ����s�� �x�� � ��s� x�� so that s � U��x� as well�
hence� U��x� � U��x�� For any sets A � T � S the inclusion �A� � T holds
i� �A� � hT i hold� Consequently� U��x � T holds i� �U��x� � hT i holds� For each
s � S� �s� � �U��x� i� ��s� x � � i� ����s�� �x� � � i� �s� � U����x�� so that U��x � T
holds i� U����x� � T � � f�s� � �s� � hT ig� Hence� f� � � � U��X�� � Tg � f� � � �
�U��X��� � hT ig � f� � � � U����x� � T �g and the equality bel��T  � bel���T

�
immediately follows� �

The inequality in ����� yields that bel�� which can be obtained from ��� is a lower
approximation of bel�� hence� if we accept the hypothesis that the actual state s�
of a system is in T supposing that bel��T  	 � � 
 for some 
xed threshold value

 	 � holds� we can accept the same hypothesis if bel��T  	 � � 
 holds without
computing bel��T  as we know that the last condition of acceptance is at least as strict
as the original one� On the other side� the equality in ����� yields that the value
bel��T  can be computed much more easily than the value bel��T � Let S be 
nite�
let cardS � n� let � be consistent� let m�A � P �f� � � � U��X�� � Ag for
each A � S� let T � S� Then bel��T  �

P
A�T m�A can be computed using �cardT

applications of the operation of addition�If the equivalence relation �S is such that
card�Sj�S  � n�K for some K � �� if cardT � � �cardT �K� and if m��A� � P �f� �
� � U����X��� � A�g for each A� � Sj�S � then bel���T

� �
P

A��T � m
��A can be

computed by �cardT� � ��cardT ��K � ����K�cardT operations of addition� The strong law

��



of large numbers �cf� ����� e� g� yields that the relative frequence of such A�s� A � S�
for which �cardA�cardS� ���� 	 � holds� tends to �� with cardS increasing� for each
� � �� so that a subset T � S such that cardT � n�� �for n even can be seen as a
�typical subset of S� For such T � S

����K�cardT

�cardT
�

�
����K�

�

	n��
�

�

��n��� ������K��
� �����

so that the reduction of computational complexity is obvious�

��



� Belief Functions over In�nite State Spaces

In order to make the following considerations more transparent� let us recall the basic
idea of our de
nition of belief function �Def� ��� in the terms of set�valued �gener�
alized random variables and their probabilistic numerical characteristics �generalized
quantiles� Let S be a nonempty set� let S � P�P�S be a nonempty ��
eld of sys�
tems of subsets of S� let h��A� P i be a 
xed abstract probability space� Let hE� Ei
be a measurable space over the nonempty space E of possible empirical values� let
X � h��A� P i � hE� Ei be a random variable� let � � S�E � f�� �g be a compatibility
relation� let U��X�x � fs � S � ��s� x � �g for each x � E� Then the value bel���X�A
is de
ned by

bel���X�A � P �f� � � � � �� U��X�X�� � Ag ����

for each A � S for which this probability is de
ned� In other terms we can say� let
U��X�X�� be a set�valued �generalized random variable� i� e� measurable mapping�
which takes the probability space h��A� P i into a measurable space hP�S� Si� Then
the �non�normalized degree of belief bel���X�A is de
ned by ���� for each A � S such
that P�A � S holds� If� moreover� f�g � S and P �f� � � � U��X�� � �g 	 � hold�
the �normalized degree of belief bel��X�A is de
ned by the conditional probability

bel��X�A � P �f� � � � U��X�� � Ag � f� � � � U��X�� �� �g � ����

Even if we already mentioned a more general level of this de
nition� if compared
with the combinatoric one� as it enables to de
ne degrees of belief for at least some

��



subsets of in
nite basic space� till now we have rather limited ourselves to the case
when S is 
nite with the aim to translate into the probabilistic framework the notions
de
ned and the results achieved by the classical model of D�	S� theory developed over

nite state spaces S and using the combinatoric computational rules� Crossing the
borderlines of this classical 
nitistic model we have to realize� 
rst of all� that if the
set S is in
nite� its power�set P�S is uncountable� Hence� given a mapping m �
P�S� h�� �i� we are not able to de
ne� in general� the probability distribution �basic
probability assignment on P�P�S or on a nontrivial ��
eld S � P�P�S containing
also systems of subsets of S of the kind P�T  for in
nite subsets T of S� Remember�
e� g�� the Borel probability measure on the unit interval h�� �i of real numbers when
the measure of this interval is one� even if h�� �i �

S
x�h���ifxg is an uncountable union

of disjoint sets �singletons� each of them possessing the zero measure� Hence� the
combinatoric de
nition of belief function cannot be extended to the case of in
nite
spaces S�

When discussing the problem of measurability of the mapping U��X � � � P�S�
and the resulting problem of �nonde
nability of the value bel���X�T  for some T � S�
the two extremal cases are perhaps worth being mentioned explicitly� If S � f�� P�Sg
is the minimal �the most rough ��
eld of systems of subsets of S� then every mapping
U��X � � � P�S is measurable no matter which the probability space h��A� P i may
be� but in this case only bel���X�S can be de
ned �its value being obviously �� Let
us recall that the empty set � occurring in the de
nition S � f�� P�Sg above� is the
empty subset of P�S� not of S� so that neither bel��X�� need not be de
ned for the
empty subset of S�

The reader not familiar with the foundations of measure theory and probability
theory may perhaps ask� why not to simplify our model by considering only probability
space h��A� P i with A � P�� and set�valued random variables U taking their values
in the complete measurable space hP�S� P�P�Si� Under these conditions� P�T  � S
holds for each T � S �such T is called S�regular and bel���X�T  is de
ned� The
reason for our not accepting these simpli
cations is that in such a case the scale of
probability measures P and random variables U being at our disposal would be rather
narrow� Consider� e� g�� � � h�� �i together with two probability measures� P� and
P�� de
ned on certain subsets of �� Namely� let �� � f��� ��� � � �g be a countable
subset of �� let P� � � � h�� �i be such a mapping that

P	
i�� P���i � �� P� de
nes a

probability measure on P���� setting simply P��A �
P

�i�A P���i for each A � ���
This de
nition can be immediately extended to each A � � setting P��A � � for
A � � � ��� i� e�� setting P��A � P��A � �� for each A � �� Hence� P� can be
unambiguously extended to a probability measure on P���

Let P� be de
ned on the class of semi�open subintervals of h�� �i in such a way that
P��ha� b � b� a for each such subinterval� This probability measure can be extended
to the class !L � P�h�� �i of Lebesgue sets �sets measurable in the Lebesgue sense� and
it is a well�known fact that !L �� P�h�� �i so that there exists a set D � h�� �i which is
not measurable in the Lebesgue sense �the axiom of choice plays a key role when proving
the existence of such a set� On the other hand� the probability measure P� plays an
important role in probability theory as it enables to formalize the notion of equiprobable
random sample from the uncountable set h�� �i� Let h��A� P i � hh�� �i� !L� P�i be the

��



probability space over h�� �i just de
ned� let S � h�� �i� let U � � � P�S be de
ned
by U�� � f�g� Then� for D � h�� �i� D not measurable in the Lebesgue sense�

bel�U �D � P� �f� � � � U�� � Dg � P� �f� � � � f�g � Dg � ����

� P� �f� � � � � � Dg � P��D�

and the last value is not de
ned� so that bel�U cannot be extended to whole P�S�

Besides these theoretical restrictions there may be also many practical reasons for
which we cannot consider all subsets of S when de
ning belief functions� E� g�� we
are not able to distinguish two values of the set�valued random variable U � if they
are� in a sense� close enough to each other� or when such a distinguishing is too time�
space� or other expenses consuming� All these cases can be theoretically re"ected
when considering a relatively poor ��
eld S in P�P�S� The non�negligible remaining
portion of idealization in this approach consists in our assumption that this class of
subsets of P�S is still a ��
eld�

A special case of our approach to de
nitions of belief functions over in
nite sets
S is presented and investigated by J� Kohlas ������ when the support � of the basic
probability space is supposed to be 
nite and the ��
eld A is identi
ed with P��� A
generalization to in
nite countable sets � is immediate and will be considered in our
explanation� The probability measure on h�� P��i is uniquely de
ned by a mapping
P � � � h�� �i such that

P
��	 P �� � �� Under these simplifying conditions each

mapping U � h�� P��� P i � hP�S� P�P�Si is obviously measurable� hence� is a
random variable� For each such a mapping U there exists a 
nite or countable system
A��U of subsets of S such that

A��U � fA � S � f� � � � U�� � Ag �� �g � ����

So�
P �f� � � � U�� � Ag �

X
�
U����A

P �� � P
�
U���A

�
	 �� ����

if A � A�� and P �U���A � P �� � �� if A � P�S � A�� hence� P looks like the
degenerated probability measure on h�� �i de
ned above� Consequently� for each T � S

bel�U �T  � P �f� � � � U�� � P�T � f�gg � ����

�
X

���A�T�A�A�

P
�
U���A

�

is de
ned�

belU�T  �

P
���A�T�A�A�

P �U���AP
���A�S� A�A�

P �U���A
����

is de
ned� if there exists A � S� A � A��f�g� such that P �U���A � � holds� and the
relations are analogous to those for the case when S is 
nite� Hence� the Kohlas� model
outlines the domain when the combinatoric de
nitions of belief functions are immedi�
ately extendable to in
nite sets S� so that some algorithms or other implementation
results can be directly applied to this wider class of situations�

A ��
eld S � P�P�S is called Dempster�Shafer complete �DS�complete� if every
T � S is S�regular� i� e�� if P�T  � S holds for each T � S� so that bel���X�T  can be

��



de
ned for each T � S supposing that U��X � h��A� P i � hP�S� Si is a set�valued
random variable� If S is DS�complete� then for each � �� S� � P�S�



A�S�

P�A � P
�


A�S�
�A

�
� S� ����

The following property of DS�complete ��
elds is perhaps less trivial�

Theorem ���� Let S � P�P�S be a DS�complete ��
eld� let S� � P�S be such
that card�S� 
 �� and card�A 
 �� for each A � S�� Then S� � S� �

Proof� Being a ��
eld� S is closed with respect to 
nite or countable unions so that
the only we have to prove is that fAg � S holds for each 
nite or countable A � S� Let
A be such a subset of S� For each i � �� �� � � �� the system P�A� �P�S�P�A�fxig
contains� if xi � A� just those subsets of A which are not subsets of A�fxig� i� e�� just
those subsets of A which contain xi� By induction� the system

P�A �

n

i��
�P�S�P�A� fxig� ����

if A � fx�� x�� � � � � xng is 
nite� or the system

P�A �

	

i��
�P�S�P�A� fxig� �����

if A � fx�� x�� � � �g is in
nite countable� contains just those subsets of A which contain
all the elements x�� x�� � � � � xn or x�� x�� � � � However� there is just one subset of A
possessing this property� namely the set A itself� so that ���� or ����� de
nes just the
singleton fAg� As P�A � S and P�A� fxig � S hold for each xi � S� the system of
sets de
ned by ���� or ����� is also in S� The assertion is proved� �

Till now� we have taken pro
t of the apparatus of the measure and probability
theory in order to arrive at general enough de
nition of belief functions over in
nite
sets� In what follows� we shall try to overcross some restrictions� involved by this
approach� using the ideas of inner measure and outer measure �cf� ���� in order to
generalize belief functions also to the subsets of S which are not S�regular� In order
to simplify our reasonings we shall still suppose� in the sequel� that the empty subset
� of S is S�regular� i� e�� that P�� � f�g � S� and that

P �f� � � � U�� � P��g � P �f� � � � U�� � �g 	 � �����

holds� here and below U�� abbreviates U��X�X�� supposing that � andX are 
xed in
the given context� For each of the two functions� bel��X�T  � bel�U�S �T  �in order to
introduce U and S as explicit parameters� and the corresponding plausibility function
pl�U�S �T  � � � bel�U�S �S � T � the four alternative ways of generalizations will
be considered� We shall investigate only the case of normalized belief functions� the
modi
cations for the non�normalized case can be easily obtained�

��



De�nition ���� Let h��A� P i be a probability space� let hP�S� Si be a measurable
space over a nonempty set S� let U be a set�valued �generalized random variable
de
ned on h��A� P i and taking its values in hP�S� Si� let belU�T  and plU�T  be
de
ned� for each S�regular T � S and S�regular S � T � S by

belU�T  � P �f� � � � U�� � Tg�f� � � � U�� �� �g � �����

plU�T  � �� belU�S � T � �����

Set� for each T � S�

bel��U�S �T  � supfP �f� � � � U�� � Bg� �����

f� � � � U�� �� �g � B � S� B � P�T � f�gg

bel��U�S �T  � inffP �f� � � � U�� � Bg� �����

f� � � � U�� �� �g � B � S� B � P�T � f�gg�

bel���U�S �T  � supfbelU �R � R � Tg� �����

bel���U�S �T  � inffbelU�R � T � R � Sg� �����

pli�U�S �T  � � � beli�U�S �S � T  �����

for each i � ��
�� ���

��� �

As can be easily observed� all the eight functions introduced above are de
ned
for each T � S� as the set � of real numbers to which the sup or inf operation is
applied� is nonempty in all cases� For ����� we take B � �� �the empty subset of
P�S which is always in S and which should not be confused with the empty subset
� of S or with the nonempty subset f�g of P�S� so that P �f� � � � U�� �
��g�f� � � � U�� �� �g � � is in �� for ����� we take B � P�S � S� so that
P �f� � � � U�� � P�Sg�f� � � � U�� �� �g � � is in �� for ����� the set �
contains belU �� � � and for ����� � contains belU�S � �� For all the variants of
plausibility functions an analogous consideration obviously holds as well�

The following assertion proves that all the four generalizations of belief and plau�
sibility functions agree with their original variants belU and plU � supposing that this
original variant is de
ned�

Theorem ���� For each T � S�

bel���U�S �T  
 bel��U�S �T � �����

pl���U�S �T  	 pl��U�S �T � �����

bel���U�S �T  	 bel��U�S �T � �����

pl���U�S �T  
 pl��U�S �T � �����

��



If T is S�regular� then

bel���U�S �T  � bel��U�S �T  � bel��U�S �T  � �����

� bel���U�S �T  � belU �T �

if S � T is S�regular� then

pl���U�S �T  � pl��U�S �T  � pl��U�S �T  � �����

� pl���U�S �T  � plU�T �
�

Proof� To abbreviate our notation� we shall omit the parameters U and S in functions
de
ned by ����� 	 ������ if no misunderstating menaces� Let T � S� let �T � fB �
B � S� B � P�T  � f�gg� let R � T be such that belU �R � P �f� � � � U�� �
P�R�f�gg�f� � � � U�� �� �g is de
ned� Then P�R�f�g � S and R � T implies
that P�R� f�g � P�T � f�g� hence� P�T � f�g � �T � It follows immediately that

bel���T  � supfP �f� � � � U�� � P�R� f�gg� �����

f� � � � U�� �� �g � R � Tg 



 supfP �f� � � � U�� � Bg�f� � � � U�� �� �g � B � �Tg

� bel��T �

The inequality pl��T  
 pl���T  follows immediately from ����� and ������ �����
and ����� can be proved in an analogous way� replacing dually sup by inf� � by ��
and 
 by 	�

Let T be S�regular� so that P�T  � S and P�T � f�g � S� Probability measure
is monotonous with respect to the set inclusion� so that B�� B� � S� B� � B�� yields
that

P �f� � � � U�� � B�g�f� � � � U�� �� �g 
 �����


 P �f� � � � U�� � B�g�f� � � � U�� �� �g

holds� Consequently� for each B � �T �

P �f� � � � U�� � Bg�f� � � � U�� �� �g 
 �����


 P �f� � � � U�� � P �T � f�gg�f� � � � U�� �� �g � belU �T �

so that� as P�T � f�g � �T holds�

bel��T  � sup fP �f� � � � U�� � Bg�f� � � � U�� �� �g � B � �Tg ������

� belU �T �

In a similar way�

P �f� � � � U�� � P�R � f�gg�f� � � � U�� �� �g � belU�R� �����

P �f� � � � U�� � P�T � f�gg�f� � � � U�� �� �g � belU�T  �����

��



for each S�regular R � T � S� so that

bel���T  � supfbelU �R � R � T � S� R is S�regularg � �����

� belU �T �

The proof for bel��T  and bel���T  is the same up to the dual replacements introduced
above� Applying ����� to the subset S�T � S� ����� trivially follows� The assertion
is proved� �

In what follows� we shall state and prove some inequalities expressing super�additivity
or sub�additivity of various generalizations of belief and plausibility functions� The de�
gree in which these inequalities agree with the inequalities holding for the original
belief and plausibility functions� supposing that the latest ones are de
ned� will serve
as an argument when choosing which among the generalizations in question is the most
favourable one� Namely� in the next theorem we shall investigate the �lower or �inner 
generalizations bel�� bel��� pl�� and pl���

Theorem ���� For each T�� T� � S� T� � T� � �� the inequality

bel��U�S �T� � bel��U�S �T� 
 bel��U�S �T�  T� �����

holds� If� moreover� T�� T� and T�  T� are S�regular� then the inequality

belU�T� � belU �T� 
 belU �T�  T� �����

holds� For each T�� T� � S the inequalities

pl��U�S �T� � pl��U�S �T� 	 pl��U�S �T�  T�� �����

pl���U�S �T� � pl���U�S �T� 	 pl���U�S �T�  T� �����

hold� If� moreover� S � T� and S � T� are S�regular� then the inequality

plU �T� � plU�T� 	 plU�T�  T� �����

holds� �

Proof� Parameters U� S are omitted as in the proof of Theorem ���� to abbreviate our
notation more substantially we shall denote by P � the conditional probability measure
de
ned by P and by the condition f� � � � U�� �� �g� Hence� we shall write P ��A
instead of P �A�f� � � � U�� �� �g for each A � �� A � A�

Let T�� T� � S� T� � T� � �� set� for both i � �� �

�i �
n
P ��f� � � � U�� � Bg � B � S� B � P�Ti� f�g

o
� �����

so that bel��Ti � sup�i for both i � �� �� As we have already proved� �i �� �� i �
�� �� and we can choose a� � ��� a� � ��� Hence� there exist B�� B� � S such
that Bi � P�Ti � f�g and P ��f� � � � U�� � Big � ai for i � �� �� But�

��



P�R� � P�R� � P�R� � R� for each R�� R� � S� so that T� � T� � � implies that
P�T��T� � P�T��P�T� � P�� � f�g� consequently� �P�T��f�g��P�T��f�g �
�� �let us recall that �� denotes the empty subset of P�S or� in P�P�S� So� Bi � S
and Bi � P�Ti� f�g� i � �� �� yields that B�  B� � S and B�  B� � ��� hence�

P � �f� � � � U�� � B�  B�g � �����

� P � �f� � � � U�� � B�g � P � �f� � � � U�� � B�g � a� � a��

So� setting

�� �
n
P � �f� � � � U�� � Bg � B � S� B � P�T�  T�� f�g

o
� �����

we obtain immediately� that bel��T�  T� � sup��� and a� � a� � ��� For each � � �
there are ai 	 sup�i � ����� ai � �i� i � �� �� so that a� � a� 	 �sup�� � sup��� �
and a� � a� � ��� Consequently�

bel��T�  T� � sup�� 	 sup�� � sup�� � bel��T� � bel��T�� �����

and ����� is proved� If� moreover� T�� T�� and T�  T� are S�regular� then� due to
Theorem ���� bel��Ti � belU�T�� i � �� �� and bel��T� T� � belU�T�T�� so that
����� immediately follows�

For the case of plausibility functions� let us begin with the case when plU is de
ned�
Let R�� R� be any S�regular subsets of S� Then R� � R� is S�regular as well� as
P�Ri � S� i � �� �� implies that P�R� � R� � P�R� � P�R� � S� Then� P�R� �
P�R��R�� P�R��P�R��R�� and P�R��R� are mutually disjoint subsets of P�S
and P�R� � R� � P�Ri holds for both i � �� �� so that

� 	 P � �f� � � � U�� � P�R��P�R� � R�g � �����

�P � �f� � � � U�� � P�R��P�R� � R�g �

�P � �f� � � � U�� � P�R� � P�R�g �

� P � �f� � � � U�� � P�R�g� P � �f� � � � U�� � P�R� � R�g �

�P � �f� � � � U�� � P�R�g� P � �f� � � � U�� � P�R� �R�g �

�P � �f� � � � U�� � P�R� �R�g �

� belU �R� � belU �R�� belU�R� � R��

For Ti � S �Ri� i � �� �� we obtain that

belU�S � T� � belU �S � T�� belU ��S � T� � �S � T� � �����

� belU�S � T� � belU �S � T�� belU ��S � �T�  T� 
 ��

consequently�

belU �S � T� � belU �S � T�� � 
 belU ��S � T�  T�� �� �����

��� belU �S � T� � ��� belU�S � T� 	 �� belU ��S � �T�  T� � �����

so that ����� implies that

plU �T� � plU�T� 	 plU�T�  T� �����

��



and ����� is proved�
For arbitrary R�� R� � S� take B� � S� B� � P�R��f�g� and take B� � S� B� �

P�R� � f�g� then� setting B� � B� � B�� we obtain immediately that B� � S and
B� � �P�R� � P�R�� f�g � P�R� �R�� f�g� Moreover�

� 	 P � �f� � � � U�� � B�  B�g � �����

� P � �f� � � � U�� � �B� �B�  �B� �B�  B�g

� P � �f� � � � U�� � B�g� P � �f� � � � U�� � B�g �

�P � �f� � � � U�� � B�g� P � �f� � � � U�� � B�g �

�P � �f� � � � U�� � B�g �

� P � �f� � � � U�� � B�g � P � �f� � � � U�� � B�g�

�P � �f� � � � U�� � B� � B�g 	

	 P � �f� � � � U�� � B�g � P � �f� � � � U�� � B�g�

� sup
n
P � �f� � � � U�� � Bg � B � S� B � P�R� �R�� f�g

o
�

Being valid for each B�� B� possessing the properties in question� ����� holds also for
the supremum value� hence�

sup
n
P � �f� � � � U�� � Bg � B � S� B � P�R�� f�g

o
� �����

� sup
n
P � �f� � � � U�� � Bg � B � S� B � P�R�� f�g

o
�

� sup
n
P � �f� � � � U�� � Bg � B � S� B � P�R� �R�� f�g

o
�

� bel��R� � bel��R�� bel��R� �R� 
 �

holds� Consequently�

bel��S � T� � bel��S � T�� bel��S � �T�  T� 
 � �����

and we obtain� analogously to ����� and ������ that

pl��T� � pl��T� 	 pl��T�  T� �����

and ����� is proved�
Finally� for pl�� the proof will be similar� Let R�� R� � S be arbitrary� letH� � R�

be such that belU�H� is de
ned� let H� � R� be such that belU�H� is de
ned� Then
P�Hi � S for both i � �� �� H� �H� � R� � R�� and P�H� �H� � P�H� � P�H�
as well as P�H� �H�� f�g are in S� Consequently�

� 	 P � �f� � � � U�� � P�H�  P �H�� f�gg � �����

� P � �f� � � � U�� � P�H�� f�gg �

�P � �f� � � � U�� � P�H�� f�gg�

�P � �f� � � � U�� � P�H� �H�� f�gg 	

	 P � �f� � � � U�� � P�H�� f�gg �

�P � �f� � � � U�� � P�H�� f�gg�

� sup
n
P � �f� � � � U�� � P�H� f�gg � P�H � S� H � R� �R�

o
�

��



Applying the supremum operation to the 
rst two summands we obtain that

sup
n
P � �f� � � � U�� � P�H� f�gg � P�H � S� H � R�

o
� �����

� sup
n
P � �f� � � � U�� � P�H� f�gg � P�H � S� H � R�

o
�

� sup
n
P � �f� � � � U�� � P�H� f�gg � P�H � S� H � R� �R�

o
�

� sup fbelU�H � H � R�g� sup fbelU �H � H � R�g �

� sup fbelU�H � H � R� �R�g �

� bel���R� � bel���R�� bel���R� �R� 
 ��

In the same way as above we obtain that

pl���T� � pl���T� 	 pl���T�  T�� �����

Hence� ����� and Theorem ��� as a whole are proved� �

It is perhaps worth mentioning explicitly� that an analogy of ����� for bel�� does
not hold� Let � �� T�� T� � S be such that T� � T� � �� let S be the minimal ��
eld in
P�P�S containing P�T� and P�T�� so that belU�T� and belU�T� are de
ned� let
� 	 belU �Ti for both i � �� �� Then S is just the set of all 
nite unions of nonempty
sets from S� �including the empty union which de
nes the empty set ��� where

S� � fa � b � c � a� b� c � fP��� P�S�P��� P�T�� P�S�P�T� �����

P�T�� P�S�P�T�g�

Or� evidently� a countable union of 
nite unions of nonempty sets from S� reduces
to a 
nite union of nonempty sets from S�� and a complement of a 
nite union B
of nonempty sets from S� can be de
ned by the 
nite union of just those nonempty
elements of S� which do not occur in the 
nite union B� Let us prove that if T �
S� T �� S is such that T �� T�� T �� T�� and T� � T or T� � T � then P�T  does not
belong to S�

Suppose that S �� T � T�� T �� T� �hence� T �� T�� as the case when T �
T�� T �� T� is quite analogous� So� P�S �� P�T  � P�T�� P�T  �� P�T�� hence� if
P�T  � S� then P�T  � P�T�  B for B � P�T �P�T� � P�T  � �P�S�P�T��
so that B � S� An exhaustive examination of all sets in S proves that the only sets
in S which are proper subsets of P�S and which contain P�T� as their own proper
subset are P�T�  P�T�� P�T�  �P�S � P�T�� and P�T�  ��P�S � P�T� �
�P�S�P�T� � �P�S�P�T�P��� The equality P�T  � P�T�P�T� cannot
hold for no matter which T � S� as T�� T� � P�T  implies that T�  T� � P�T � but
T�� T� � P�T�  P�T� does not imply T�  T� � P�T�  P�T� for T�� T� �� �� The
equalities P�T  � P�T�  �P�S� P�T� or P�T  � �P�S� P�T�  P�� cannot
hold as well� as S �� P�T  for S �� T � but S � P�S�P�T�� as T� �� S�

Consequently� T� and T� are the only proper subsets of S for which� with respect
to the given S� belU is de
ned� so that

bel���U�S �T�  T� � supfbelU �T  � T � T�  T�g � �����

� maxfbelU�T�� belU �T�g 	 bel���T� � bel���T��

��



as bel���Ti � � holds for both i � �� �� Hence� an analogy of ����� for bel�� does
not hold�

As far as the approximations of belief and plausibility functions indexed by upper
crosses are concerned� we can easily prove that no of the relations ������ ������ and
����� hold when bel� is replaced by bel�� pl� by pl�� and bel�� by pl��� The
counter�examples can be obtained as follows�

Let � �� T�� T� � S be such that T��T� � �� let S� � f��� P��� P�S� P�S�P��g
be the minimal ��
eld in P�P�S generated by P��� Hence� setting T� � T�  T��
for each i � �� �� � the only sets in S� containing P�Ti � P�� � P�Ti � f�g are
P�S�P�� and P�S� so that� again for each i � �� �� ��

bel��U�S� �Ti � �����

� inf
n
P ��f� � � � U�� � Bg � B � S�� B � P�Ti � f�g

o
�

� P � �f� � � � U�� � P�S� f�gg � ��

so that bel��U�S� �T��bel��U�S� �T� � ��� � � � � � bel��U�S� �T�T�� and
an assertion analogous to ����� does not hold�

Let � �� R�� R� � S� let R � R� �R�� let R �� R�� R �� R�� let S� be the minimal
��
eld in P�P�S generated by P�� and P�R� hence

S� � f��� P��� P�R� P�S�P��� P�S�P�R� �����

P�R �P��� �P�S�P�R  P��g�

as can be easily veri
ed checking that P�S � A � S� and A  B � S� holds for each
A� B � S�� Let

� 	 P � �f� � � � U�� � P�R�P��g � 
 	 � �����

hold� consequently� P�R�P�� �� ��� so that R � �� Then� for both i � �� �� the only
sets in S� containing P�R�� f�g are P�S� f�g and P�S� so that

bel��U�S� �Ri � �����

� inf
n
P ��f� � � � U�� � Bg � B � S�� B � P�Ri� f�g

o
�

� P � �f� � � � U�� � P�S�P��g � ��

However�

bel��U�S� �R � bel��U�S� �R� �R� � �����

� inf
n
P ��f� � � � U�� � Bg � B � S�� B � P�R� f�g

o
�

� P � �f� � � � U�� � P�R�P��g � 
�

as P�R � P�� � S�� Consequently�

bel��U�S� �R� � bel��U�S� �R�� bel��U�S� �R� �R� � �����

� � � �� 
 � ��

��



Using the same ��
eld S� we can easily see that the only T � S for which belU �T  is
de
ned are T � �� T � R� �R�� and T � S� So� for both i � �� ��

bel���U�S� �Ri � inffbelU�H � Ri � H � Sg � belU �S � �� �����

but

bel���U�S� �R� � R� � �����

� inf fbelU�H � R� �R� � H � Sgg � belU�R �

� P � �f� � � � U�� � P�R�P��g � 
�

so that� again�

bel���U�S� �R� � bel���U�S� �R�� bel���U�S� �R� �R� � � �����

holds� Using the same way of reasoning and computation as above� when proving �����
and ������ and setting Ri � S � Ti in ������ we obtain that

bel��U�S� �S � T� � bel��U�S� �S � T�� �����

�bel��U�S� ��S � T� � �S � T� � ��

��� bel��U�S� �S � T� � ��� bel��U�S� �S � T� 	

	 �� bel��U�S� �S � �T�  T��

hence�
pl��U�S� �T� � pl��U�S� �T� 	 pl��U�S� �T�  T�� �����

Replacing � by �� in ����� we obtain an inequality for pl�� analogous to ������ so
that neither ����� for pl� nor ����� for pl�� hold�

Combining together and reconsidering the results of the last chapter we can see that
among the four alternatives how to generalize belief and plausibility functions for those
subsets of S which are not S�regular� only the function bel� conserves the property
����� typical for the original belief function belU � In order to support our idea to
consider bel� and pl� as only reasonable extensions of belU and plU to whole P�S� we
shall investigate� in the rest of this chapter� the dependence of belief and plausibility
functions� and their generalizations de
ned above� on the ��
eld S of subsets of P�S
taken as discernible sets of values of the set�valued random variable U �

Theorem ���� Let S� � S� � P�P�S be two nonempty ��
elds of subsets of P�S�
let U � h��A� P i � hP�S� S�i be a set�valued S��measurable random variable� Then�
for each T � S�

bel��U�S� �T  
 bel��U�S� �T � �����

bel��U�S� �T  	 bel��U�S� �T � �����

bel���U�S� �T  
 bel���U�S� �T � �����

bel���U�S� �T  	 bel���U�S� �T � �����

��



pl��U�S� �T  	 pl��U�S� �T � �����

pl��U�S� �T  
 pl��U�S� �T � �����

pl���U�S� �T  	 pl���U�S� �T � �����

pl���U�S� �T  
 pl���U�S� �T � �����

If T is S��regular� then
belU�S��T  � belU�S��T � �����

if S � T is S��regular� then
plU�S��T  � plU�S��T � ������

Proof� As can be easily seen� if U is an S��measurable mapping which takes � into
P�S� then U is also S��measurable� moreover� S� � S� implies that each S��regular
subset of S is also S��regular� De
ne� for each i � �� �� the following subsets of the
unit interval h�� �i of real numbers�

���i�T  �
n
P ��f� � � � U�� � Ag � A � Si� A � P�T � f�g

o
� �����

��
i �T  �

n
P ��f� � � � U�� � Ag � A � Si� A � P�T � f�g

o
� �����

As f��P�Sg � S� � S� holds� all the four sets are nonempty and �����T  � �����T �
��
� �T  � ��

� �T � so that

bel��U�S� �T  � sup�����T  
 sup�����T  � bel��U�S� �T � �����

bel��U�S� �T  � inf ��
� �T  	 inf ��

� �T  � bel��U�S� �T � �����

hence� ����� and ����� hold� Similarly� set

��i�T  � fbelU�R � R � T� P�R � Sig � �����

�
i �T  � fbelU�R � T � R � S� P�R � Sig � �����

for both i � �� �� Then� again� all the four sets are nonempty� ����T  � ����T  and
�
� �T  � �

� �T  hold� consequently

bel���U�S� �T  � sup����T  
 sup����T  � bel���U�S� �T � �����

bel���U�S� �T  � inf �
� �T  	 inf �

� �T  � bel���U�S� �T � �����

so that ����� and ����� hold as well�
For j � � or j � ���

plj�U�S� �T  � �� belj�U�S� �S � T  
 �����


 � � belj�U�S� �S � T  � plj�U�S� �T �

when applying ����� or ����� to the subset S � T of S� and

plj�U�S� �T  � �� belj�U�S� �S � T  
 �����


 � � belj�U�S� �S � T  � plj�U�S� �T �

applying ����� or ����� instead of ����� or ������ Hence� ������ ������ ������ and
����� are proved� If T is S��regular� it is also S��regular� i� e� P�T  � S� � S�� so that
belU�S��T  � P ��f� � � � U�� � P�T g � belU�S��T � if S � T is S��regular� then
obviously plU�S��T  � plU�S��T � hence� ������ ������ and Theorem ��� as a whole are
proved� �

��



�� Belief and Plausibility Functions De�ned by

Boolean Combinations of Set�Valued Random

Variables

As we remember� the role of one of the basic building stones in our de
nition of
belief and plausibility functions over in
nite sets S was played by a set�valued random
variable U � de
ned on the abstract probability space h��A� P i and taking its values in
a measurable space hP�S� Si over the power�set P�S of all subsets of S� Having at
hand two or more such set�valued random variables� an immediate idea arises to de
ne
new set�valued random variables� applying boolean set�theoretical operations to the
values of the original variables� Namely� let U be a nonempty set of random variables
de
ned on h��A� P i and taking their values in hP�S� Si� let U � U � We may de
ne
set�valued mappings

T
U �

S
U and S � U setting� for each � � ��

�
T
U �� �

T
fU�� � U � Ug� �����

�
S
U �� �

S
fU�� � U � Ug�

�S � U �� � S � U���

Consequently� for each A� � P�S� A� � S�

f� � � � �S � U �� � A�g � f� � � � S � U�� � A�g � �����

f� � � � �
T
U �� � A�g �

n
� � � �

T
U�U U�� � A�

o
� �����

��



f� � � � �
S
U �� � A�g �

n
� � � �

S
U�U U�� � A�

o
� �����

so that these subsets of � need not be� in general� in A� hence�
T
U �

S
U and S � U

need not be� in general� random variables over h��A� P i� For U � fU�� U�g� �U �
fU�� U�� � � � � Ung� resp� we write U� � U� and U�  U� �U� � U� � � � � � Un� U�  U� 
� � �  Um�

Sn
i�� Ui�

Tn
i�� Ui� resp� instead of

T
U and

S
U �

De�nition �
��� Random variable U � h��A� P i � hP�S� Si is called weakly con�
sistent� if the empty subset � of S is S�regular with respect to U and if P �f� � � � U�� � �g
� �� U is called strictly consistent� if

T
fA � A � S� fAg � S� P �f� � � � U�� � Ag � �g �� �� �����

i� e� if there exists s� � S such that s� � A for each A � S possessing the property
that P �f� � � � U�� � Ag is de
ned and positive� Let U be a nonempty system
of random variables de
ned on h��A� P i and taking their values in hP�S� Si� Then
random variables in U are called mutually weakly consistent� if � is S�regular with
respect to

T
U � i� e�� if f� � � �

T
U�U U�� � �g � A� and the probability of this subset

of � equals �� Random variables in U are called mutually strictly consistent� if

T
U�U �

T
fA � A � S� fAg � S� P �f� � � � U�� � Ag � �g� �� �� �����

i� e�� if there exists s� � S such that s� � A holds for each A � S� fAg � S� possessing
the property that P �f� � � � U�� � Ag is positive for at least one U � U � �

De�nition �
��� Let U be as in De
nition ����� Random variables in U are called
mutually statistically independent� if for each n 
nite� n 
 cardU � each fU�� U�� � � � � Ung �
U � and each fB��B�� � � � �Bng � S� the equality

P �
Tn
i��f� � � � Ui�� � Big �

Yn

i��
P �f� � � � Ui�� � Big �����

holds� �

In what follows� we shall investigate� how belief and plausibility functions de
ned by
composed set�valued random variables can be expressed through belief and plausibility
functions de
ned by the original set�valued random variables�

Theorem �
��� Let U be a nonempty system of mutually strictly consistent and
mutually statistically independent set�valued random variables de
ned on h��A� P i
and taking their values in hP�S� Si� let T � S be S�regular with respect to each
U � U as well as with respect to

S
U� for each 
nite subset U� � U � let each such

S
U�

be a random variable� Then� for each nonempty and 
nite U� � U �

belU��T  � belSn

i��
Ui
�T  �

Y
U�U�

belU�T � �����
�

��



Proof� Let T � S satisfy the conditions of Theorem ����� let U� � fU�� U�� � � � � Ung �
U � Then

belU��T  � belSn

i��
Ui
�T  � �����

� P �f� � � � � ��
Sn
i�� Ui�� � Tg�f� � � � � ��

Sn
i�� Ui��g �

Here� for each U � U �

P
�
f� � � �

S
U�U U�� � �g

�

 P �f� � � � U�� � �g � �� ������

as in the opposite case

� �� fA � A � S� fAg � S� P �f� � � � U�� � Ag � �g � ������

but this contradicts ������ Hence� the conditioning event in ����� possesses the prob�
ability one and can be avoided from further considerations and computations� So�

belU��T  � P �f� � � �
Sn
i�� Ui�� � Tg � ������

� P �
Tn
i��f� � � � Ui�� � Tg �

as
Sn
i�� Ui�� � T holds i� Ui�� � T holds for each i 
 n� Random variables in U are

supposed to be mutually statistically independent� so that� taking Bi � P�T  for each
i 
 n and applying De
nition ����� we obtain that

belSU��T  � P �
Sn
i��f� � � � Ui�� � Tg � ������

� P �
Sn
i��f� � � � Ui�� � P�T g �

�
Yn

i��
P �f� � � � Ui�� � P�T g � f� � � � Ui�� �� �g �

�
Yn

i��
P �f� � � � � �� Ui�� � Tg � f� � � � Ui�� �� �g �

�
Yn

i��
belUi�T  �

Y
U�U�

belU �T �

as T is supposed to be S�regular for each U � U and P �f� � � � U�� �� �g � �
follows from ������� The assertion is proved� �

Unfortunately� ����� does not hold for the approximation bel� of the belief function
bel� as the following example demonstrates�

Let � ��� A�� A� � S be two subsets of S such that A� �� A�A�� A� �� A�A� ��
S� Let S � f��� f�g� fA�  A�g� f�� A�  A�g� P�S � f�� A�  A�g� P�S � fA� 
A�g� P�S�f�g� P�Sg be a subset of P�P�S� here �� is the empty subset of P�S and
� is the empty subset of S� As can be easily veri
ed� for each B�� B� � S� P�S�B� and
B�B� are in S� so that S is a 
eld and� due to its 
niteness� also a ��
eld in P�P�S�
Let U�� U� be two mappings de
ned on the probability space h��A� P i� taking their
values in P�S and such that Ui�� � Ai for each � � � and for both i � �� �� Then�
for each B � S� f� � � � Ui�� � Bg � �� if Ai � B� and f� � � � Ui�� � Bg � �� if
Ai �� B� here � denotes the empty subset of �� As f���g � A� both U�� U� are random
variables�

��



Let B�� B� � S� Then

P �f� � � � U��� � B�� U��� � B�g � � ������

� P �f� � � � U��� � B�g P �f� � � � U��� � B�g

i� A� � B� and A� � B�� otherwise

P �f� � � � U��� � B�� U��� � B�g � � ������

� P �f� � � � U��� � B�g P �f� � � � U��� � B�g �

so that the random variables U�� U� are mutually statistically independent�
For the mapping U�  U� � � � P�S we obviously have �U�  U� �� � U��� 

U��� � A�A� for each � � �� so that U� U� is a random variable taking h��A� P i
into hP�S� Si�

According to the de
nition of bel�� for both i � �� ��

bel��Ui�S �A�  A� � ������

� sup fP �f� � � � Ui�� � Bg � f� � � � Ui�� �� �g

B � S� B � P�A� A�� f�gg �

As A� A� �� S� the only sets in S� which are subsets of P�A� A�� f�g are �� and
fA�  A�g� However�

P �f� � � � Ui�� � �
�g � f� � � � Ui�� �� �g � � ������

�trivially� and

P �f� � � � Ui�� � fA� A�g � f� � � � Ui�� �� �g � ������

� P �f� � � � Ui�� � A� A�g � �

for both i � �� �� so that

bel��U��S �A�  A� � bel��U��S �A� A� � �� ������

However� again by the de
nition of bel��

bel��U�  U�� S �A� A� � ������

� sup fP �f� � � � �U�  U� �� � Bg � f� � � � �U�  U� �� �� �g �

B � S� B � P�A�  A�� f�gg �

As above� the only subsets of P�A� A��f�g� which are in S� are �� and fA� A�g�
Now�

P �f� � � � �U�  U� �� � fA� A�g � f� � � � �U�  U� �� �� �g �������

� P �f� � � � U���  U��� � A�  A�g � ��

so that bel��U� U�� S �A� A� � � �� bel��U�� S �A� A� �bel��U��S �A� A��
Hence� ����� does not hold for bel��

��



An explicit and easy to process expression for belTU can be obtained when S

and U � fU�� U�� � � � � Ung are both 
nite sets� S � P�P�S� and random variables
U�� U�� � � � � Un are mutually statistically independent� Under these conditions� P �f� �
� � Ui�� � Ag � P �f� � � � Ui�� � fAgg is de
ned for each A � S and each
� 
 i 
 n� Moreover� for each A�� A�� � � � � An � S�

P �f� � � � U��� � A�� U��� � A�� � � � � Un�� � Ang � ������

� P �f� � � � U��� � fA�g� U��� � fA�g� � � � � Un�� � fAgng �

� P �
Tn
i��f� � � � Ui�� � fAigg �

�
Yn

i��
P �f� � � � Ui�� � fAigg �

Set� for each T� � �� T � S� P��T  � �P�Sn in such a way that

P��T  � fhC�� C�� � � � � Cni � Ci � S� i � �� �� � � � � n� � ��
Tn
i��Ci � Tg � ������

then� by the de
nition of bel and due to the fact that S and P�S are 
nite�

belTn

i��
Ui
�T  �

P �f� � � � �
Tn
i�� Ui �� � P�T � f�gg

P �f� � � � �
Tn
i�� Ui �� � P�S� f�gg

� ������

�

P
A�P�T ��f�gP �f� � � � �

Tn
i�� �� � AgP

A�P�S��f�gP �f� � � � �
Tn
i�� �� � Ag

�

�

P
hC������Cni�P��T �

Qn
i�� P �f� � � � Ui�� � CigP

hC������Cni�P��S�

Qn
i�� P �f� � � � Ui�� � Cig

�

�

P
hC������Cni�P��T �

Qn
i��mi�CiP

hC������Cni�P��S�

Qn
i��mi�Ci

�

where mi is the basic probability assignment de
ned by� or related to� the random
variable Ui� i� e�� mi�A � P �f� � � � Ui�� � Ag for each A � S and each � 

i 
 n� If random variables U�� U�� � � � � Un are mutually weakly consistent� then ������
obviously reduces to

belTn

i��
Ui
�T  �

X
hC������Cni�P��T �

Yn

i��
mi�Ci� ������

Both the formulas ������ and ������ are nothing else than the well�known and
above also discussed and analyzed Dempster combination rule with the only di�erence
concerning the notation of the resulting belief functions� Hence� under the conditions
imposed above to random variables U�� U�� � � � � Un� the relation

belU� � belU� � � � � � belUn � belTn

i��
Ui

������

holds� In other words said� the belief function� resulting when applying Dempster com�
bination rule to belief functions de
ned by statistically independent set�valued random
variables� is also de
ned by the intersection of the particular random variables� The
dual relation between bel

Sn
i�� Ui and the dual Dempster combination rule #� was inves�

tigated in Chapter � above or in ����� As the conditional belief functions are de
ned

��



as a particular case of Dempster combination rule� they can be also obtained when
applying boolean operations to set�valued random variables� Consequently� also the
intuitive interpretations of belief functions corresponding to various boolean composi�
tions of particular set�valued random variables can be identi
ed with those considered
when analyzing the Dempster combination rule and its dual variant�

��
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