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� Introduction

The double�precision FORTRAN �� basic subroutines PEQN and PEQL are designed
to nd a close approximation to a solution of the sparse system of nonlinear equations
f�x� � 
� Here x � Rn is a vector of n variables and a mapping f � Rn � Rn is
assumed to be continuously di�erentiable� Subroutine PEQN is based on a discrete
�di�erence version� Newton method described in ���� Subroutine PEQL is based on an
inverse column update method proposed in ��� �see also ���� which is in fact a limited
memory quasi�Newton method� To simplify the user�s work� two additional easy to
use subroutines PEQNU and PEQLU are added� which call the basic general subrou�
tines PEQN and PEQL� All subroutines contain a description of formal parameters
and extensive comments� Furthermore� two test programs TEQNU and TEQLU are
included� which contain �
 standard test problems �see ����� These test programs serve
as examples for using the subroutines� verify their correctness and demonstrate their
e�ciency�

�� The methods

Consider the system of nonlinear equations

f�x� � 
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where� f � Rn � Rn is a continuously di�erentiable mapping� Let A be an ap�
proximation of the Jacobian matrix J � J�x�� where Jkl�x� � �fk�x���xl� � � k � n�
� � l � n� and let F � F �x� � �����kf�x�k�� Algorithms presented in this paper
belong to the class of Armijo�type descent methods� which generate the sequence of
points xi � Rn� i � N � such that

xi�� � xi � �idi� i � N�

Here di � Rn is the direction vector determined as an approximate solution of the
linear system Aid � fi � 
 such that

kAidi � fik � �ikfik

with the precision 
 � �i � � � � and �i is the stepsize obtained by the line search so
that it is the rst member of the sequence �j

i � j � N � where ��
i � � and 	�j

i � �j��
i �

	�j
i with 
 � 	 � 	 � �� satisfying

Fi�� � Fi � ��
��� ���iFi�

with the line search parameter 
 � 
 � � �parameter TOLS in the subroutines PEQN

and PEQL�� The value 	�j
i � �j��

i � 	�j
i can be determined either by the bisection

�MES��� or by two point quadratic interpolation �MES��� or by three point quadratic
interpolation �MES��� or by three point cubic interpolation �MES��� �MES is a
parameter of the subroutines PEQN and PEQL��

To obtain a superlinear rate of convergence� the condition �i � 
 have to be
satised� Therefore� we choose �i � min�max�kfik�� ��kfik�kfi��k���� ��i� ��� with
the values � � ���� � � �� � � �� �

p
���� and � � ����

If Ai �� Ji� then a safeguard based on restarts is used� It consists in setting Ai�� �
Ji�� if j  j or Ai � Ji �with repeating the i�th iteration� if j  j� where 
 � j � j�
We use the values j � � and j � �� The restart of the form Ai � Ji is also used
whenever �dTi JT

i fi � �kdikkJT
i fik� where 
 � � � � is a tolerance for descent direction

�parameter TOLD in the subroutines PEQN and PEQL��
The direction vector di �an approximate solution of the linear system Aid� fi � 
�

is determined by the preconditioned smoothed CGS method which is dened by the
following process� First we compute the vectors s� � �C��i fi� r� � Aisi � fi� If
kr�k � �kfik� then we set di � s� and terminate the process� Otherwise we set s� � 
�
s� � 
� r� � fi� r� � fi� p� � fi� u� � fi� h� � AT

i fi and for j � �� �� �� � � � we proceeds
in the following way� If krjk � �kfik� then we set di � sj and terminate the process�
Otherwise we compute

vj � AiC
��
i pj � �j � hTi rj�h

T
i vj�

qj � uj � �jvj�

sj�� � sj � �jC
��
i �uj � qj��

rj�� � rj � �jAiC
��
i �uj � qj�� 	j � hTi rj���h

T
i rj�

�



uj�� � rj�� � 	jqj�

pj�� � uj�� � 	j�qj � 	jpj��

��j � �j�
T � arg min

�����T�R�

krj�� � ��rj � rj��� � �vjk�

sj�� � sj�� � �j�sj � sj��� � �jC
��
i pj �

rj�� � rj�� � �j�rj � rj��� � �jvj�

The matrix Ci serves as a preconditioner� The choice Ci � I is used if MOS��� or
an incomplete LU decomposition of the matrix Ai is used if MOS��� �MOS� is a
parameter of the subroutines PEQN and PEQL��

More details concerning globally convergent Armijo type descent methods can be
found in ����

��
 Discrete Newton method

The discrete Newton method is very simple� It is based on the elementwise di�erenti�
ation� We always set A � J � where

Jkl�x� �
fk�x� �lel�� fk�x�

�l
�

for all pairs �k� l� corresponding to structurally nonzero elements of J�x�� Thus we
need m scalar function evaluations �i�e� m�n equivalent vector function evaluations�
where m is the number of structurally nonzero elements of J�x��

��
 Inverse column update method

Inverse column update method� which was introduced in ���� uses an approximation
S � A�� of the inverse Jacobian matrix J���x�� Therefore� we simply set s �� �Sf
instead of using the preconditioned smoothed CGS method if the restart was not used
�if A �� J�� Denote by d � x� � x� d�� � x � x��� � � �� d�k � x��k � x�k and
y � f�x���f�x�� y�� � f�x��f�x���� � � �� y�k � f�x��k��f�x�k� the last k di�erences
of points and function vectors� respectively� where the lower index �k corresponds to
the iteration with the restart� Let e�� � arg maxei jeTi y��j� � � �� e�k � arg maxei jeTi y�kj
�arg max is taken over all ei� � � i � n�� Then the vector Sf can be computed by the
formula

Sf � S�kf �
eT��f

eT��y��
v�� � � � ��

eT�kf

eT�ky�k
v�k�

where v�� � d�� � S��y��� � � �� v�k � d�k � S�ky�k are vectors computed recursively
by the formula

Sy � S�ky �
eT��y

eT��y��
v�� � � � ��

eT�ky

eT�ky�k
v�k�

In both of these formulae we use the matrix S�k � �L�kU�k���� where L�kU�k is the
incomplete LU decomposition of the Jacobian matrix J�x�k�� Note that the vectors e���
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� � �� e�k do not need to be stored� We only use indices of their unique nonzero elements�
The limited memory column update method needs to be restarted periodically after k
iterations �parameter MF in the subroutine PEQL�� since� at the most� k vectors can
be stored�

�� Description of the subroutines

In this section we describe all subroutines which can be called from the user�s programs�
In the description of formal parameters we introduce a type of the argument that
species whether the argument must have a value dened on entry to the subroutine
�I�� whether it is a value which will be returned �O�� or both �U�� or whether it is
an auxiliary value �A�� Besides formal parameters� we can use a COMMON �STAT�
block containing statistical information� This block� used in each subroutine� has the
following form

COMMON �STAT� NDECF�NRES�NRED�NREM�NADD�NIT�NFV�NFG�NFH

The arguments have the following meanings�

Argument Type Signicance

NDECF O Positive INTEGER variable that indicates the number of matrix
decompositions�

NRES O Positive INTEGER variable that indicates the number of restarts�

NRED O Positive INTEGER variable that indicates the number of reduc�
tions�

NREM O Positive INTEGER variable that indicates the number of con�
straint deletions during the QP solutions�

NADD O Positive INTEGER variable that indicates the number of con�
straint additions during the QP solutions�

NIT O Positive INTEGER variable that indicates the number of itera�
tions�

NFV O Positive INTEGER variable that indicates the number of function
evaluations�

NFG O Positive INTEGER variable that species the number of gradient
evaluations�

NFH O Positive INTEGER variable that species the number of Hessian
evaluations�

��
 Subroutines PEQNU� PEQLU

The calling sequences are

�



CALL PEQNU�N�X�IAG�JAG�IA�RA�IPAR�RPAR�AF�F�GMAX�ITERM�

CALL PEQLU�N�X�IAG�JAG IA�RA�IPAR�RPAR�AF�F�GMAX�MF�ITERM�

The arguments have the following meaning�

Argument Type Signicance

N I Positive INTEGER variable that species the number of equations
and unknowns�

X�N� U On input� DOUBLE PRECISION vector with the initial estimate
to the solution� On output� the approximation to the solution�

IAG�N��� I INTEGER array containing row pointers of the sparse Jacobian
matrix� More specically� IAG�I��� is the number of structurally
nonzero elements of the sparse Jacobian matrix in the rows with
indices less than I�

JAG�M� I INTEGER array containing column indices of structurally nonzero
elements of the Jacobian matrix �M�IAG�N����� is the number
of structurally nonzero elements of the Jacobian matrix�� These
column indices are sorted rowwise by the increasing order�

IA�NIA� A INTEGER working array of the dimension NIA� where at last
NIA���N for the subroutine PEQNU and at least NIA���N for the
subroutine PEQLU�

RA�NRA� A DOUBLE PRECISION working array of the dimension NRA�
where at least NRA����N���M for the subroutine PEQNU and
at least NRA��MF�����N���M�MF for the subroutine PEQLU
�M�IAG�N����� is the number of nonzero elements of the Jaco�
bian matrix��

IPAR�	� A INTEGER parameters� IPAR����MES� IPAR�
��MOS�� IPAR����
MOS
� IPAR����MOS�� IPAR���MIT� IPAR����MFV� IPAR�	��
IPRNT� These parameters �MES� MOS�� MOS
� MOS�� MIT� MFV� IPRNT�
are described in Section �����

RPAR��� A DOUBLE PRECISION parameters� RPAR����TOLX� RPAR�
��
TOLF� RPAR����TOLB� RPAR����TOLG� RPAR���TOLD� RPAR����
TOLS� RPAR�	��ETA
� RPAR����XMAX� These parameters �TOLX�
TOLF� TOLB� TOLG� TOLD� TOLS� ETA
� XMAX� are described in Section
�����

AF�N� O DOUBLE PRECISION vector containing residuals of the nonlinear
equations at the solution X�

F O DOUBLE PRECISION value of the objective function �����fT f
�sum of squares� at the solution X�

�



GMAX O DOUBLE PRECISION maximum absolute value of a partial
derivative of the objective function�

MF O INTEGER variable that species the number of limited memory
variable metric steps

ITERM O INTEGER variable that indicates the cause of termination�

ITERM � �� if jx � xoldj was less than or equal to TOLX in MTESX

subsequent iterations�
ITERM � �� if jF � Foldj was less than or equal to TOLF in MTESF

subsequent iterations�
ITERM � �� if F is less than or equal to TOLB�

ITERM � �� if GMAX is less than or equal to TOLG�

ITERM � ��� if NFV exceeded MFV�

ITERM � ��� if NIT exceeded MIT�

ITERM � 
� if the method failed�

The subroutines PEQNU� PEQLU require the user supplied subroutine FUN that
denes the values of the elements of the mapping f � Rn � Rn �residuals of the
nonlinear equations� and has the form

SUBROUTINE FUN�NF�KA�X�FA�

The arguments of the user supplied subroutine have the following meaning�

Argument Type Signicance

N I Positive INTEGER variable that species the number of equations
and unknowns�

KA I Positive INTEGER variable that species the index of the equa�
tion�

X�N� I DOUBLE PRECISION an estimate to the solution�

FA O DOUBLE PRECISION value of the residual with the index KA at
the point X�

��	 Subroutines PEQN� PEQL

The general subroutine PEQN is called from the subroutine PEQU described in Section
���� The calling sequence is

CALL PEQN�N�X�GA�AG�IAG�JAG�IB�IW��IW
�IW��IW��G�S�XO�GO�XS�GS�

� XP�GP�AF�AFO�AFD�SO�TOLX�TOLF�TOLB�TOLG�TOLD�TOLS�ETA
�XMAX�

� ETA
�XMAX�GMAX�F�MES�MOS��MOS
�MOS��MIT�MFV�IPRNT�ITERM�

The general subroutine PEQL is called from the subroutine PEQLU described in Sec�
tion ���� The calling sequence is

�



CALL PEQL�N�X�GA�AG�IAG�JAG�IB�IW��IW
�IW��IW��XM�GM�IM�G�S�

� XO�GO�XS�GS�XP�GP�AF�AFO�AFD�SO�TOLX�TOLF�TOLB�TOLG�TOLD�TOLS�

� ETA
�XMAX�GMAX�F�MES�MOS��MOS
�MOS��MIT�MFV�IPRNT�MF�ITERM�

The arguments N� X� IAG� JAG� AF� GMAX� F� MF� ITERM have the same meaning as in
Section ���� Other arguments have the following meanings�

Argument Type Signicance

GA�N� A DOUBLE PRECISION gradient of the selected residual �selected
row of the Jacobian matrix��

AG�M� A DOUBLE PRECISION sparse Jacobian matrix �M�IAG�N����� is
the number of nonzero elements in the Jacobian matrix�

IB�N� A INTEGER permutation vector�

IW��N� A INTEGER auxiliary vector�

IW
�N� A INTEGER auxiliary vector�

IW��N� A INTEGER auxiliary vector�

IW��N� A INTEGER auxiliary vector�

XM�N�MF� A DOUBLE PRECISION set of vectors for an inverse column update�

GM�MF� A DOUBLE PRECISION set of values for an inverse column update�

IM�MF� A INTEGER set of indices for an inverse column update�

G�N� A DOUBLE PRECISION gradient of the objective function�

S�N� A DOUBLE PRECISION direction vector�

XO�N� A DOUBLE PRECISION auxiliary vector�

GO�N� A DOUBLE PRECISION auxiliary vector�

XS�N� A DOUBLE PRECISION auxiliary vector�

GS�N� A DOUBLE PRECISION auxiliary vector�

XP�N� A DOUBLE PRECISION auxiliary vector�

GP�N� A DOUBLE PRECISION auxiliary vector�

AFO�NA� A DOUBLE PRECISION auxiliary vector�

AFD�NA� A DOUBLE PRECISION auxiliary vector�

SO�NF� A DOUBLE PRECISION auxiliary vector�

�



TOLX I DOUBLE PRECISION tolerance for the change of the coordinate
vector X� the choice TOLX � 
 causes that the default value �
���

will be taken�

TOLF I DOUBLE PRECISION tolerance for the change of function values�
the choice TOLF � 
 causes that the default value �
��� will be
taken�

TOLB I DOUBLE PRECISION minimum acceptable function value� the
choice TOLB � 
 causes that the default value �
��� will be taken�

TOLG I DOUBLE PRECISION tolerance for the gradient of the La�
grangian function� the choice TOLG � 
 causes that the default
value �
�� will be taken�

TOLD I DOUBLE PRECISION tolerance for descent direction� the choice
TOLD � 
 causes that the default value �
��� will be taken�

TOLS I DOUBLE PRECISION tolerance parameter for a function decrease
in the line search� the choice TOLS � 
 causes that the default value
�
�� will be taken�

ETA
 I DOUBLE PRECISION damping parameter for an incomplete LU
preconditioner� the choice ETA
�
 is recommended in general�

XMAX I DOUBLE PRECISION maximum stepsize� the choice XMAX � 

causes that the default value �
� will be taken�

MES I INTEGER variable that species the interpolation method selec�
tion in the line search�
MES � �� bisection�

MES � �� two point quadratic interpolation�

MES � �� three point quadratic interpolation�

MES � �� three point cubic interpolation�

The choice MES � 
 causes that the default value MES � � will be
taken�

MOS� I INTEGER choice of the dual vector in the CGS method�

MOS� � �� gradient of the objective function�

MOS� � �� vector of residuals of the nonlinear equations�

The choice MOS� � 
 causes that the default value MOS� � � will
be taken�

MOS
 I INTEGER choice of the preconditioner�

MOS
 � �� no preconditioning�

MOS
 � �� incomplete LU decomposition as a preconditioner�

The choice MOS
 � 
 causes that the default value MOS
 � � will
be taken�

MOS� I INTEGER choice of smoothing the preconditioner�

	



MOS� � �� no smoothing�

MOS� � �� single smoothing strategy�

MOS� � �� double smoothing strategy�

The choice MOS� � 
 causes that the default value MOS� � � will
be taken�

MIT I INTEGER variable that species the maximum number of itera�
tions� the choice MIT � 
 causes that the default value �

 will be
taken�

MFV I INTEGER variable that species the maximumnumber of function
evaluations� the choice MFV � 
 causes that the default value �


will be taken�

IPRNT I INTEGER variable that species PRINT�

IPRNT � 
� print is suppressed�

IPRNT � �� basic print of nal results�
IPRNT � ��� extended print of nal results�

IPRNT � �� basic print of intermediate and nal results�
IPRNT � ��� extended print of intermediate and nal results�

Subroutines PEQN and PEQL have a modular structure� The following list contains
their most important subroutines�

PAOSQ� Evaluation of the objective function �sum of squares��

PAOGS� Numerical di�erentiation �determination of the Jacobian matrix��

PDSLE� Determination of the direction vector using the preconditioned smoothed
CGS method�

PDLLI� Determination of the direction vector using a combination of the precon�
ditioned smoothed CGS method and the limited memory inverse column
update method�

PS�LB
 Line search using only function values�

PULCI� Limited memory inverse column update�

Subroutines PEQN� PEQL require the user supplied subroutine FUN� User supplied
subroutine FUN is described in Section ����

��� Form of printed results

The form of printed results is specied by the parameter IPRNT as it is described
above� Here we demonstrate individual forms of printed results by the simple use of
the program TEQNU described in the next section �with NEXT�� and N��
�� If we
set IPRNT��� then the printed results will have the form

NIT� � NFV� � NFG� � F� ��	�����D�
� G� �����D��� ITERM� �

�



If we set IPRNT���� then the printed results will have the form

EXIT FROM PEQN �

NIT� � NFV� � NFG� � F� ��	�����D�
� G� �����D��� ITERM� �

X� ����	�D��� ��
�D��� ������D��� ����	��	D��� ��������D���

����
����D��� �
	
��
�D��� �������D��� ��������D��� �����	��D���

�	��
	�D��
 �
��	���D��� ��
		
��D��� ��
��

�
D��� �
���	��D��


�
�����
D��� ������D��
 ��
�	��D��� ������	D��� �
��	���D���

��������D��
 ��
���
	�D��� ��	�
���D��� �
�

��D��� ������D��


��
����	�D��� ��
������D��
 �
��
�
D��� ��	�
	��D��� ��
�
��
�D���

��	�		�
�D��
 �


	���D��� ��	���
�D��� ��
����	�D��� ��
������D���

�
��
���D��� ����			D��� ��

����D��� ��
����D��� ���	��	D���

������D��� ��
������D��� ���������D��� ����		��D��� �����	�D���

��
	���D��� ��
�	�	�D��� �����	��D��� �����		��D��� ������	�D���

If we set IPRNT��� then the printed results will have the form

ENTRY TO PEQN �

NIT� � NFV� � NFG� � F� �
��	����D��
 G� �����D���

NIT� � NFV�  NFG� � F� ���
��
�D��� G� �����D���

NIT� 
 NFV� �� NFG� � F� �������	�D��� G� �����D���

NIT� � NFV� � NFG� � F� �
	����D��� G� �����D���

NIT� � NFV� 
� NFG� � F� ����
	���D��
 G� �����D���

NIT�  NFV� 
 NFG� � F� �

���D��� G� �����D���

NIT� � NFV� �� NFG� � F� ���	�����D��� G� �����D���

NIT� 	 NFV� � NFG� � F� �	�����	
D��� G� �����D���

NIT� � NFV� �� NFG� � F� �����
��D�� G� �����D���

NIT� � NFV� � NFG� � F� ��	�����D�
� G� �����D���

EXIT FROM PEQN �

NIT� � NFV� � NFG� � F� ��	�����D�
� G� �����D��� ITERM� �

If we set IPRNT���� then the printed results will have the form

ENTRY TO PEQN �

NIT� � NFV� � NFG� � F� �
��	����D��
 G� �����D���

NIT� � NFV�  NFG� � F� ���
��
�D��� G� �����D���

NIT� 
 NFV� �� NFG� � F� �������	�D��� G� �����D���

NIT� � NFV� � NFG� � F� �
	����D��� G� �����D���

NIT� � NFV� 
� NFG� � F� ����
	���D��
 G� �����D���

NIT�  NFV� 
 NFG� � F� �

���D��� G� �����D���

NIT� � NFV� �� NFG� � F� ���	�����D��� G� �����D���

NIT� 	 NFV� � NFG� � F� �	�����	
D��� G� �����D���

NIT� � NFV� �� NFG� � F� �����
��D�� G� �����D���

NIT� � NFV� � NFG� � F� ��	�����D�
� G� �����D���

EXIT FROM PEQN �

�




NIT� � NFV� � NFG� � F� ��	�����D�
� G� �����D��� ITERM� �

X� ����	�D��� ��
�D��� ������D��� ����	��	D��� ��������D���

����
����D��� �
	
��
�D��� �������D��� ��������D��� �����	��D���

�	��
	�D��
 �
��	���D��� ��
		
��D��� ��
��

�
D��� �
���	��D��


�
�����
D��� ������D��
 ��
�	��D��� ������	D��� �
��	���D���

��������D��
 ��
���
	�D��� ��	�
���D��� �
�
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�� Veri�cation of the subroutines

In this section we introduce the main programs TEQNU and TEQLU� which serve for
demonstration� verication and testing the subroutines PEQNU and PEQLU�

��
 Program TEQNU

The following main program demonstrates the usage of the subroutine PEQNU�

C

C TEST PROGRAM FOR THE SUBROUTINE PEQNU

C

INTEGER N�MM�IAG������JAG�
�����IA�����IPAR�	��ITERM

REAL�� X������AF������RA�������RPAR����F�GMAX

REAL�� FMIN�PAR

INTEGER NEXT�IERR�I�M

COMMON �PROB� NEXT

INTEGER NDECF�NRES�NRED�NREM�NADD�NIT�NFV�NFG�NFH

COMMON �STAT� NDECF�NRES�NRED�NREM�NADD�NIT�NFV�NFG�NFH

C

C COMMON �EMPARM� IS USED ONLY IN TEST SUBROUTINES FROM THE

C UFO SYSTEM �TIUB��� TAFU���

C

COMMON �EMPARM� PAR�M

C

C LOOP FOR �� TEST PROBLEMS

C

DO � NEXT�����

C

C CHOICE OF INTEGER AND REAL PARAMETERS

C

DO � I���	

��



IPAR�I���

� CONTINUE

DO 
 I���	

RPAR�I�����D �


 CONTINUE

IPAR�	���

C

C PROBLEM DIMENSION

C

N����

C

C INITIATION OF X� DETERMINATION IAG AND JAG AND CHOICE OF RPAR���

C

CALL TIUB���N�N�MM�X�IAG�JAG�FMIN�RPAR����NEXT�IERR�

IF �NEXT�EQ�
�� PAR���D �

IF �NEXT�EQ�
�� PAR���	D ��DBLE�M�����


IF �NEXT�EQ�
�� RPAR�	�����D�


IF �NEXT�EQ���� RPAR�	�����D�


IF �IERR�NE��� GO TO �

C

C SOLUTION

C

CALL PEQNU�N�X�IAG�JAG�IA�RA�IPAR�RPAR�AF�F�GMAX�ITERM�

� CONTINUE

STOP

END

C

C USER SUPPLIED SUBROUTINE �CALCULATION OF FA�

C

SUBROUTINE FUN�NF�KA�X�FA�

INTEGER NF�KA

REAL�� X����FA

INTEGER NEXT

COMMON �PROB� NEXT

C

C FUNCTION EVALUATION

C

CALL TAFU���NF�KA�X�FA�NEXT�

RETURN

END

This main program uses subroutines TIUB�	 �initiation� and TAFU�	 �function eval�
uation� containing �
 standard test problems with an arbitrary number of variables�
which were taken from the UFO system ���� Results obtained by this main program

��



have the following form�

NIT� �� NFV� � NFG� � F� �


��
�D�
� G� �����D��� ITERM� �

NIT� � NFV� � NFG� � F� ���������D��� G� �����D��� ITERM� �

NIT� � NFV� �� NFG� � F� �
������D��� G� �����D��� ITERM� �

NIT� 	 NFV� 
� NFG� � F� �����	���D��	 G� �����D��� ITERM� �

NIT�  NFV� �� NFG� � F� ���������D��� G� �����D��� ITERM� �

NIT� �� NFV� �� NFG� � F� �����	�D��� G� �����D��� ITERM� �

NIT� 
� NFV� �
 NFG� � F� �������		D�
	 G� �����D��� ITERM� �

NIT� �
 NFV� � NFG� � F� ��
�
����D��� G� �����D��� ITERM� �

NIT� �� NFV� ��� NFG� � F� �
���	��D�
� G� �����D��� ITERM� �

NIT�  NFV� � NFG� � F� ��
�����D�
 G� �����D��� ITERM� �

NIT� �
 NFV� �	 NFG� � F� ����	���D��	 G� �����D��� ITERM� �

NIT� �	 NFV� 
 NFG� � F� �������	D��	 G� �����D��� ITERM� �

NIT� �� NFV� �	 NFG� � F� ���
���D��� G� �����D��� ITERM� �

NIT� � NFV� �� NFG� � F� �

���
�D�
� G� �����D��� ITERM� �

NIT�  NFV� �� NFG� � F� ���
���	D��	 G� �����D��� ITERM� �

NIT� � NFV� ��� NFG� � F� ��������D��� G� �����D��� ITERM� �

NIT� �� NFV�  NFG� � F� ���		���D�
� G� �����D��� ITERM� �

NIT� � NFV� �� NFG� � F� �
������
D�
� G� �����D��� ITERM� �

NIT� 
 NFV� � NFG� � F� �	������D��� G� �����D��� ITERM� �

NIT� � NFV� �� NFG� � F� ���	�����D��� G� �����D��� ITERM� �

NIT� �
 NFV� �� NFG� � F� �
����	D��� G� �����D��� ITERM� �

NIT� 	 NFV� � NFG� � F� �������D�
� G� �����D��� ITERM� �

NIT� 	 NFV� � NFG� � F� �
����D�
 G� �����D��� ITERM� �

NIT� � NFV� �� NFG� � F� �
�����D�

 G� �����D��� ITERM� �

NIT� � NFV� �� NFG� � F� ����
����D��	 G� �����D��� ITERM� �

NIT� �� NFV� �
 NFG� � F� ���	����D��� G� �����D��� ITERM� �

NIT� � NFV� � NFG� � F� �������D�
� G� �����D��� ITERM� �

NIT� �� NFV� �� NFG� � F� ����	�
��D��	 G� �����D��� ITERM� �

NIT�  NFV� �� NFG� � F� ����		���D��� G� �����D��� ITERM� �

NIT� � NFV� ��� NFG� � F� ����	
D��� G� �����D��� ITERM� �

The rows corresponding to individual test problems contain the number of iterations
NIT� the number of function evaluations NFV� the number of gradient evaluations
NFG� the nal value of the objective function F� the nal gradient norm G and the
cause of termination ITERM�

��	 Program TEQLU

The following main program demonstrates the usage of the subroutine PEQLU�

C

C TEST PROGRAM FOR THE SUBROUTINE PEQLU

C

��



INTEGER N�MM�MF�IAG������JAG�
�����IA������IPAR�	��ITERM

REAL�� X������AF������RA�������RPAR����F�GMAX

REAL�� FMIN�PAR

INTEGER NEXT�IERR�I�M

COMMON �PROB� NEXT

INTEGER NDECF�NRES�NRED�NREM�NADD�NIT�NFV�NFG�NFH

COMMON �STAT� NDECF�NRES�NRED�NREM�NADD�NIT�NFV�NFG�NFH

C

C COMMON �EMPARM� IS USED ONLY IN TEST SUBROUTINES FROM THE

C UFO SYSTEM �TIUB��� TAFU���

C

COMMON �EMPARM� PAR�M

C

C LOOP FOR �� TEST PROBLEMS

C

DO � NEXT�����

C

C CHOICE OF INTEGER AND REAL PARAMETERS

C

DO � I���	

IPAR�I���

� CONTINUE

DO 
 I���	

RPAR�I�����D �


 CONTINUE

IPAR�	���

C

C PROBLEM DIMENSION

C

N����

C

C NUMBER OF STEPS OF THE LIMITED MEMORY INVERSE COLUMN UPDATING

C METHOD

C

MF��

C

C INITIATION OF X� DETERMINATION IAG AND JAG AND CHOICE OF RPAR���

C

CALL TIUB���N�N�MM�X�IAG�JAG�FMIN�RPAR����NEXT�IERR�

IF �NEXT�EQ�
�� PAR���D �

IF �NEXT�EQ�
�� PAR���	D ��DBLE�M�����


IF �NEXT�EQ�
�� RPAR�	�����D�


IF �NEXT�EQ���� RPAR�	�����D�


��



IF �IERR�NE��� GO TO �

C

C SOLUTION

C

CALL PEQLU�N�X�IAG�JAG�IA�RA�IPAR�RPAR�AF�F�GMAX�MF�ITERM�

� CONTINUE

STOP

END

C

C USER SUPPLIED SUBROUTINE �CALCULATION OF FA�

C

SUBROUTINE FUN�NF�KA�X�FA�

INTEGER NF�KA

REAL�� X����FA

INTEGER NEXT

COMMON �PROB� NEXT

C

C FUNCTION EVALUATION

C

CALL TAFU���NF�KA�X�FA�NEXT�

RETURN

END

This main program uses subroutines TIUB�	 �initiation� and TAFU�	 �function eval�
uation� containing �
 standard test problems with an arbitrary number of variables�
which were taken from the UFO system ���� Results obtained by this main program
have the following form�

NIT� � NFV� �� NFG� � F� �
���
�	�D��� G� �����D��� ITERM� �

NIT� �� NFV� �� NFG� � F� �
�	�����D��� G� �����D��� ITERM� �

NIT� � NFV� � NFG� � F� �
���
���D�
� G� �����D��� ITERM� �

NIT� �� NFV� 
� NFG� � F� �
���
��D�
� G� �����D��� ITERM� �

NIT� � NFV� 
 NFG� � F� ��
��

��D��	 G� �����D��� ITERM� �

NIT� �	 NFV� 
� NFG� � F� ���
	��	�D��� G� �����D��� ITERM� �

NIT� �� NFV� �
 NFG� � F� ��
������D�
 G� �����D��� ITERM� �

NIT� 
� NFV� �� NFG� � F� ��������D�
� G� �����D��� ITERM� �

NIT� 
� NFV� �
 NFG� � F� ����	���D�
� G� �����D��� ITERM� �

NIT� 	 NFV� �� NFG� � F� ��
������D�
 G� �����D��� ITERM� �

NIT� �� NFV� 
 NFG� � F� ���	
�
�D�
� G� �����D��� ITERM� �

NIT� �� NFV� 
� NFG� � F� ��	�
��	�D��� G� �����D��� ITERM� �

NIT� 
� NFV� �� NFG� � F� �����
	�
D��� G� �����D��� ITERM� �

NIT�  NFV� �� NFG� � F� ��������	D�
� G� �����D��� ITERM� �

NIT� 	 NFV� 
� NFG� � F� ��������	D��� G� �����D��� ITERM� �

NIT� �	 NFV� �� NFG� � F� �		��
�D�
� G� �����D��� ITERM� �

��



NIT� �� NFV� �� NFG� � F� �	���	

D��	 G� �����D��� ITERM� �

NIT� �� NFV� �� NFG� � F� ��
�
��
D�
� G� �����D��� ITERM� �

NIT� 
 NFV� � NFG� � F� �	������D��� G� �����D��� ITERM� �

NIT� �� NFV� 
� NFG� � F� �

�	���D�
� G� �����D��� ITERM� �

NIT� 
� NFV� � NFG� � F� �


�
�D��� G� �����D��� ITERM� �

NIT� � NFV� � NFG� � F� ���������D��	 G� �����D��� ITERM� �

NIT� �
 NFV� �� NFG� � F� �
����	��D�
� G� �����D��� ITERM� �

NIT� � NFV� �	 NFG� � F� �	����	
	D��� G� �����D��� ITERM� �

NIT� �� NFV� 
� NFG� � F� �������
D��� G� �����D��� ITERM� �

NIT� �	 NFV� �� NFG� � F� �
���	�		D��� G� �����D��� ITERM� �

NIT� �� NFV� �
 NFG� � F� ���������D��� G� �����D��� ITERM� �

NIT� �
 NFV� 	
 NFG� � F� �
�	���D��	 G� �����D��� ITERM� �

NIT� � NFV� �� NFG� � F� ��
�����D�
� G� �����D��� ITERM� �

NIT� �	 NFV� ��� NFG� � F� �	����D��	 G� �����D��� ITERM� �

The rows corresponding to individual test problems contain the number of iterations
NIT� the number of function evaluations NFV� the number of gradient evaluations
NFG� the nal value of the objective function F� the nal gradient norm G and the
cause of termination ITERM�
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