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Abstract

An expository text explaining how duality methods may be used to obtain the classical
theorems on �Ceby�sev approximation as consequences of a simple result on representa	
tion of functionals on 
nite	dimensional spaces of continuous functions� The represen	
tation lemma is based� in its turn� on the classical theorem of Carath�eodory on convex
hulls� In this manner the classical theorems of Haar� �Ceby�sev and de la Vall�ee	Poussin
are reduced to the basic facts on convexity�
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The proof is based on a representation theorem for linear functionals on 
nite 	
dimensional spaces of continuous functions and this� in its turn� uses the following
basic facts from convexity theory�

���� If E is a �not necessarily closed� subspace f a Banach space X and x� � X then

dist x�� E� � max
n
hx� fi� f � E�� jf j � �

o

���� If A is a compact subset of an n�dimensional Banach space E then the absolutely

convex bull of A is compact and consists of all vectors of the form
nP

i��

�iai with ai � A

and
nP
i��

j�ij � ��

The second fact is closely related to the classical theorem of Carath�eodory which
says that every element of the convex hull of a set A in an n	dimensional vector space
is a convex combination of n� � points ai in A�

Let T be a compact Hausdor� space and let CT � be the Banach space of all
continuous realvalued functions on T equipped with the norm

jxj � maxfjxt�j� t � Tg�

The dual space of CT � will be denoted by CT �d� the value of the functional f � CT �d

at x � CT � will be denoted by hx� fi� Given t � T � the mapping x ��� xt� clearly
is linear and bounded and� consequently� may be considered as an element of CT �d�
We shall denote this functional by �t�� thus hx� �t�i � xt� for x � CT � and t � T �
Whenever there is no danger of misunderstanding� we shall identify t and �t� and write
simply hx� ti � xt�� It will be convenient to form linear combinations of functionals
of this type� in this identi
cation f �

P
�jtj means

hx� fi �
X

�jxtj�

for every x � CT ��
The problem considered by A�Haar may be stated in modern terminology� as

follows� Given an n	dimensional subspace E � CT � a simple compactness argument
shows that� for every x � CT �� there exists at least one e� � E such that jx � e�j �
inffjx�ej� e � Eg� This element e�� the best approximation of x by elements of E� will
not be unique in general� In the case where T is a compact interval of the real axis and
E is the subspace of all polynomial of degree � n�� restrictions of polynomials to T �
we do have uniqueness so we can speak about the polynomial of best approximation or
the �Ceby�sev polynomial� In the case of a general n	dimensional subspace E we have
the problem of A�Haar� to characterize those n	dimensional subspaces E � CT � such
that for each x � CT �� the best approximation by elements of E is unique� The result
of Haar may be stated in the form of the following equivalence�

���� Theorem Let E be an n�dimensional subspace of CT �� Then the best approxi�
mation by elements of E is unique for every x � CT � if and only if no nonzero element
e � E can have more than n� � distinct zeros in T �
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This explains� in particular� why best approximations by polynomials are unique�
Indeed� a polynomial of degree � n�� with more than n�� distinct zeros is identically
zero�

We intend to show now that the substance of the approximation theorems is con	
tained in a representation theorem for linear functionals on n	dimensional subspaces of
CT �� It is a known fact that bounded linear functionals on CT � may be represented
by certain measures on T � The following basic result shows that linear functionals on
n	dimensional subspaces of CT � have a representation by measures concentrated in n

points of T �
Before stating the theorem it will be convenient to introduce some notation� Con	

sider a Banach space E and let L be a subspace of E� Given f � Ed� the norm of its
restriction to L will be denoted by jf jL� clearly jf jL � jf j and the inequality will be
strict except in the case when the supremum

suphx� fi� x � E� jxj � �

may already be reached taking elements x � L only�

���� Representation theorem Let L be a p�dimensional subspace of CT �� Let f
be a linear functional on L� Then there exist p points ti � T and numbers ��� � � � � �p

such that f �
pP

i��

�iti and
P
j�ij � jf jL�

Proof� With every point t � T we may associate a linear functional �t� on L de
ned
by the relation hx� �t�i � xt� for every x � L� In this manner �t� is the restriction
to L of the functional �t� � CT �d so that its norm j�t�jL � j�t�j � � for every
t � T � It follows that �T � is a subset of the closed unit bull B of Ld� Since � is clearly
a continuous mapping of T into B the set �T � is compact� Let us show now that B
coincides with the absolutely convex hull of �T �� Indeed� suppose there exists a b � B

that does not belong to the absolutely convex hull of �T �� Since linear functionals on
Ld may be identi
ed with elements of L we conclude that there exists an x � L such
that

suphx� �T �i � hx� bi�

This is a contradiction since

suphx� �T �i � jxj and hx� bi � jxjjbj � jxj�

According to the theorem of Carath�eodory its strengthened version for absolutely

convex hulls� every element g of B may be represented in the form g �
pP

i��

�i�ti� with

pP
i��

j�ij � ��

Now consider an arbitrary nonzero f � Ld� the functional g � jf j��L f is an an
element of B and may thus be represented in the form

g �
pX

i��

�i�ti� with
X

j�ij � ��

�



Since � � jgjL �
P
j�ij we have

P
j�ij � �� Setting �i � jf jL�i we obtain the desired

representation of f � �

Now we are ready to prove the theorem of Haar� It will be convenient to restate it
in its negative form�

���� Theorem Let E be an n�dimensional subspace of CT �� The the following two
conditions are equivalent�
�� there exists an x � CT � for which the best approximation by elements of E is not
unique�
�� there exists a nonzero e � E such that et� � � for at least n distinct points t � T �

Proof� Elementary linear algebra shows that condition �� is equivalent to

�� there exists a nonzero linear combination
nP

i��

�iti which vanishes on E�

Now assume ��� Then there exist elements x� � CT �� e� � E and a nonzero e � E

such that� for every 	 su�ciently small in modulus�

jx� � e� � 	e�j � dist x�� E��

Denote by L the linear span of E and x� so that the dimension of L is n � �� There
exists a linear functional f of norm one on L such that f vanishes on E and

hx� � e�� fi � jx� � e�j

By the representation theorem f may be expressed in the form f �
n��P
i��

�iti with
P
j�ij � �� If one of the �i is zero condition �� is satis
ed and �� implies ��� We may

thus assume that the ti are distinct and all the n� � coe�cients �i are di�erent from
zero� Writing w� for x��e� we obtain jw�j � hw�� fi �

Pn��
i�� �iw�ti�� Since

P
j�ij � �

and all �i �� �� it follows that jw�ti�j � jw�j for all i� Furthermore� jw� � 	ej � jw�j
for all 	 su�ciently small in modulus� Fixing i� we have

jw�ti� � 	eti�j � jw� � 	ej � jw�j � jw�ti�j

for 	 small in modulus� this is not possible unless eti� � �� Thus eti� � � for all the
n� � points ti and this gives ���

On the other hand� suppose there exists a nonzero e� � E� je�j � � that vanishes
at n distinct points ti � T � It follows that there exists a nonzero linear combination

f �
nP

i��

�iti such that hE� fi � �� We may clearly suppose that
nP

i��

j�ij � � so that

jf j � �� Now choose an arbitrary a � CT � such that jaj � � and ati� � sign �i
whenever �i �� � and de
ne the function x� by the relation x�t� � at��� je�t�j�� It
follows that jx�t�j� je�t�j � � for every t � T whence jx�� e�j � �� at the same time�
jx�j � �� If we show that jx� � ej � � for all e � E it will follow that � and e� are two
di�erent best approximations of x�� Now� for every e � E�

jx� � ej � jf jjx� � ej � hx� � e� fi � hx�� fi � �

and this completes the proof� �
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Now suppose E is an n	dimensional subspace of CT � which satis
es Haar�s condi	
tion so that� for every x � CT � there exists exactly one e� � E such that

jx� e�j � inffjx� ej� e � Eg�

Thus e� is the best approximation of x by elements of E� The representation theorem
may be used to obtain additional information about the set of those points t � T where
the modulus of the function xt�� e�t� assumes its maximal value jx � e�j� Indeed�
we have the following result�

���� Let E be an n�dimensional subspace of CT �� Suppose that E satis�es Haar�s
condition� If x � CT � lies outside E and if e� is the best approximation of x by
elements of E then the equation

jxt�� e�t�j � jx� e�j

has at least n� � distinct solution�

Proof� Since x does not belong to E the linear span L of E and x is a linear subspace
of dimension n � �� There exists a linear functional f of norm one on L such that f
vanishes on E and

hx� e�� fi � jx� e�j

Now f may be expressed in the form f �
n��P
i��

�iti with ti � T and
P
j�ij � �� Since

E satis
es Haar�s condition the ti must be all distinct and the �i must all be di�erent
from zero� Since

jx� e�j � hx � e�� fi �
n��X
i��

�ixti�� e�ti��

it follows that jxti�� e�ti�j � jx� e�j for every i� �

In the case where T is a compact interval of the real axis it is possible to prove a
more precise statement including information about the sign of xt��e�t� at the points
t where the norm of x � e� is attained� this will enable us to give a characterization
of the element of best approximation� Let us show now how the classical theorems of
�Ceby�sev and de la Val�ee	Poussin may be obtained as immediate consequences of the
representation theorem ����� We begin by proving a simple lemma�

���� Let T be a compact interval of the real axis and let E be an n�dimensional
subspace of CT � which satis�es Haar�s condition� If t� � t� � � � � � tn��� are given
points of T there exists exactly one �up to a scalar factor� nonzero linear combination

f �
n��P
i��

�iti vanishing on E� All numbers �i are di	erent from zero and they alternate

in sign�

�



Proof� Since E is an n	dimensional space� the n � � linear functionals tj are linearly

dependent on E so that there exists a linear combination f �
n��P
i��

�iti with hE� fi � ��

Our assumption about E implies that all �i are di�erent from zero�
Now suppose that two consecutive coe�cients � are of the same sign� positive say�

We have thus� for some i� the inequalities �i 
 �� �i�� 
 �� Since E has dimension n

there exists an e � E such that eti� � � and etj� � � for all j di�erent from i and
i� �� if any� i�e� if n � �� Let us show now that eti��� 
 �� Indeed� if eti��� � �� the
element e has at least n distinct zeros on T � The inequality eti��� � � would imply�
together with eti� 
 �� the existence of at between ti and ti�� for which et� � �� In
both cases we obtain a contradiction with Haar�s condition for E� Thus eti��� 
 �
and

he� fi � �ieti� � �i��eti��� 
 �

a contradiction� The proof is complete� �

The following lemma is due to de la Vall�ee	Poussin 	 we obtain it as an immediate
consequence of the preceding lemma�

���� Let T be a compact interval of the real axis and let E be an n�dimensional
subspace of CT � ful�lling Haar�s condition� Let x� � CT � and e� � E be given�
Suppose t� � t� � � � � � tn�� are given points in T � Suppose that the numbers x�ti��
e�ti� are all di	erent from zero and alternate in sign� Then

minfjx� � ej� e � Eg � min jx�tj�� e�tj�j

Proof� According to the preceding lemma there exist positive numbers �f � � � � � �n��

with
n��P
i��

�i � � such that f �
n��P
i��

���i�iti vanishes on E� Set 	 � signx�t�� � e�t����

For every e � E we have then

jx� � ej � hx� � e� 	fi � hx� � e�� 	fi �

� 	
X

�i���
ix�ti�� e�ti�� �

X
�ijx�ti�� e�ti�j �

� min jx�tj�� e�tj�j

�

Now we are ready to prove the theorem of �Ceby�sev�

���� Theorem Let T be a compact interval of the real axis and let E be an n�
dimensional subspace of CT � ful�lling Haar�s condition� Let x � CT � and e � E be
given� Then the following two conditions are equivalent�
�� The element e is the best approximation of x by elements of E
�� There exist n � � points t� � t� � � � � � tn�� in T such that xti� � eti� are equal
to jx� ej in modulus and alternate in sign�

�



Proof� Assume ��� Then there exists a functional f �
n��P
i��

�iti with
n��P
i��

j�ij � � which

vanishes on E and such that jx � ej � hx � e� fi� It follows that xti� � eti� �
jx � ej sign �i whenever �i �� �� If the ti are arranged in increasing order it follows
from lemma ���� that the corresponding � are all di�erent from zero and alternate in
sign� This proves ��� The implication �� � �� follows from the preceding result� �

���� Example� Let T be a set of cardinality n 
 � and consider the n � �� dimen�
sional subspace E of CT � consisting of those x � CT � for which

P
t�T

xt� � �� Clearly

E satis�es the Haar condition� Let x� be de�ned by x�t� � � for all t � T � Then 

is the best approximation of x� by elements of E� In particular� the element of best
approximation e� satis�es x�t�� e�t� � � for all t � T �

Proof� It su�ces to prove the following implication� if
P
xi � � then max jxi � �j � ��

Suppose� on the contrary� that this maximum is less than �� Then
P
jxi � �j � n so

that

� 

X

jxi � �j � n �
X

jxi � �j � �� �
X�

xi � ��� � �
�
�
X

x�i � �

a contradiction�

�
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