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Abstract

Moébius transformation is an important tool for establishing weights of rules of
compositional expert systems from conditional weights.

In this report, an applicability of Mobius transformation of rule bases is extended
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1 Introduction

The first ideas, on how to establish weights of rules of compositional expert systems
from conditional weights related to real evidence, data, experience, were published in
1984 [4]. For a full description of M6bius transformation see e.g. [5], [6].

The possibility of utilization of Mobius transformation is not only restricted to
MY CIN-like systems, it is important also for a common generalization of MY CIN-
like systems and fuzzy expert systems which use a composition of fuzzy relations like
Conorm-CADIAG-2 extended with the handling of negative knowledge, see [3]. The
system is derived from the fuzzy expert system CADIAG-2 [1].

The original Mobius transformation is formulated and only used for rules of a special
form. The present work generalizes it for a wider class of rules.

Necessary preliminaries are introduced and the original Mébius transformation the-
orem for MY CIN-like systems is stated in the second section.

Section 3 describes ideas on how to extend the field of applicability of Mébius trans-
formation to rules with elementary disjunctions in antecedents also. Some principal
problems are shown. It is suggested how they can be, more or less, overcome. The
existence theorem is stated in the end of the section. In section 4, the possibilities of
the simplification of Mobius transformation obtained by simple minded algorithm and
tools for improvement of the algorithm are introduced. Section 5 brings an improved
algorithm for founded knowledge bases, which include elementary conjunctions and
disjunctions in antecedents of rules.

In section 6 is a comparison of Mébius transformation for MY CIN-like systems and
of an introduced generalization. After it follows conclusions and ideas for future work.

2 Mobius transformation

2.1 Preliminaries

We shall consider, in this paper, low knowledge bases, i.e. there are no intermediate
propositions, there are only questions (symptoms) and goals (hypotheses, diagnoses) in
knowledge bases. In this section, let us suppose rules A = S(w), where antecedent A is
an elementary conjunction of questions and S is a goal. An elementary conjunction (of
questions) is a conjunction of literals (of questions), i.e. questions or their negations,
where every question has at most one occurrence in the elementary conjunction. Let
weights be from interval [—1,1], and let contributions (effects) of different rules to
the same succedents be summarized by a group operation @ on [—1,1]. Three-valued
questionnaire ¢ is a mapping of questions into the set {—1,0,1}, i.e. there are only
answers {—1,0,1} (i.e. No, I don’t know, Yes). Each questionnaire of this kind can be
represented by an elementary conjunction (positive literals for 1, negative ones for —1,
and no literals for 0). All of the above terminology correspond with monography [5].

An elementary disjunction is a disjunction of literals. An ecd knowledge base
(elementary-conjunction-disjunction) is a knowledge base such that antecedents of rules
are either elementary conjunctions or elementary disjunctions.



Further we shall use the following terminology. A rule R: A = S(w) is a simple
rule if its antecedent A is a literal, R is conjunctive/disjunctive rule if A is a conjunc-
tion/disjunction, mazimal conjunctive/disjunctive rule if there is no rule B = S(wg) in
the knowledge base, so that A is a subconjunction/subdisjunction of B. A conjunction
Conj = A& B&...& K is a conjunctive translation of a disjunction Disj = AVBV...VK,
a rule C'ony = H is a conjunctive translation of the disjunctive rule Disj = H.

An ecd knowledge base O is founded if it contains rules A = H for every literal A
which is involved in some disjunctive rule AV Disj = H for any elementary disjunction
Disj. An ecd knowledge base © is weakly founded if for every literal A from any
disjunctive rule AV Disj = H there is a simple rule A = H or conjunctive rule
A&Cony = H (for some Conj) included in ©.

Notice, that every knowledge base without disjunction in antecedents is founded.

A literal A is founded for hypothesis H, if the rule A = H is included in the

knowledge base. A literal A is weakly founded for hypothesis H, if rule A&Cony = H
is included in the knowledge base for some conjunction literals C'onj.
A rule A& A&, & A, = H (resp. arule A;VAyV...V A, = H) is founded if every A;
is founded for the hypothesis H. A rule A1&Ax&...& A, = H (resp. AiVAyV..VA, =
H) is weakly founded if for every A; exist At such that A, C At C A;&Ax&...&A, and
rule At = H is included in the knowledge base.

2.2 Mobius transformation theorem

Let us denote by J(H|F) a conditional expert belief that hypothesis H is valid if just
evidence F is known. For M6bius transformation, we shall suppose that given (original)
weight of rule R : A = S(w) is conditional, i.e. an expert’s belief that the weight of S
is w provided just A holds (w = (S5|A)).

Weights of rules are transformed within Mobius transformation; to distinguish
them, we shall denote original (i.e. given, source, conditional) weight of rule R as
w, (or w§ 4), while Mébied weight i.e. weight after transformation as wg (or ws 4),
we will also use w4 and w, if the succedent of a rule is clear from context.

We say, that a set of rules is weakly sound if for every two rules such that Ant; C
Anty (Anty is a subconjunction of Anty or Anty implies Ant; ) holds: if wgml =1
then wf,, = 1.

b
We say, that a low knowledge base is weakly sound if its set of rules is weakly sound.

Theorem 2.1 Let 8 be a weakly sound set of rules such that wi p, = S(H|E). Then
there exists a weighting of rules which forms a knowledge base © of MYCIN-like expert
system, such that for any three-valued questionaire E, and hypothesis H for which
B(H|E,) is defined, it holds

We(H|E,) = p(H|E,),
where Wo(H|E,) is a global weight of hypothesis H given by F,,
Wo(H|E,) = & {O(H|E)| B’ C E,}.

The new knowledge base O is called Mobius transform of the source rule base f.
For particularities see [5], [6].



Note: There is no limitation to questionnaire values (to possible answers of a user) for
Mébius transform of a rule base existence. But, the equation Wo(H|E,) = B(H|E,)
only makes sense for three-valued questionnaires.

3 Including a disjunction into Mobius transforma-
tion

3.1 The idea of Mobius transformation

First have a look at the principal idea of Mobius transformation for MY CIN-like sys-
tems. We suppose conditional rules, where their weights rely on the expert’s belief that
the succedent holds if the antecedent of the rule is true. Let us have the following rules

A= H(wy),

B = H(w,),

A& B = H(ws).
Thus if both of A and B are true we want to infer the conditional weight ws (a belief
that H given A&B) as a result, while MYCIN-like system infers w; & wy & ws. It
is trivial that wy & we & ws # ws in general, w3 may be greater, equal or less than
w1 @ wy. In the case ws = wy B w,y, the third rule is redundant and so we remove it
from the knowledge base. Otherwise, we make a transformation of weight ws of rule
A&B = H to w = w3 & (w1 B wz), thus the resulting Mobied weight w is positive if
ws > wy P wy or negative if wy < (w1 B wz) (a positive or negative effect of the rule
— support /unsupport of hypothesis), especially, w = 0 for w3 = wy & wy (the rule is
redundant as before).

We can easily verify that we obtain expected results: for A we get wy, for B we get
ws, and finally, for A, B we get wy & wy & (w3 & (wy § we)) = ws.

3.2 The first attempt to include a disjunction

Now, we shall try to apply this simple idea to ecd knowledge bases, i.e. knowledge bases
in which antecedents can be a conjunction or a disjunction of literals (propositions or
their negations), i.e. an elementary conjunction or an elementary disjunction. A very
simple example follows:

A= H(wy), ()

B = H(w,),

AV B = H(ws).

For A we want a resulting weight w; instead of wy & w3, thus we change w; with
w4 = wy & ws, and analogically, wg = wy & ws. If we know that AV B is true and
we are not able to specify whether A or B or A& B, then the third rule is the only one
which fires, and we keep its weight ws.

After this transformation, we really get wy for A, we get w, for B, but for A, B, we
obtain w; © ws D we O ws O ws = wy; P we © ws which is not an assumed value w; D wo
(It is assumed because there is no rule A&B = H. We shall discuss this assumption
later on).



Let us formulate our problem more precisely, we get a set of equations, where wy,
wp, and w are modifications of weights wy, ws, and w3, respectively:
W = ws
wa P w = wy
wp b w = ws
wy O wp Dw = wy D ws.
Thus we get (w; S w) @ (w2 S w) G w = wy B wy, hence w = 0. The system of
equations has the only solution w3 = w = 0, which only describes and admits the
situation without the rule with disjunction.

There are two possibilities of how to overcome the problem, first, to express the rule
AV B = H(ws)in another way without a disjunction in the antecedent, i.e. preliminary
modification of the knowledge base before application of Mobius transformation, or
second, to modify our approach of understanding disjunctive rules.

3.3 Rewriting of disjunction

The easiest way of rewriting a disjunction as AV B = =(=A&-B) is inacceptable,
because —(~A&—B) is not an elementary conjunction. Syntactically we can rewrite
AV B = H(w) with a couple of rules ~A&—B = C(1) and =C = H(w), but not
from the semantic point of view, because a contribution of the original rule is positive
for A > 0 or B > 0, while the joint contribution of the new rules is always 0. Thus
we have to rewrite the original rule as three rules A = D(1),B = D(1),D = H(w).
There exists conditions under which the three new rules are equivalent to the original
one, e.g. if ¢(A) > w & ¢(B) > w or ¢(A) <0 or ¢(B) <0.

The substitution is not equivalent to the original rule in general, but it is fully

correct in the case of a three-valued questionnaire for which Mobius transformation
was constructed.
Proof. For three-valued questionnaire we have W(D|q) = |¢(A)| & |¢(B)|, W(D|q) =
0 for q(A) < 0 & ¢(B) < 0, and W(Dl|¢g) = 1 otherwise. Thus, for w > 0 we
get W(H|q) = min(W(A&B|q),w) = min(max(q(A),q(B)),w) = min(W(D|q), w),
and similarly W(H|q) = —min(W(A&Blq), —w) = —min(max(q(A),q(B)), —w) =
—min(W(D|q), —w) for w < 0.

Hence we can rewrite the set of rules (*) as:

A= H(wy),

B = H(w,),

A= D(1),

B = D(1),

D = H(ws).

This set of rules contains an intermediate proposition D, so another modification of it is
necessary before Mobius transformation, otherwise it would be necessary to formulate
Moébius transformation also for knowledge bases with intermediate propositions.

As far as D is concerned as a new question, it is necessary to somehow express its

connection (dependence) to A and to B not to cumulate weights too much. IL.e. it would



be requested another modification of knowledge base before Mobius transformation
again.

Thus, non of the stated substitutions is really convenient to our purpose.

3.4 What does a disjunction rule mean?

Now, we shall turn our attention, to a better understanding of rule AV B = H(w).
What does the rule mean? How do we understand AV B?

If AV B holds it means that either we want and we can distinguish one of the
following possibilities: only A holds, only B holds, both A and B hold or we cannot
distinguish or we don’t like to distinguish them. Thus we can rewrite (*) as

A= H(wy),

B = H(w,),

(AV B)& A = H(w,),

(AV B)& B = H(ws),

(AV B)& (A& B) = H(ws),

(AVB)&(AV B) = H(ws).

The 3-rd and 4-th rules are copies of the first and second ones, hence we can remove
them. We can simplify the antecedent of the last two rules, thus all of the original
rules remain in the knowledge base and there is only the new one A&B = H(wg). To
get an expected Mobius transform of the knowledge base we have to put wg = wy B w,,
because there is no other more precise specification for A&B given by an expert. So
we can rewrite our knowledge base in the following way:

A= H(w

B = H(wY),

A& B = H(wh & wh),

AV B = H(w)).

Antecedents of rules are elementary conjunctions or elementary disjunctions again.

Now, we can apply the idea of Mobius transformation to our modified knowledge

)7
)

base, hence we get

A= H(wY & wl),

B = H(wY & wl),

A& B = H(uwY),

AV B = H(wY),
( V, & are used in indices as abbreviations of AV B and A&B )
(we = wd & (wa & wp B wy) = 0 & wh O (Wl ©w) @ ws & w) & wl) = w )
We can easily verify that if only A holds, then we get w9. Similarly, if only B holds,
then we get w%. If both A and B hold we get w9 & w%. And finally, if we know only
that AV B holds, then we get w?.

Similarly, if we consider an apriori weight wg of hypothesis H we get the following
transformed knowledge base:

= H(wy),

A= H(wY &wl),

B = H(wY & wl),

A& B = H(uwY),



AV B = H(w) & wy).

We have succeeded in the first trivial example of Mobius transformation for rules
with a disjunction in the antecedent. Now, let us consider following a more complicated,
yet still a simple example of a knowledge base:

= H(w) ()

A= H(wh

B = H(w),

C = Huf),

AV B = H(w%vB)v

AVO = H(w%\/c)v

AV BV C = H(w).

From now on, V which is used as index means an abbreviation of disjunction of all the
literals used, here AV BV (U, i.e. wy = ws_p_c.

In the present example we have disjunctions AV B, AV, and AV BVC'. According
to our interpretation of them we obtain five new rules with antecedents A& B&C', A&LB,
A&C, B&C, BV C. We are looking for a “Mobiable” knowledge base as close to the
original one as possible.

We try, at first (a), to only add rule A&B&C = H (the rule with a maximal
conjunction in the antecedent), and second (b), also rules A&B = H and A&C = H
(conjunctive translations of the original ones). Similarly as in the previous example
(*), there is stated no other specification of weights for conjunctive rules, thus we

)7
)

analogically suppose, that missing source weights are implicitly given as follows: 1% g =
WY Bw Swe, Wl = WY P Swy, Wl ge = WY BHWYEEHWESweSwy. Nevertheless, both
of these attempts are unsuccessful, resulting weights obtained after inference according
to transformed knowledge bases are different from our expectations, see appendix A.

In this case it is sufficient (c¢) to add four rules A&B&C = H, A&B = H,
A&C = H, and B&C = H, see appendix A again. It is not necessary to add a rule
with antecedent B VvV C'. We obtain the following Moébius transform of the knowledge
base (**):

= H(wy),

A= H(w) Owj_gouwl_c ®wj_p o),

B = H(w%) © wgl—Bv

C = H(w%) @ ng—c?

A vV B = H(w%vB o w?/)v

A \ C = H(w%\/c o w?/)v

AV BV (C = H(wd & wy),

A&B = H(wY_g 6 wo),

A&LC = H(wh_o S wy),

A&LC = H(wh_g_o & wo),

A&B&C = H(wo ©wl_5_ o).

We can also present another example. Let us have the following simple knowledge
base:
= H(wo), (***)
AS H(uh),



B = H(wY),

AV BV C = H(wY).
We get the following Mobius transform:

= H(wy),

AV BV (C = H(w) &),

A= H(wY & wl),

B = H(wY & wl),

A& B = H(wh_g_o & wo).
Here, we suppose w, to be equal to w) (we have not another more precise specification),
and w9 to be equal to w9 (we have w9 and knowledge of validity of C' expresses, here,
nothing more, because contribution of rule AV BV C' = H should be somehow included
in w%). Similarly we suppose v}, = w% and w95, = WY P WY S wy .

If we add a rule C' = H(wf), we get the following knowledge base and its Mobius
transform:

AV BV C = HwY);

= H(wy),

AV BV (C = H(w) &),

A= H(w e wl),

B = H(wY & wl),

C = H(wd &wd),

A& B = H(w & wy),

A& C = H(ws & wy),

B&C = H(wg & wo),

A& B&C = H(wy & wl).
The addition of the only rule into the source knowledge base has caused, here, the
addition of three rules into its Mobius transform.

Until now, there is no explanation of which rules should be added to the new
knowledge base and which ones should not, and so we shall look for it later.

We have illustrated in the above examples that Mobius transforms of the presented
knowledge bases exist and so, it makes sense to speak of Mobius transformation of rule
bases with an elementary disjunction in the antecedents. Moreover, we can say the
following:

Lemma 3.1 Let O be a weakly sound low ecd knowledge base. If we can explicitly set
or estimate implicit weights also for nonincluded combinations of literals, then Mobius
transform of the knowledge base O exists.

Note: weak soundness conditions in the present situation is as follows,

for every two rules such that Ant; C Ant; holds: if w,, =1, then wf,, =1, where
Ant; C Anty means Anty implies Anty, (i.e. Conjy is a subconjunction of Conjy
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or Disjy 1s a subdisjunction of Disj; or a subdisjunction of Disj; exists which is a
subconjunction of Conjs).

Proof. Let us show a simple idea of a construction of this Mobius transform. We have
seen that maybe it is necessary to add some rules during transformation. So we have
computed transformed (Mdbied) weights of all possible rules.

Let us take all the elementary disjunctions from the longest to one-element ones and
for every disjunction Disj compute b-combination ¢ of all applicable rules provided
just Disj holds. Put wpis; = wh,,; © ¢. If rule Disj = H exists and wpiy; # Wy,
then rewrite the weight of the rule, if wp,s; # 0 and the rule does not exist, then add
the rule Disj = H(wps;) into the knowledge base.

Let us go analogically through all elementary conjunctions from one-element to the
longest possible one.

This construction is very simple, nevertheless, it is possible to show that the re-
sulting transformed knowledge base is Mobius transform of the source knowledge base

0.

At this moment, we know how to construct, in a simple yet noneffective way, Mobius
transformation. So, it is logical to look for its improvement. A decision-making of
whether a new possible rule will be added or not depends on the Mobied weight of the
possible rule. Therefore we need a more sophisticated way of computing these weights.
In the next subsection it is shown how to compute Mobied weights of rules in knowledge
bases in which all possible elementary conjunctions and elementary disjunctions form
antecedents of rules with the same succedent.

3.5 Formulas for computing of Mobied weights

Generally, for three questions/symptoms, we have the following knowledge base?® :

= H(wy),

A& B&C = H(wgeo),

AV B = H(uwy_g),

AV O = HwY_ o),

BV C = H(wY ),

AV BV C = HwY).
By the recomputation of weights keeping the original principal idea of Mobius trans-
formation, we obtain the following Mobied weights of rules:

wozwg

0
wy = wy, O Wwo

2To be precise for three questions it should be a more complicated knowledge base, the presented
one corresponds to three literals of three different questions.



0 0 0

WA_B = Wy_g S Wy O Wy = Wy_pg 3w,
— 0 _ 0 0 0 0
W4 =Wy OWA_BOWA_c OWy QW =W, OWy,_ gOW, oD w,

0
WAB = Wyg O W4 O WO WA-B O WA O W O Wy O Wo
0 0 0 0
=wup O Wy O WpDwy_p
0
WABC = Wypo QWAB O Wac OQWRBe Qw4 OWROWe OWA_B O WA_o OWp_¢ O Wy O Wo

0 0 0 0 0 0 0 0
= Wype OWap O Wy O Wge Dwy O wg D we O w,y

Moébied weights wy_¢, wp_¢, wp, we,wac, and wpe are computed analogically. A
complete derivation of the formulas is presented in appendix B.

By using these formulas, we can perform Mobius transformation of the source knowl-
edge base, and we shall obtain the following Mo6bius transform:

= H(wg),

A= H(w) ©uwli_p 6 wji_c & wy),

B= H(wg ©w)y_p S wg_¢ ®wy),

C = H(wg © wh_¢ ©wi_¢ & wy),

A& B = H(wlg 6wl & wl dwl_g),

A& C = HuwYe 8wl & wd & uwl o),

B&C = H(wle & wh & wd & wl_o),

A& B&C = H(wipe © wip 6 wic © we & wh & wp & we © wy),

AV B = H(uWy_ 55 wd),

AV (O = HWwY_ o ouwl),

BV C = HuwY_ o wl),

Similarly we can compute Mobied weights for a knowledge base with four or more
questions. For formulas for computing of Mobied weights for a knowledge base with
the only hypothesis H and with four questions (literals of four different questions) and
their derivation, see appendix B again.

Formulas for general knowledge bases with one hypothesis and 2 (resp. 3) questions,
i.e. with 4 (resp. 6) literals are shown in appendix C. We can observe, that weights of
maximal disjunctive rules and of conjunctive rules (not simple ones) are the same as
in the case of literals of different questions.

In general, for a knowledge base with one hypothesis H and n questions/symptoms

A, B,C, ..., N, we can compute Mobied weights as:
0

Wp = Wy
0
Wy = wy O Wo,
— 0 0 0 0 0
WA-B—C—mK =Wy g o _x O @D w; & D w; © G wy D ... wy,

(antecedent A of a simple rule is here considered as one-element disjunction, thus wy4
is also computed according to this formula),

_ 0 0 0 0 Kl,.0
WABC..K = Wapc. kO | |@ w, D | |@ We O ..o |G|9 w? @ (D) g ol k.
cl=k-1 cl=k-2 cl=1



Hence we get:
Wo = wg
wy = wy © w
n—k

WA-B-C—..—K — w?ax—B—c—...—K b @ ( (_1)i @ wg)
i=1 |d|=k+i, A—B—...—KCd
n—1 )
wa=wi P (-1 D wy)

i=1 d|=i+1, ACd

k-1

wape..xk = Wige. x B P (1) P wl) & (=) S p_oe ks
i=1 le|=k—i,cCAB..K

where w, is an abbreviation for a weight w4_p_c_. _n of the rule with the maximal
possible disjunction in antecedent, ¢ C b means b implies a, |¢| is a length (number of
conjuncts) of conjunction ¢, conjunction ¢ = ABC...K has k elements i.e. |¢| = k.

We can easily rewrite the formulas as:

wozwg

0
wy = wy,, O Wy

n—k
Wa-B—c—...k = P ((—1)" D wy)
=0 |d|=k+i, A—B—...—KCd
n—1 )
wa=P (=) D wy)
=0 d|=i+1, ACd
k-1 '
wapc.x = P ((—1) D wl) & (=D g ook,
=0 le|=k—i, cCAB..K

If we compare the formula to compute wape. x with the similar one which is used
in knowledge bases without disjunction we can mention a significant similarity. From
the comparison of these formulas we obtain the following one.

wape..x = (=) (w_p_c . _x © wo)

Note, that the formulas for weights of non maximal disjunctive rules are stated in
the form for knowledge bases with literals of different questions, the other ones are in
general form.

Now, we have general formulas to compute Mobied weights of rules from any weakly
sound low ecd knowledge base with one goal, where all possible elementary conjunctions
or elementary disjunctions of questions are used as antecedents. (All possible condi-
tional weights are already explicitly included in the source knowledge base. Negated
questions are handled separately from the original ones like new ones. )

We can also use the formulas for deciding which types of new rules will be added
into the transformed knowledge base and which ones will not, see the section called
Simplifications. For this we need to know how to compute an estimation of implicit
weights of possible rules which are not included in the source knowledge base.
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3.6 Estimations of implicit weights of “rules” which are not
included in a source knowledge base

As it was suggested in the previous subsection, we can use the formulas from there
for specifying which type of rules are added into a knowledge base during Mobius
transformation and which ones are not.

The formulas need all w®’s, all conditional weights which are definable on a set
of questions and goals given by a source knowledge base. But, a lot of them are not
given in a usual source knowledge base, i.e. not all rules with syntactically possible
antecedents are included in the knowledge base. So, we have to estimate these values.

A rule Ant = H, literals of which are relevant to H, is not included in a source
knowledge base © either if Ant is not possible or almost impossible in real situations
or if an expert thinks that Ant expresses nothing new for the hypothesis, i.e. everything
which expresses Ant has already been expressed by applicable rules which are already
included in ©. Thus we have to compute an expected value w9, from contributions
of other rules which are applicable provided that just Ant holds, i.e. from rules which
antecedents A are implied by Ant (A C Ant).

To distinguish explicit conditional weights 0%, of rules from a source knowledge
base from computed estimations of those which are not given (resp. which are given
implicitly through other rules), we shall denote estimated implicit weights as w?, ,.

Let us suppose a rule Ant = H to be added, so we have to determine an estimation
wY,; of implicit weight of the rule. It looks like, the expected implicit weight w?%,, of
a rule Ant = H should be something like a combination of Mobied weights of all the
rules applicable provided that just Ant is true. But unfortunately, a generation of w?,,
is more complicated in general.

It is quite simple in the case of disjunctive rules. In the case of conjunctive rules,
where w9 of all conjuncts of the antecedent are explicitly given or w9, ; is given for
some C'onj (A C A&Conj C Ant), the value w?,, should be the same as in a knowledge
base with only conjunctive rules. Complications start with conjunctive rules, where
wY of conjuncts of antecedents are not given and where a value should be transfered
from disjunctive rules into conjunctive ones. We can illustrate it on a small example:

Let us suppose two questions A and B and that only w9_g is given. Intuitively
we see, that it should be w¥ = wj = wiy = w%_z. But, we cannot handle w%, wj
as implicit value of w9, w% for which we suppose wiy = w% & wh & we. Similarly
if w9 _g and wY are given we want to put w§ = w%_g and w%g = wY, but after it
wh = wip # W B wh S we = Wy B wY_g S we (We suppose wh_g # wp to have a
sense of rule AV B = H).

We can observe that, in this case, “ an effect of disjunction AV B is in some sense
involved in effect of its disjunct A and it is not propagated once more through the other
disjunct B”.

This is very important for generation of w?,, of “problematic” rules, i.e. “Not to
propagate weight of disjunctive rule several times through different literals into weight
of conjunctive rule”.

11



In this case we have met the principal problem of transfering weight of disjunctive
rules into weight of conjunctive ones.

Let us divide our task into 3 cases and singular one of w{ and let us sketch how
w%,., to be computed.

0) wg

1) An estimation of w?,,, where Ant is a disjunction (including single literal).

2) An estimation of w7, ,, where Ant is a conjunction of two or more literals, and
where weight not to be propagated from disjunctive rules into conjunctive ones.

3) An estimation of w?,,, where Ant is a conjunction of two or more literals, and
where weight to be propagated from disjunctive rules into conjunctive ones.

Ad 0) The special singular case is w{. It corresponds to a conditional belief under an
empty condition, it should be an apriori weight of the hypothesis. It should be given
by an expert as a value wg or it can be computed from a convenient database, but
it is completely impossible to derive it from other rules. Hence, if there is not any
additional source of knowledge, we have to put w§ = wy = 0.

Ad 1) In this case there is no transfer of weights from disjunctive rules into conjunctive
ones, thus we can use @-sum of Mobied weights of all applicable rules provided just

nt holds, i.e. wy,. . = WaAnt = w wa¢), where z = 0 or

Ant holds, Disi it © , wh 0
AntCDisy AntCDisj AtCAnt

z = x, i.e. wp,,. to be computed recursively from the longest disjunctions toward

shorter ones. Let us note, that if apriori weight of hypothesis H wy is included in the
source knowledge base © (weight of rule = H), then it is also included as a summand
in @-sum (always fulfilled empty antecedent is implied by any disjunction Disj).

If we assume that all the possible disjunctive rules are included in the source knowl-
edge base, we can use the following combinatorical formula

n—|Disj| . .
wh: = @ (=1)7" @ W, y) @ (=1)""Piiley where n is a number of (relevant)
= |d|=
questions. To use this formula also in general case, it would be necessary to compute
w” for all missing disjunctive rules with longer antecedent (Ant C Disj) and use the
n—|Disj| . .

formula in the form wf)isj = 26291 ((—1)2_1 &zi W4, va) © (—1)”_|D”]|wo, where 2z is 0

or .

An antecedent of a simple rule can be considered as one-element disjunction, here,
because a literal A has no proper subconjunction and it is not possible to combine w?
from conjunctive rules with shorter antecedents.

Ad 2) In this case we take a @G-combination of Mdbied weights of conjunctive rules,
as well as it is considered in knowledge bases with conjunctive rules only. Thus, we
consider a knowledge base ©', which is © without disjunctive rules. We denote w',,,
Mobied weights of rules Ant = H from ©’. Hence, we obtain

x _ ! _ z ! — —
Wh, = D  wp,, Dwo= D (wcom S @ 4wc) 4 wg, where z =0 or z = x,
ConjCAnt ConjCAnt cCConj

and ¢ is any antecedent from © including the empty one.

12



Similarly as in the previous case, we can express w,, as:

wh, = @D (—1)1 B w?) @ (—=1)""wo. (Note: To use this version of
=1 |Conj|l=k—1,ConjC Ant

the formula, w%,’s must be given or computed for all Conj C Ant again.) Specially,
for Ant = A&B we get whp = wh O wh S wo.

It arises the following question here. When a transfer of weights of disjunctive rules
to conjunctive ones is not necessary? When are effects of all the relevant applicable
disjunctive rules included in effects of conjunctive ones?

We consider rules of the following type A1 & Ax&.. & Ay, = H, (Ant = A1& A& & Ay,
k > 2), in the present case. What are the rules for which is this procedure applicable?

- All literals A; are founded, i.e. wgi is given for ¢ = 1,..., k. (Conditional) weights of
all applicable disjunctive rules are included in (conditional) weights of literals, in this

case.

- wh. is given only for i = 1,...,1 < k, and for every rule A;Vdisj = H (j =1+1,..., k)
there exists some A; which is a subdisjunction of disj (i = 1,...,1), i.e. effects of all
disjunctive rules Disj = H are included in (propagated through) effects of literals
Ay, ..., A;, thus there is no propagation of weights from disjunctive rules into conjunc-
tive ones.

- For every A; (1 = 1,..., k) either w is given or wgonj is given, where conj = A;&...

is subconjunction of Ant. Weights of all applicable disjunctive rules are included in
weights of literals and weights of subconjunctions of Ant, now.

- The previous holds only for ¢ = 1,...[ < k, and for every rule A; V disj = H (j =
[+ 1,...,k) there exists some A; which is a subdisjunction of disj (+ = 1,...,1), i.e.
effects of all disjunctive rules Disj = H are included in (propagated through) effects
of literals and effects of conjunctions of literals Ay, ..., A;, thus there is no propagation
of weights from disjunctive rules into conjunctive ones again.

Ad 3) The last case is the most complicated, because it involves a transfer of weights
of disjunctive rules to conjunctive ones. Let us consider rule A& A&, &AL, = H,
(Ant = A1& A& & Ag). In the discussed case, there exist some A; among A, As, ..., Ag
such that:

- wY, is not given,

- We,y; 18 not given for any Conj (A; C Conj C Ant),

- there exists at least one disjunctive rule DR : A; V Disj = H such that Disy ¢ A;
for every A; for which woconj is given such that A; C Cony C Ant.

Weights of rules such as DR are not included in any conjunctive rules, so it is
necessary to transfer them from disjunctive ones. On the other hand, weights of all
rules A; V Disj = H, such that Cony = H for any disjunction Disj and some
conjunction A; C Conj C Ant are included in weights of conjunctive rules. Thus, for
computing of w?, , we use Mobied weights of conjunctive rules and Mobied weights
of disjunctive rules Disj = H, which do not contain any literal Lf, such that rule
Lit&Conj = H is included in © for some conjunction C'onj C Ant. We will denote
Mébied weight computed from these rules (only) as wé?jj. Hence, we get the following
formula:

13



T Ant Ant
w = w N whe . B wg.
Ant C(m]@g Any GO DistAnt@DisngLit, Drisj
LitCConjCAnt, w%om is given

Analogically as in the previous cases, we can express w?%,, as:

n—=k
0 i+k—1
) 8 ®
|Congi=k—1, Con]) 26292 (( ) |Disj|=4, DisjCAnt, Disj¢g Lat,
ConjCAnt LitCConjCAnt, w%om is given

why = @ (-1

1=

w%onj) ©®
(—1)"wo. (Note: To use this version of the formula, w?,’s must be given or computed

for all C'ony, again, and also for all Disj C Ant such that Disy ¢ Lit, Lit C Conj C
Ant, wg,,; s given.)

We can summarize the formulas as follows:

wy = Wo
T
wD,L'Sj == @ W Ant @ Wo
AntCDisj
r !
Wane = @ wConj D wo
ConjCAnt
T _ Ant Ant
Wi = @ won; @ D Wpis; D wWo
ConjCAnt DisjCAnt, Disgg Lits

LitCConjCAnt, we,,, . 18 given

where Ant,Conj, Disy, Lt is any antecedent, conjunction, disjunction or literal from
O respectively. The third formula is applicable for conjunctive rules from the case 2).

We can notice, that the first three formulas are the special cases of the fourth
one. Thus, the 4th formula is not applicable only for conjunctive rules ad 3), but is
is applicable in general. Hence, in the cases either that all the possible antecedents
are included in the source knowledge base or that we want to compute w” for all the
possible antecedents we can use the last formula in the following form:

k-1 n—=k
z i+1 0 i+k—1 0 n
wh, = P-1) . Wers) D P—1)* . Wp;ei) O (—1)"wo,
=1 |Conj|l=k—1 =2 |Disj|=i, DisjCAnt,
ConjCAnt Disj Lat,
LitCConjCAnt,
W o is given

where z is 0 or x and Ant, Cony, Disj is any possible antecedent, elementary conjunc-
tion or elementary disjunction constructed from questions the source knowledge base

0.

To close this topic, we recapitulate that we have formulas on how to compute
estimations of conditional weights for all types of rules admissible in ecd knowledge
bases. Hence, we can close the section by a formulation of an existence theorem.

Theorem 3.2 IfO is a weakly sound low ecd knowledge base, then there Mobius trans-
form of the knowledge base © exists.

Idea of proof. We can perform Mobius transformation separately for every hypothesis.
The rest follows from the previous text.

14



4 Simplifications

According to the previous section, we know how to compute Mobied weights, i.e. rule
weights of Mobius transform of source knowledge base. We know, how to estimate and
compute implicit weights for every rule with elementary conjunction or elementary dis-
junction in antecedent. Thus, we can do Mobius transformation for any ecd knowledge
base.

Now, we are going to specify which rules are not necessary to add to Mobied
knowledge base. We consider rules Ant = H which are not included into the source
knowledge base, i.e. w9, , is not given there. By an added rule we mean such a rule
that w4, # 0, while if w4,; = 0 we say that rule is not added.

In general, we can consider all nonincluded rules to be virtually added. Whether a
rule is to really be added or not, depends on its Mobied weight w4,;. We can eliminate
some types of rules to be added by a symbolic computation of their Mobied weight.
But usually, we cannot assert that some type of rules will be added, because the actual
value of its weight w4,; depends on the actual values of conditional weights from the
source knowledge base.

Now, we shall formulate some lemmata to describe which types of rules to be / not
to be added in the knowledge base. For disjunctive rules, we easily obtain the following
important lemma.

Lemma 4.1 There are no disjunctive rules added to a knowledge base during Mobius
transformation.

Proof. Let Ant be Ant = A1V Ay V A3V ...V Ak, where A; are literals.
W9 3 . g =0 6 @ Y, weassume that a rule Ant — H is not included

1—.—KCd
in original knowledge base, thus, we can write
— 0_ 0 0_
Wi—9-3—. K = Wj_ _ O @ wy = &P wy O P wy; = 0.
1—.—KCd 1—.—KCd 1—.—KCd

We shall apply a similar idea to conjunctive rules; we shall investigate founded ecd
knowledge bases, at first, and after it also general ecd knowledge bases.

4.1 Simplifications for founded ecd knowledge bases

Lemma 4.2 [f O is a founded ecd knowledge base, then there are no rules

A& Ak, & A, = H added into the knowledge base within the process of Mobius trans-
formation, where Ay V Ay V ...V Ay V By V ...V By is not an antecedent of some rule
from the source knowledge base, for some literals By, ...B,.

Proof. Let O be a founded ecd knowledge base. Let us consider rule
R: A&AK. LA B &BY...& B = H, where A; are literal with a common occur-
rence in some disjunctive rule A;V Ay V...V ArV Disj = H from the source knowledge
base(for some elementary disjunction Disj which may be also empty), let the rule R
not to be in the source knowledge base.

Let us start from & = [ = 1, i.e. we consider a rule A;&B; = H, which is not
included in the source knowledge base O, where moreover A; V Disyj = H is in O
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for some disjunction Disj, while Ay V By V DD = H is not in O for any disjunction
DD (including empty one). Let us denote Ant = A;&B;. There it holds: w%,, =

wh, b wp, B & WA, Wam = Wh,, © @D wa = wj, Gwp, & ) w4 O
ALCBLAtZ A AtCAnt AtCB1,Atg A
— X

(wo Dwa, Dwp, & B  wa® D wad D wa)=wh Dws D
AtC A, AtZ By AtCB1,AtZ A AtCA, ,AtCB,

D war©(woDwa, Gwp, & B war® B wa® ) war) = wy, Hwp, D
AtCB; AtCAq AtC By At=A,vB1vDD

SP) wAt@(wo@wA Oweo D wardbwp & D ward D wAt)—wAl@wBl@
AtCB; AtCAy AtCAq AtCB;

D wa o (wh, Gwp, & @D wy) = 0. Hence rule Ant = H is not added into the
AtCB; AtCB;

knowledge base.

We shall continue using induction on k: Let the assertion hold for £ < n,l = 1. Let
us denote A = A1& A& &A1 and Ant = A& B;. We consider a rule
A& Ak, &A1 &By = H, which is not included in the source knowledge base O,
where moreover AV Disj = H is in © for some disjunction Disj, while A1 V A3 V
NV A1 VBV DD = Hisnot in O for any disjunction DD (including empty one).
There it holds:

Wi,y = Wi Bwp, & D way
AtCBLALZ A

Want = WY, © @D war = wy D wp, D D W A¢

AtCAnt AtCBq1,AtZ A
S(wath D wabwp, b D w4 D D w4 D D W)

ALCAALZ B, ALCBLAtZ A ALCAALCB, ALCA&B1,ALE A, AtZ B,

= w’ & (wa B D w4 D D w4 D D W)

ALCA,AtZ B, AtC A AtCB, ALCA&B1,ALE A, AtZ By
=uwioWise & wad B waud D Wy D & WAL)

AtCA AtCA At=A;,vB1vDD At=B &Att, AttCA
= wy O (wfl D SY) wAt) = — D wAt) )

At=B, & Att, AttC A At=By & Att, AttC A

and it is equal to 0 according to inductional assumption. Hence rule Ant = H is not
added into the knowledge base again.

For the rest of the proof, we shall use induction on [: Let the assertion hold for
any k and [ < m. Let us denote A = A &A&..&A,, B = B&B)X.. . &B,,, and
Ant = A&LB& B, 1. We consider a rule A1&Ax&.. . & A& B1& B,y...& B, 11 = H, which
is not included in the source knowledge base @, where moreover AV Disj = H is in
O for some disjunction Disjy, while Ay V Ay V...V A,.1 V B;V DD = H is not in O
for any ¢ < m 4 1 and any disjunction DD (including empty one). There it holds:

T — T .
Wit = Wagp D WB,,4, b WAL
AtCBpy1 Atg AGB
Want = W3O D wa = whepbwp,, @ S, WA (WAL B®
AtC Ant AtCBomy1 Atg ALB AtCA&B AZ Binys
Dwp,,;, D & w4 B & w4 B & WAL)
AtCBomy1 AtF AGB AtCA&B,AtCBumy1 AtcA&B&Bm+1 AtZ A&B At By
= w5 S (WaeB®( D war D D W) A&%B WAL)
AtCA&B,AtZ Binys AtCA&B AtC By LA B
=wiep O (Wiep © D wa)d D wad &, W4y )
AtCA&B AtCA&B At=Bynp1 &ALt AttCALB
= — ) war) . I At = A'&B’, where A’ C A, B" C B, then wy; =0

At=By, 41 & Att, AttC A&B
according to inductional assumption. If At = A'& B, where A’ C A, then it is possible
to show that w4; = 0 again: it is true for k=1, further by induction on k (! is any fixed
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number now), thus we assume w4; = 0 for k = n, for k = n + 1 we obtain similarly as

above wa; = —( P W), and it is equal to 0 according to inductional
AttCA&B Attg¢ A, Att¢ B

assumption similarly as before

(A = Al&AQ&...&Am+1, B = Bl&BQ&...&Bl, At = A= &B, wff” = wﬁ@wB@ @ WAty
AttCB,AtZ A

wa=wh, 0 P way =
AttC At

wi Gwp®d &P wanS(wa® B waubwpd &P WA D &P WA)
AttCB,Att¢ A AtiCA AttCB,Att¢ A AttCA&B,Att¢ A, Att¢ B

=wie(wa®d P wan®d & wan) = —( @ WAtt) )
AttCA AttCA& B, Attg A, Att¢ B AttCA& B, Attg A, Att¢ B

Thus rule Ant = H is not added into the knowledge base again. Hence all the
assertion of the lemma is proved.

Lemma 4.3 If O is a founded ecd knowledge base, then conjunctive translations of
all maximal disjunctive rules are added into the knowledge base within the process of
Moébius transformation (if they are not already included in the source knowledge base

0).

Proof. Notice, here we have an exception and we can claim that rules are added:
WA, Ayh, = (1) (wa,—ay—..—a, O wo), and we expect w4, 4, _a, # wo for maxi-
mal disjunctive rules not to be redundant.

Let Ay VAyV...V A, = H be a maximal disjunctive rule and A& A& &AL = H
its conjunctive translation added according to the lemma. Usually, there are also
all rules added with subconjunction of A;&Az&...& Ay in antecedent. But, there are
counter-examples also on a symbolic level, see appendix D, case a).

In both previous lemmata, the assumption of foundness of ecd knowledge base is
necessary. For general ecd knowledge bases which are not founded, there are counter-
examples against both of the lemmata presented in appendix D, cases b) and c).

Summarizing the above lemmata we see, that antecedents of rules added by Mobius
transformation into ecd knowledge base are only all conjunctive translations of an-
tecedents of maximal disjunctive rules and not necessarily all of their subconjunctions.
Formally, we have the following:

Theorem 4.4 Let O be a weakly sound low founded ecd knowledge base. During a
process of Mébius transformation of ©, rules are added into the knowledge base (if
they are not already included in © and) if and only if they are in one of the two
following types:

o All rules Aj&A&...&A, = H, where Ay V Ay V ...V A, = H, is a maximal

disjunctive rule from O.

o Rules Ai&A&..&A, = H, where Ay V Ay V...V A,V Disj = H, is a rule from
O and Disy is any disjunction. (In general, all such rules are added, but there
counter-examples exist, e.g. appendiz D, case a)).

Proof. Assertion of the theorem immediately follows lemmata 4.2 and 4.3.
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4.2 Simplifications for general ecd knowledge bases

As we have seen in the previous subsection, in the case of founded ecd knowledge bases,
the only possibilities for antecedent added rule is either to be a conjunctive translation
of antecedent of some disjunctive rule or to be a subconjunction of such a translation.

In the case of general ecd knowledge bases, an antecedent of added rule can be
besides it also a (subconjunction of) conjunctive translation of a disjunction of several
disjunctive antecedents, as it is illustrated with the following small examples, for other
examples see appendix D, cases b) and c¢).

Fxample: Let us consider the following weakly founded ecd knowledge base O:
= H(wo)
AV B = H(uWy_g)
BV C = H(uwY )
A= H(uwY)
B&C = H(whe)

Estimations of implicit weights:
Wi_p_c = Wo

WY _ o = Wo

wi = wh_p O wp_oOwy
wg = wy_¢

whp = wh D wy_o O wo
whe = wh G wy_o O wo
Whpe = Wi O whe © wo
Moébied weights:

Wo

wa_p—c =0

wa_p = wWY_g S wo
WA—C — 0

wp_c = wh_o O wo

Wy = w% S, w%_B

wB:()
wc:()
wAB:()
wAg:()

_ 0 0 0
Wpc = Wpo S, Wy_p o Wp_¢ & wo
_ 0
WABc = Wy_pg O Wy

Rule A&B&C = H(wY_z & wo) is added into knowledge base even if its antecedent

A&B&C is not (subconjunction of) conjunctive translation of any disjunctive an-
tecedent, AV BV C is not (subdisjunction of) antecedent of any rule from ©.
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Fxample: Let us consider the following weakly founded ecd knowledge base O:
= H(wo)
AV B = H(w)
A= H(uwY)
D = H(w})
B&D = H(wh )

Estimations of implicit weights:
wh =whi_p

wip = wy

wip = Wl & wh & wo

wipp = Wi & wep S wo

Moébied weights:

Wo

wa_p = wY_g S wo

Wy = w% o w%_B

wp = wp O wy

wpp = whp S WY S wh P w
WABD = w%_B © wo

Non stated weights are equal to zero.

Rule A&B&D = H(w%_B & wp) is added into knowledge base even if its antecedent
A&B&D is not (subconjunction of) conjunctive translation of any disjunctive an-
tecedent, AV BV D is not (subdisjunction of) antecedent of any rule from ©.

For a presentation of a description of types of rules which are added / not added
within the process of Mobius transformation of general ecd knowledge base, it is nec-
essary further elaboration of the topic.
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5

Algorithm of Mobius transformation

From the theorem 3.2 we have an existence of Mobius transform for weakly sound
general low ecd knowledge bases. Using theorem 4.4, we can formulate the following
algorithm of Mobius transformation of a founded knowledge base O.

(*)
(0)

(1)

(*)

Go ahead through all hypothesis H:
and perform items (0) — (4).

Construct a set Rel of literals relevant to H.
Put wy = w].
Create an empty set of maximal disjunctions MazD.

Go ahead through all disjunctions D in O relevant to H:

Put Sum equal to @-sum of Mébied weights of all rules DV D' = H.

[F there is no such rule, THEN insert D into MaxD and put wp = w?, & wy,
ELSE put wp = w% o Sum.

If |D| =1, then sign D in Rel.

Go through all unsigned literals L from Rel:
IF there is no rule LV D = H, THEN put wr =0,
ELSE give warning “Assumption does not hold for hypothesis H.” and STOP.

Go through all maximal disjunctions M D from MaxD:

for M D and every subdisjunction SMD of M D -

create all new rules Ant = H which are already not included in ©, where Ant is
a conjunctive translation of M D or SMD.

Go ahead through all conjunctions |C| > 1 in O relevant to H:

Put Sum equal to &-sum of Mébied weights (wer) of all rules €' = H, where
C’" C C (C implies C").

If w is not given (C' = H is added rule), then put wl equal to &-sum of Mdbied
weights (wer) of all rules C" = H, where " is subconjunction of C' (including
wy ~ empty subconjunction implied by C').

Keep w? and put we = wg & Sum.

(During construction of Mobius transform it is not necessary to distinguish between w2 and

wf,, they can be represented by the same variable denoted wg,.)

Save all rules with weights wg; ant,, # 0 — Mobius transform of ©.

STOP.

It is possible to show that this algorithm ends and produces Mobius transform of
any weakly sound low founded ecd knowledge base ©.

In the case of general ecd knowledge bases, we have to use simple minded algorithm

suggested in proof of lemma 3.1. For generalization of the above algorithm it would be
necessary to formulate analogies to lemmata 4.2 and 4.3.
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6 Conclusion

Generalized Mobius transformation is a theoretical tool for the construction of more
correct generalizations of expert systems both of MY CIN-like and fuzzy expert systems
based on a composition of fuzzy relations.

Moébius transformation has been generalized to ecd knowledge bases, i.e. knowledge
bases whose rules have antecedents either in the form of an elementary conjunction (as
before) or in the form of an elementary disjunction (new ones ) of questions.

The principal difference between original and generalized Mobius transformation
consists in a complicated transfer of weights of rules with disjunctive antecedents D;
to weights of other rules with conjunctive ones C;, where C; implies D;.

Original Mobius transformation is only the transformation of weights. While within
the generalized one, moreover, some new rules are often added into the knowledge base.

An estimation of implicit (expected) weights for these added rules was shown for
a class of ecd knowledge bases. The existence theorem was proved for this class of
knowledge bases. Finally, an algorithm of the construction of this generalized Mobius
transform of founded ecd knowledge base is described.

To generalize the presented algorithm onto all class of generall ecd knowledge bases,
it needs a particular description and determination which rule to be added and which
ones not to be added. It would be useful to have something like generalized analogies
of lemmata 4.2 and 4.3 as it was suggested since in sections 4.2, 5. It is a motivation
for future research.

A challenge for the future is an admission of rules with more complicated an-
tecedents or a consideration of knowledge bases with several different conjunctions
and/or disjunctions.
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2 APPENDIX B

Mébied weights of knowledge base with one hypothesis and with a) two b) three c) four
literals of different questions (i.e. any literal is not negation of another one), provided that
all possible source conditional weights w® are given.

a) Two literals A, B :
Wo

0
wy = Wy, O Wy

wa = wh S wy S wo
= wy Sl

wp = wh S wy S wy
= wp 5wy

wap = whp O ws O wp O wy O wo
= whp O wY O wy G wy

b) Three literals A, B, C':
wo
Wy = we S wo

wa_p = wY_g & wy S w
=wh_pOwy

wa_c = wY_o O wy S wy
= whi_g ol

wp_c = Wy o5 wy G wg
=wh_oOwy

wy = w% BwA_BO wWA_Cc B Wy O Wy
= w,%o@ wi_p O wy_c D wy

WB = W OWA_B OWB_¢ O Wy O Wy
= w%o@ wh_p O wy_o O w

We = We S WB_¢c O Wa_¢ O Wy B Wy
= wg O wy_ o O Wy oGy,

wAB = w%B Bwy OwWBO WA_BO WA_C O WB_¢ O Wy O Wy
=wipOuw) O duwy_p

wac = whe Owa O we O WA O Wa_c O Wp_¢ O wy O Wy
= wie Owy O we G wy_c

wpe = Whe O wp O we O WA_B O WB_c O Wa_c O wy O Wo
= wpo O wp S we D wh_¢

WABC = wngC B wiAp O WACc O WBC O WA B WB O W SWA_B O WA_C O WB_¢ O Wy B Wy
= wipc O Wip O Whie O whe B wh & Wy G we O wy
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c) Four literals A, B, C, D :
Wo

— 0
wy = wy O wo

WA-B-C = w%_B_g 8wy O wg
=wh g cOwy

Wi-B-D = Wy_p_pOwy

WA-c-p = WY _c_p O W

WB-Cc-p = Wy_c_p O Wy

wa-B = w%_B BwA-B_c O WA_B_D O Wy B Wy
=wy pOwy p cOWY g pDuy

wa—c =Wy Oy g o OWY o pDuy

wa-p = WY _pOWY o pOwy g pOHuwy

wp_c=wh o OWY g o OWE_ o p®wy

wp-p=wy pOWE ¢ pOWY p pduy

we_p =wg_pOwy ¢ p oWy o p®wy

_ 0
WA = Wy OWA_BOWA_COWA_DOWA_B_COWA_B_DOWA_C—D O Wy O Wy
_ 0 0 0 0 0 0 0 0
=waOwy pOWy_ cOwy pOwy g cDwy_ g pbwy_c_pOwy
0 0 0 0 0 0 0 0
wp=wpOwy_ gOwpg_ cOWg_pbwy g cOwy_p pDwg_c_pOwy
0 0 0 0 0 0 0 0
Wo = We OWy_ o OWp_cOWo_pDwy_ g o DWy_c_pDwp_c_pOwy
wp = wh Swl_pOwy_pOws_pBwy_p pBw_o_pBwy_o_pOw

wAB = w%B BwyOwWBSWA_BO WA_C S WA_D O WB_C O WR_D
O WA-B-C O WA-B-D O WA—C-D O WB-C-D O Wy O Wy
=wipOuw) O duwy g
wac = Wi O S we B wh_g
wap = whp O WY O wy B wy_p
wpe = Wy O Wy O wg G wh_o
wpp = Wy & wy S wph B wp_p
wep = wep © we O wh G wg_p

wape = Wpe O wap O wac O Wpe O wa O W O we O wWA_B O WA O WwA_D
S wp_c O WB-D O We-D O WA-B—C SO WA_B-D S WA_C-D O WB—C-D O Wy O Wy
= wipe O wWhp O Wie O whe © W) G wh dwg S wh_p_c
wABD = Whpp © wip O wWhp O whp G wy G wy GwhH S wy_p_p
wacp = Whep O Whe © wip O wep G wh G wg G wp O wh_c_p
wpep = Whep O Whe © whp O wep G wh G we G wh S w_c_p

WABCD = wngOD B wiABc O WABD © WACD O WBCD
S wAB O WAC O WAD O WBC O WBD O WoD O W4 O WB O We O wWp
CwWwA-BO WA S WA-DOWB_Cc O WB-D S Wc-D
O WA-B-C O WA-B-D O WA—C-D O WB-C-D O Wy O Wy
= wipep © Wige © Wipp © Wicp © Wiep
B wiip ®wiic ®wlip B wpe & wyp B wep © wh S wp O we S wh &l
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d) Complete derivations of the formulas.

ad a) A, B :

Compl.
Wo

0
wy = wy, O wWo

wa = wy S wy S wy=wy S wd B weS wo
= w5 ul

wap = whg O wa O wp S wy S w
= wip O wy G wy O wy G wy O wl) G wy S wo
= ully 6w & uf & ul

ad b) A, B, C :
Wo
wv:we@wo

wa_p = wh_g S wy S wy=wh_g O w) B wS wy
_ 0 0
=wy_g Owy

wAIlU%@UJA-B@UJA-C@lUv@on
=wh Owj_p OwyOwh_o O wy O wydw S wo
=wi Owh_pOuw)_odwy

wap = Wp O WA S WO WA_B S WaA_c O WR_c S Wy S wo
= wip O wy G wi_pHwh_c O wy S Wy H Wy _pHwp_¢Owy
@Ow,%_B @ w%@ow%_g B wy 6 wy_c w6 wl & w S wo
= wyp O wy OwpDwy_p

WABC = w%Bg@wABGwACGwBOGwA@wB@wCGwA—B Bwi_c BwB_c O Wy O wy
= wipe OWip B Wl BuwpOwy_pOwie GuwHwg Owy_o O wpe B wy G wg S wh_
Cwi O wi_pOwy_c OwyOwyGuw)_ g O wh o Ow)OweGuw) oG wh_oOw
owi_g@wlouwi_duwdowy_dw)ow) dw o w
= wipc O wWhp O Wi O whe & wh O Wy O weg O w)

27



adc) A, B,C, D :
wo
wy = wY O wo

_ 0 _ 0 0
wA_B_Oc = wA_B_OO B wy Owyg=wWy_g_gOwy, O wyS wy
=wy_p_c Owy

_ 0
WA_B =Wy _pOWA_ B CcOWA_B_D O Wy O Wy
= w%_B o w%_B_C P wg o w%_B_lg B wy 5w & wy S wo
=wy_pOwy_ g cOwWy_p_pDwy

wa =Wy Owa_p O Wa_c OWA_D O WA_B_¢ O WA_B_D O Wa_c—p O wy O Wy
=wiowy pgBuw) p oDy g pOw,
Swy D) p DY s pOW WY pBWY o pBwy g pOu
Ow) g Dy Owy g pOwyOwy o p®uw)Ow) ®we O wo
=wiowy pOuw) cOwy_pduy g O g pDWY_c_pOwy

wAp = w%B CwaOWBOWA-BOWA-C O WA-DO WB_CO WB-D
S wWA-B-C OWA-B-D S WA C-D O WB-C-D
O wy O wo
_ 0
B wABO 0 0 0 0 0 0
OwyDwy_pbwy ¢ Dwy_pOwy_ g cOwWy_p pOwWy_c_p
0
B wy
0 0 0 0 0 0 0
OQwgbwy pDuwg ¢ Dwpg pOwWy_ g cOWy_ g pOWR_c_p
0
D wy
0 0 0 0
Owy pDwy g cbwy g pOwy
0 0 0 0
Owy_ocDwy_pocDwy_c_pOwy
0 0 0 0
Cwy_pDwi_g_pDwy_p_pOwy
0 0 0 0
Owp_cBwy_p ocDwp_g_pOwy
0 0 0 0
O wg—D b wB—OO—D Dwy_p_pOwy
Swy_p_oDwy
S wh_p_p Dwy
Suw)_c_p@wy
Owh_c_p Dy
S wd P wo S wo
_ wO @ wO @ wO @ wO
=wypOwy O wphwy_p

_ 0
WABC = Wypn O WAB O WAC O WRe O W4 O WB S We OWA_B O WA_C O WA_D
BwWB_cOWB_pOWC_DOBWA_B_COWA_B_DOWA_C_DOWRB_Cc_p O Wy O Wy

_ 0

_0 wABOO 0 0 0 0 0 0 0 0 0 0 0
@OwAB ©® w64 Dwpg @0 Wy_B @OwAc Dwy ? we O wA—OO Swpe Dwg Dwe O wp_o Owy @
Wy g DWy_ o Dwi_pOWy_ g cOWy_ g pOWy_c_p
B wd

0 0 0 0 0 0 0
CwpOwy_pbwp_cOwp_pOwy_ g cOWy_g_pOWe_c_p
B wd

0 0 0 0 0 0 0
SwgSwy_oBwp_obwWo_pOWy_p o OWa_c_pOWR_o_p
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& wy
Swy_ gBwy g o Ow) g pOwy
Swy_c D) g Oy o pOuwy
Swy_ pOwy_ o pOwy_g pOuwy
Owp_c bWy g cDWE_c_pOwy
Owp pOwy ¢ pDwY_p pOwy
Cwe_pDuwh_c_pDuwh_c_pOwy
OwY g @y,
Suwy_p_p@uwy
O wi_c_p Dwy
Swy_c_p®uwy
& wY B w S wo
= wipe © Wi O Wi © whe G w) G wh G wE S wy_p o

WABCD = wngOD B wiABc O WABD © WACD O WBCD

S wAB O WAC O WAD O WBC O WBD O WoD O W4 O WB O We O wWp

CwWwA-BO WA S WA-DOWB_Cc O WB-D S Wc-D

S WA-B-C O WA-B-D S WA-C-D SWB-_Cc-D O Wy S Wy

= wngOD

& wipe B wip B wio B wpe Swy O Wy Swe Guh_p o Owhpp®whp Guhiy G wpp©
W) Owp SwhGwy_p_pOwiep Gwic uhp Dwgp Owh Owe W) Gwy_c_p O whep®
whe HWEp Gwep Swp SO WhGwy_o_pSwipHWEHUEO WY pOwio HuwlHwe o
Wh_c O whp ©wh Dwh O wh_p O whe B wp G wl O Wy o Owyp®wy D whOwy_pO

0 0 0 0 0 0 0 0 0 0 0
U’CDO@ we DwpOwe_p Cwywy_gbwy_cDwy_pOwy_p cOWy_g_ pOWy_c_p
B wy,

0 0 0 0 0 0 0
CwpOwy_pbwp_cOwp_pOwy_ g cOWy_g_pOWe_c_p
0
B wy,
0 0 0 0 0 0 0
Cwe Dwy_c Dwpg_cDWo_pOWy_g cOWy_c_pOWp_c_p
0
B wy,
0 0 0 0 0 0 0
SwpDwy_pPwpg_pDwe_pOWy_p_pOWH_c_pSWp_c_p
0
B wy,

Swy pduwl g o BWY g pOwy
Swy_ o Bwy g o BwY_o_pOuwy
Swy_pBwy o pbwy g poOuwy
Cwp_oBw) g oDy o pOwy
Swy pBwy o pBwY_ g pOwy
Swg_pBuwy_ o pBwy_ o pOwy
Owh_p_c G wy
Owy_ g p®wy
O wi_c_p Dwy
Owp o p®uwl
S wd B wo S wo
= wipcep
S whpe © wigp O Wicp O wep B whp H wie © Whp © Wie © Wiy © wEp © WY O wy O
w% o w% © wg
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3 APPENDIX C

Mébied weights of knowledge base with one hypothesis and with a) two b) three different
questions, provided that all possible source conditional weights w® are given.

a) Two questions A B, i.e. we have literals A, B, A, and B, where A = =4 and B = = B:

wo

WA-B = w%_B B wo

Wy _F = wi_g S wo

Wp_ 7 = w%_z S wo

Wi 5= w%_g O wo

wa =wh Owa_p O w,_F O wo
= w% o w%_B o wg_g @ wog

wp =W S wa O wWE_ 7O Wo
= wp O wh_p O wy —dwo

wi =S wy 76 wi_F O wo
= wpOwp 30 wh 5w

wg = wEOw, §Owi_F S wo
= wgOwy Oy 5w

wap = WYp O WASWE O WA_B S W, FOWE 76 Wo
= wlip S wh Swp b ul_p

(Y= :OwAF @OwA @Ow§ @OwA—B Ow, 5O wW_5O wo
SUpOwaCugbw, g

Wxg = w%B DwzOwWBO W _7 O WA-B O WZ_F5 O Wo
- w%B © w%@ wh @ wOZ—B

wip = WipOwgOwgO wy_ 3O w, FO wy_g O wo
" b6 G

Complete derivations of the formulas.
A, B, A, B :
Wo
— 0
WA_B = Wy_pg O Wo
wy =wl Swa_p O wy_ 5O wo
:w%@w%_B@wo@wg_E@wo@wo
=w) Owy_pOwl_5®w
wap = wip OwaO WO wa_p O W, 5O Wy 7O Wo
= wip O wi G wh_ gl O w O Wb wy_pGwl O wo
0 0 0
Swy_gphwoSw, zHweSw, G weS wo
= wip S wly S up G wy g
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b) Three questions A, B, C, i.e. we have literals A, B, C, A, B, and C :

O

_ 0
WA_B_C = Wy_pg_g O Wy
5 _

Wy _6_wA B_ C@wo
Wy Foo = wi B_o S wo
Wy B-C = wi_ﬁ_a S wo
Wi-p-c = wOZ—B—c S wo
Wi p =W 5 5O Wo
Wi_F_c = WG 5 o O Wo
Wi BT = Wi 5o O wo

0
WA-B = W4_p O WA-B-COW,y_ g 7O W
0 0 0
=Wy B@wA B-c O W, p mDwo

Ya-B =Y _@wABc@wOE_@wO
Wr_p=w @wABc@wABO@wO
Wy g=w ——@w—— @w—g_a@wo
wA—C:wA C@wABc@wi E—C@wo
Wa-T =W @wA B- c@wo _p_g P wo
Wic =W @wABc@w__—c@wo
Wz g =w @wABO@wABO@wO
wB—C:wB C@wABc@wZBO@wo
Wp 7=w _@wABO@wABC@wO
Wg_o = W5 @w B @w—— o B wo
WpT =W @wABC@wABC@wO

_ 0
WA =Wy OWA-B-COWy g 7OW, F oOW, F OWA-BOW, FOWA-CcOW,_ 7O Wo
_ 0 0 0 0 0 0 0 0 0
SwWpOwy pOw, gOwy cOW, mOWi p cBWw, p z0wW, 5  Pw, 5 70w
0 0 0 0 0 0 0 0 0
wp =wpOwWy_pOWp_OWs pOWy zOwWy g cBW, g 50 wZ B_c DWF_p_ 7O W0

|
%

we = wg OWY_c Oy _cOwg [ Owy c@w% B—C@wo B @wA s_c B _5_o O wo
— — wd 0 0 _ 0 o _ _ o _ _
Wx=wzOws pOws gows Sws ®wA B_c B W A-B- c@w 5o PWF 5 9 Wo
— — 9 0 _ () 0 _ 0__ _ _ 0___
wB_wB@wA_B@wB_O@wA_B@w @w @w @wA 5_ O@w O wo
0 A0 a0 A0 A0

W =WgOw, 0wy m0Wwy zOwy. ®wA B— O®wA B- O®wA B— O®wA B- c@wo

_ 0
WAB = Wi O WA-B-COWy g gOWy F o OWy F OWI_ g cOWI_g_ 7
O wa- B@wA g@wA COWY _gOWB-cOWp_ 10 Wp_gOwWAO0 WR O W
:wAB@wA@wB@wA B

Wy =W @wA@w—@w 5
wag = Wip @wz@wB ®wy g
_ 0 0 0 0
Wi = Wi O Wz O wgBwy 5

wac = whe O Wy O wh S wl ¢
wAazwgﬁ@w%@w%®wi
Wgo = w%c@w%@ w%@w%
wie = i O wl o wd & ws

|
Ql
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ch:w%C@w%Gwoc@w% c
Wge = W @wB@w—®w 7
YBo ~ Ec@wﬁ@wc@w_c
wﬁzw%—c@w%@w%@wg_6

Swi_p_cOWI_g 7OWI_F_¢
w

_ 0 _ _ _
wABC—wABC@wA B- C@wA B_ C@wA B_ O@wA 5_
a _TOWI_¢c O WE_¢

OWA-BOWy_5OWACOWy_gOWB-Cc O Wg_
Bwy Owp S wWwe O WA O WA O WRe B Wy
—wABc@wAB@wAc@ch@wA@wB@wc@wA B-C

]
©

WapT = ABC@“’AB@“’ Bl @wA@wB@w—@wABH
WyBe = ABg@w @wAc@ch@wA@w—@wc@wABc
wAW:wABCGw @w—@w @wA@w_@w Ow, 5.7
wZBc:wch@wAB@U’AO@“’BO@U’—@U’B@U’O@U’A B—C
wZBH:wABc@w Ouwis G u- B s dup B uEowg 5 7
wﬁczw @w @w @w @w @w—@wc@wAEO
wm:wABO@w @w @w @w @w @w @wA _c

We can observe that, for conjunctive rules (but not simple ones), we obtain the same
Mébied weights as in the case of the same number of literalss of different questions
(i.e. wa_p—.. _N, waB. Kk and wap. N are the same).
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4 APPENDIX D

Counter-examples, see section 4.

a) Let us consider the following founded ecd knowledge base:
= H(wp)

AVBVCV D= H(u)
AVCVD = HwY_c_p)
BvC = H(w)
A= H(w%)
B = H(wY)
C = H(wd)
D = H(wY)
C&D = H(wlp)
A&B&D = H(uw9gp)

We know, that no disjunctive rules are to be added, thus we have to compute Mébied weights
for conjunctive rules only. So it is not necessary to estimate implicit weights of dijunctive
rules.

Estimations of implicit weights:
wﬁB:w%@w%@wo
wﬁczw%@w%@wo

wip :w%@w%@wo
w%czw%@w%@wo
w%D:w%®w%@wo

wigo = w% P w% P w% B 2wq
whep = wep ® w) © wo

wheop = wep Hwh © wo
whpep = Wipp ® wep © wh
Mébied weights:

Wo

wy = wy & wo

WA-c-D = WY_c_p O W)
Wp_c = w%_c o wg = Wy O wg
wa =Wy S Wy o p

wp = w S wo

we = we O wo S wy_o_p Hw
wp = whH O WY o p

wap = w O wo

WwaAC = wgl—C—D B wo

WAD = wgl—C—D B wo

WRC w%_c OQwe=0 M
wpp = w S wo

wep = wep O wg S wh Bwh o p
wapc = wl S wo

wapp = wgp O Wy 0wy O wh O wh, ® 3w (Bwo = wo & wo & wo)
wACD = Wo O w%_C_D

wpep = wo & WY

wapcp = WY S wo
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non stated weights of disjunctive rules ws_p_¢, wWa_B_p, WB_0c—D, WA_B, WA_C, WA_D,
wA_p, wo_p are equal to zero, i.e. rules are not included in Mobius transform.

We can easily verify that our present example correspond to lemmata from section 4. But,
wpe = 0 thus the rule B&C = H is not added into Mobius transform, even if his antecedent

B&(C is subconjunction of added conjunctive translation of antecedent of maximal disjunctive
rule.

b) Lemmata 4.2 and 4.3 do not hold for weakly founded ecd knowledge bases. Let us consider
the following weakly founded ecd knowledge base.
= H(wo)
AVBVC = HWwY 5 )
AV D= H(wY_p)
B = H(wY)
A&C = H(w)
B&D = H(w%))
Similarly as before, it is not necessary to estimate implicit weights of dijunctive rules.
Estimations of implicit weights:
wh = wy_p_ o ®wy_pOwo
wi =wh_p ¢
wh = wh_p
whip = wh S wh_p O wo
whp = wi_p ® wi_p_o© wo
whe = wy
wip = wh_p S wi_g_o O wo
wipe = Wi O whe © wo
whipp = Whp
whep = Wi
whop = Whp
wipep = Wie @ wyp © w’
Mébied weights:
Wo
WA-B-C = w%_B_g B wo
WA_D = w%_D 6wl

wy =0
_ 0 0

wp = wp O Wy_g_¢
wo =0
wp =10
wap = 0

_ 0 0 0
WAC = Wyuo OWy_p O wy_p D wo
wap =0 M
wpc =0

_ 0 0 0
WBpD = Wgp S, wg @wA_D B wo
wop =0

_ 0

WABC = Wy_pg_o O Wo
wapp =0
wacp =0
wpep =0

_ 0
WABCD = Wy_p O Wo m
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non stated weights of disjunctive rules are equal to zero again.

Rule A&B&C&D = H(wY_, & wp) is addedd into Mobius transform even if the an-
tecedent of the rule is neither conjunctive translation of an antecedent of any disjunctive rule

nor its subconjunction. And vice-versa, conjunctive translation of maximal disjunctive rule
AV D = H is not added.

c) Let us consider the previous knowledge base extended with rule A = H(w%).
= H(wp)
AVBVC=HW_g o)
AV D= HwY_ p)
A= H(uw9)
B = H(wY)
A&C = H(uwhe)
B&D = H(w%))

Similarly as before, it is not necessary to estimate implicit weights of dijunctive rules.

Estimations of implicit weights:
wE = wh_p_c

wp = ng—D
wﬁB:w%@w%@wo

wip = w%

whe = wh

wtp =wh_p S wi_p_c O wo
whpe = wy © whe © wo

whpp = wy G whp O wo

Wicp = w?w

whep = Wip

whpep = Whe @ whp O w’
Mébied weights:

wo

wa_p_c = wY_g_o O wo
WA_D = w%_D o w?

wag =Wl CwY_p o Owy_p G w
wp = wh O WY p o

WAB = wgl—B—C B wo

wac = e O wh

WBp = w%D =) w% =) w%_D B wo

wapc =0 M

0
WABD = Wj_p O Wo m
wapcp =0 !

we = Wp = WAp = WBe = Wep = wacp = Wpep = 0,
non stated weights of disjunctive rules are also equal to zero.

Rule A&B&D = H(wY_p & wp)is addedd into Mobius transform even if the antecedent
of the rule is neither conjunctive translation of an antecedent of any disjunctive rule nor its

subconjunction. And vice-versa, conjunctive translation of maximal disjunctive rule AV D =
H is not added.
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