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Abstract

Every database can be seen, at least from the point of view of logic, as a conjunction
of different facts (and depending on the representation of these as data, information
or knowledge, we can obtain either a classical database system, either an information
system or even a kind of fashioned knowledge-base system) which leads naturally to
the idea of representing such a database as a (formal) logic theory.

The states of such a database and the operations over such a database obey usually
certain rules (so called integrity constraints in the database approach) which can again
be expressed in the corresponding logic (for instance in the form of special axioms).
In order to enlarge the expressiveness and the possibilities of the existing database
systems by allowing them to process the uncertainty (probalistic, possibilistic, degree
of belief) and the fuzziness (vagueness, degree of truth) it is possible to try to extend
the underlying logic from the classical one to one of the fuzzy logics.
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Chapter 1

Introduction

The close relation between the databases and the logic was recognized very early. For
instance, in [Schwartz, 1971] the author wrote:

The problems of data-base system design are separated into two cat-
egories : abstract or hierarchy-independent problems, and concrete , or
hierarchy-dependent problems.

. abstract problems, ... could still be defined and studied even if data
sets, however large, were always held in a large single-level memory big
enough to hold whatever files, permanent or temporary, that a data system
required.

. core memory containing 2°° 300-bit words; even a fast computer would

take a century to access all these words, so that any data base which cannot
be stored in such a memory is in real sense too large to be handled by our
present data processing technology. (Approximately 4.10'° GB ...)
In contrast to the abstract theory ... the concrete theory ... problems
specific to the storage of large amounts of data on “ block addressable 7 or
“ serially addressable 7 and generally electromechanical memories; specifi-
cally, drums, discs, and tapes.

. even if all problems arising from block addressability are ignored, a
large number of design problems remain.

Many of these are optimization problems of various kinds, generally hav-
ing to do with methods for reducing the size of the otherwise very lengthy
searches necessary to locate particular items to be retrieved.

. the retrieval processes to be carried out are easily described in set-
theoretical terms, so that the problems of the data base area are problems
of efficiency rather than problems of description.

Data base problems are generally quite simple from the logical point of
view, and easily formulated in set-theoretical terms.

... From an abstract point of view, a data base can be regarded as an en-
coded representation of certain sets 51, 52,...,S5y (the files of the data
base) together with a certain collection of mapping fi,..., fn .



CHAPTER 1. INTRODUCTION

Certain of these mappings will define value or attribute functions, i. e.
will assign to one or another of their sets 5; attributes whose meaning is
external to the data base itself. ...

A mapping of this kind may be indicated symbolically by writing

f  S;— V., where V isthe range of values of f .

Other mappings will be cross-reference mappings which assign elements
of one set 5; to elements of another set 5; . ...

Such a map may be indicated by writing f : S; — 5,

Within a data base one characteristically finds :

a. Relatively few, but often quite large sets 5; .
( These are the main files of the data base. )

b. Items may be added to and substracted from sets, and particular values
of maps may be changed with fair frequency as a data base is updated

. the operations associated with data base processing are from the
abstract set theoretical point of view extremely simple. They generally only
require that certain straightforward combinations of the basic operations :
subset extraction, union, intersection, counting, totalling and maximization
be carried out.

EXAMPLE 1
How many employees belonging to organization central staff speak Chinese?

print # { x € employees | department (x) eq centralstaff
and Chinese € languagesspoken (x) }

We can rewrite the last two lines as follows :
Card ({x€E|d(x) = ¢ and ez €1(x) })
and we see that the nucleus of a general query is simply the following one :

{x €S| P(x)},where P isan appropriate predicate .



Chapter 2

Codd relational data model

[ts appearance [Codd, 1970] in the early seventies influenced almost all the areas of
database research and technology.
Let us remind just a few phrases from the abstract of this famous paper :

Future users of large data banks must be protected from having to know
how the data is organized in the machine (the internal representation). ...
Activities of users at terminals and most application programs should re-
main unaffected when the internal representation of data is changed and
even when some aspects of the external representation are changed.

2.1 Relations

Definition 1a

(Codd)
Given sets S1, Sz, ..., Sy ( not necessarily distinct ), R is a
relation on these m sets if it is a subset of the cartesian product
S1 X Sy x ... xSy ( set of m-tuples each of which has its first
element from Sy , its second element from S, , and so on ) .
S; is the jth domain of R.
Note 1
One can use the “ array representation ” of a relation :
Morocco Rabat
Libya Tripolis
Tunisia Tunis

with the following properties :

P1 : Each row represents an m-tuple of R .
P2 : The ordering of rows is immaterial.
P3 : All rows are distinct.
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P4 : The ordering of columns is significant — it corresponds to the ordering

S1, 52, ..., Sy of the domains on which R is defined.
Cain Abel
Brutus Ceasar

P5 : The significance of each column is partially conveyed by labeling it with the
name of the corresponding domain.

US—President : Vice —President :
Clinton Gore

Bush Quale

Reaggan Bush

Carter Mondale

Ford Rockefeller

Nixon Ford

Johnson Humprey
Keneddy Johnson

Remark 1

Even if the columns are labeled by the name of the corresponding
domains, the ordering of columns should matter :

one can have a relation with two ( or more ) identical domains
— see the following example .

EXAMPLE 2
Part : Part : Quantity :
Computer System board 1
System board [/O Support 1
[/O Support 8-bit IAS Slot 1
[/O Support 16-bit TAS Slot 6
[/O Support 32-bit VESA Slot 3
[/O Support Keybord attachement 1
[/O Support Speaker attachement 1

Codd proposed in his original paper in such a case that the ambiguous domains
names “ be qualified by a distinctive role name , which serves to identify the role
played by that domains in the given relation ”

Instead we will present a modification of his original Definition 1a :
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Definition 1b
A relation in the RELATIONAL DATA MODEL ( RMD ) will be any
(ordered ) triple ( A, D, T ) where
1. A is a finite set of attribute names
( distinct words of finite length over an alphabet ) .

2. D is a mapping which maps every attribute name a € A to a
domain , noted D (a) .

( Domains are nonempty sets — need not be distinct ! )

3. T is a finite subset of the cartesian product of all the attribute
names domains D (a) .

The previous example then gets the following form :
EXAMPLE 3

Parts explosion problem = ( A, D, Components ) where :
A = { Assembly , Subassembly, Quantity }

D : D(Assembly) = Parts
D (Subassembly) = Parts
D{

Quantity ) = Natural Numbers
( with the domains Parts and Natural Numbers )

Components : instead of an array representation we will in the next
utilize a * tabular representation ” :

Assembly ‘ Subassembly ‘ Quantity ‘

Computer System board 1
System board | I/O Support

[/O Support | 8-bit TAS Slot

[/O Support | 16-bit TAS Slot

[/O Support | 32-bit VESA Slot
[/O Support | Keybord attachement
[/O Support | Speaker attachement

=W O ==

Remark 2

By permuting the columns of such a table or ( equivalently )
permuting the order of the attribute names domains in the cartesian
product we obtain the same information .

So Codd had to use the term relationship as an equivalence class
of relations that are “equivalent ” under permutation of domains

( relationships as “ domain-unordered counterparts ” of relations ) .
Instead we will again present yet another modification of his original
definition of a relation :
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Definition 1

A relation in the RMD will be any triple { A, D, T ) with

1. A being a finite set of attribute names .

2. D being a mapping which maps every attribute name a € A
to a domain , noted D (a) .
Let us denote by D (A) the union of all D (a) .
( We will call it the universe of discourse . )

3. T being a finite set of mappings t from A to the universe
of discourse D (A) such that t(a) € D(a) forall a € A.

Note 2

P1
P2

P3:
P4 :

We will utilize the same tabular representation as before, but the table
representing a relation will now have the following properties :

: Fach row represents a mapping ¢ from 7' .
: The ordering of rows is immaterial.
All rows are distinct.

The ordering of columns is immaterial.

Convention 1

Instead of the * attribute names ” we will speak shortly only about
the “ attributes ” .

Convention 2

We will still utilize the name “ tuple 7 for the elements of T' .

Having the right definition of the relation we can return to the Codd’s vision of a data

bank :

The totality of data in a data bank may be viewed as a collection of
time-varying relations. These relations are of assorted degrees. As time
progresses, each m - ary relation may be subject to insertion of additional
m - tuples, deletion of existing ones, and alteration of components of any of
its existing m - tuples .

To be able to study in more details the relations we will start by giving the notion

of the equality of relations .
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2.1.1 Equality of Relations

Definition 2
Let R, = (A, D;,T; ), :€{1,2}, be two relations such that :

1. Al — A2
2. D1 — D2
3. T1 - T2

Then we will say that the two relations are equal
( for what we will use the usual notation : Ry = Ry ) .

EXAMPLE 4
| Rl | 7 |
‘ President ‘ Vice—President ‘ ‘ Vice—President ‘ President ‘
Clinton Gore Johnson Keneddy
Bush Quale Humprey Johnson
Reaggan Bush Ford Nixon
Carter Mondale Rockefeller Ford
Ford Rockefeller Mondale Carter
Nixon Ford Bush Reaggan
Johnson Humprey Quale Bush
Keneddy Johnson Gore Clinton
R1 — R2
Remark 3

The notion of the equality is a particular case of a more general notion,
namely of equivalence which we will introduce next.
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2.1.2 Equivalence of Relations

Notation 1

Definition 3a
Let R, = (A, D;,T;), 1 €{1,2}, be two relations such that :

LA | =]A| (=m)
(A =AHayljem},ie{l,2})

2. (Vjem) (Di(ay) =Dy(az))
Notation 2 Dy (Ar) ! Dy ( As)
Notation 3 D, g D,
3. | = |1z (=n)

(T ={t | ken},ee{l,2})

(Vken)(Vjem) (ty(ay) = tamp (az))

( © being an appropriate permutation in 7 )

(i

Notation 4 (VEken) (i (A1) = taray (Az))
(i

Notation 5 Ti(A1) = 7(T2(A2))
(i

Notation 6 T1 (Al ) ~ T2 ( A2 )
(i

Notation 7 T, ~ Ty

Then we will say that the two relations are equivalent .

Notation 8 R, ~ R,
EXAMPLE 5
| 2 | | 2 |
‘ US—President ‘ Vice—President ‘ ‘ President ‘ Vice—Pres. ‘
Clinton Gore Keneddy Johnson
Bush Quale Johnson Humprey
Reaggan Bush Nixon Ford
Carter Mondale Ford Rockefeller
Ford Rockefeller Carter Mondale
Nixon Ford Reaggan Bush
Johnson Humprey Bush Quale
Keneddy Johnson Clinton Gore
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Remark 4

But we can go even further.

In the Definition 3a we can replace the point 2. by the following one :
2. (Vjem) (Di(ay) = Dy(az ) )
( 7 being an appropriate permutation in m )

(i
Notation 9 D1 (A1) ~ Dy(7w(Ay))

0

Notation 10 D, ~ D,

This leads us naturally to the following definition of the equivalence of relations :

Definition 3b
Let R, = (A, D;,T; ), :€{1,2}, be two relations such that :
Lo JA | =] A (=m)
(A =AHayljem},ie{l,2})
2. (Vjem) (Di(ay) 0 Dy(ayg) #0)

( 7 being an appropriate permutation in m )

0

Notation 11 Di (A )N Dy(w(Ay)) #£0
3. 11| = | Ty | (=mn)
(Ti = {ty | ken},ie{1,2})
(Vhen)(Viem) (tu(ay) = tam (aze() ) )

( p being an appropriate permutation in n )

0

Notation 12 (Vken)(tw(A) = tym(7(A2)))
Notation 13 Tl(Al)Ep(Tz(W(Az))
Notation 1/ Ty (Ay) g Ty(w(Ar))
Notation 15 T, E T,

Then we will say that the two relations are equivalent .

Notation 16 R, ~ R,.

Lemma 1
~ is a special case of ~

Proof : Simply take for the permutation 7 the identity .
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EXAMPLE 6
| 2 | 2 |
‘ US—President ‘ Vice—President ‘ ‘ Vice—Pres. ‘ President ‘
Clinton Gore Johnson Keneddy
Bush Quale Humprey Johnson
Reaggan Bush Ford Nixon
Carter Mondale Rockefeller | Ford
Ford Rockefeller Mondale Carter
Nixon Ford Bush Reaggan
Johnson Humprey Quale Bush
Keneddy Johnson Gore Clinton
R, ~ R,
Lemma 2
((Di(A1) N Dy(w(A2))) #0) = (|A|=]A42])
Lemma 3

(L ~T)AN(T| # 0)) =
((Di(A1) N Dy(w(Az))) # 0)
Corollary 1
(L ~)ANT|# 0)) = ([A]=]A2])

Corollary 2
Incase | T;| # 0, the first and the second condition in the
Definition 3b are redundant.

Now we can give the following definition of the equivalence of relations .

Definition 3c
Let R, = (A, D;,T;), :€{1,2}, be two relations such that :
(T ~T)A(T] # 0).

Then we will say that the two relations are equivalent .

If we admit that all empty relations ( relations with | T'| = 0 ) are equivalent,
we obtain the final definition of equivalence of relations :

Definition 3
Let R, = (A, D;,T;), :€{1,2}, be two relations such that :
T1 ~/ T2 .

Then we will say that the two relations are equivalent .
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2.2 Set of Relations

Thank to the previous definitions we can decide whether two relations

— from (certain) set of relations , noted ¥ — are equivalent or even equal.
In the following we will often not distinguish between equivalent relations.
( In fact, in such a case, we will operate on the factorized set R/~ ).

2.2.1 Ordering

We can define an ordering between relations :

Definition 4a
Let R, = (A, D;,T;), :€{1,2}, be two relations such that :

1. Al — A2
2. D1 — D2
3. Ty C 1y

Then we will say that the relation R; is a subrelation of the
relation By — what we will note : Ry C Ry .

EXAMPLE 7

| US PRESIDENTS |
President ‘ Vice—President ‘

Clinton Gore

| MURDERED US PRESIDENTS | Bush Quale

‘ President ‘ Vice—President ‘ E{ea;ggan E/IUShd 1

‘ Keneddy ‘ Johnson ‘ F(ifder R;)ie?e(;ler
Nixon Ford
Johnson Humprey
Keneddy Johnson

MURDERED US PRESIDENTS C US PRESIDENTS
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Remark 5

Again we can generalize the notion of a subrelation in several directions :

In the Definition 4a we can replace the points 1. — 3. by the following
ones :

LA | =]A] (=m)
(A, ={a;|jem},ie{l,2})

2. (Viem) ( Di(ai) C Day(as))

Notation 17 D1 (Al) C D2 ( T (AQ) )
( 7 being a permutation in m )
or even this new point 2. by the following one :

D\ (A) N Dy(m(Ay)) £ 0

3. (VieT )ﬁ(HUETz) (t(A1) = u(m(A2)))

Notation 18 Ti(A)) C Th(w (A))

According to Lemma 2 the first condition is redundant and so we obtain the
following definition :

Definition 4b
Let R, = (A, D;,T;), :€{1,2}, be two relations such that :
1. Di(A) N Dy(w(Ay)) # 0
2. Ty (A1) C Th(w (Az))

Then we will say that the relation R; is a subrelation of the
relation R, .

We will later once more return to the generalization of the definition of subrelation
after introducing the operation projection .

In any case the notion of subrelation give us already now the possibility to define a
partial ordering on the set of relations .
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2.3 Set Operations on Relations

Since relations are, roughly speaking, sets (of mappings), we can apply all the usual
set operations on them.

2.3.1 Unary operations

Definition 5
Let R=(A,D,T) bearelation.

The active domain of the attribute ¢ (€ A), with respect to
the relation R, is the following subset of the domain D (a) :

aD(a,R)={deD(a)|(FteT)(t(a) =d)}

The active complement of the relation R is the relation

R = <A,D,T> where :
T={t:A=D(A)|((VacA)(t(a)eaD(a,R)))AN(t&T)}

The complement of the relation R is the ( ordered ) triple :
R=(A,D, T) where:

T={t:A=D(A)[((VaeA)(t(a)eD(a)))A(t&T)}

Lemma 4
In case of an infinite universe of discourse the complement of a relation
is not a relation.

Corollary 3
The complement of a relation is a partial unary operation on the set
of relations .

Corollary 4
The active complement of a relation is a total unary operation on the
set of relations .

Note 3
In the following ( if not noted explicitly otherwise ) we will use only the
active complement which we will call shortly the complement .



CHAPTER 2. CODD RELATIONAL DATA MODEL 15

2.3.2 Binary operations

Definition 6
Let R, = ( A;, D;, T, ) be relations with equal cardinalities of A;
such that : Dy (w1 (A1)) N Dy(my(Ay)) £ 0
( m; being appropriate permutations ) .

A 7 - intersection of relations R; is the relation noted
RN, Ry = (A, D,T) suchthat:

L JA] =]A]|=]A;]

2. D(A) N Dl(ﬂ'(Al)) D, (m(Ay)) #0

3. T = {t:A=D(A)|((JueT)A(FveTy))
(( ) =u(m(Ar))=v(m(42)))}

Il <=

Notation 19 T T (m(A)) N Th(m(Ar))

A 7 - difference of relations R; and R, is the relation noted

R, — R, = (A, D,T) such that :
L |A| =]A]

D(A) N Di(m (A

1)
3. T = {t: A= D(A)|
((FueT)(i1(A) =u(m(A1)))) A
. (VoeTa)(t(A) #v(m(A2))))}

Notation 20 T = T\ (m(A)) — Th(m(As))

N

) # 0

A 7 - union of relations R; is the relation noted
R, U, Ry = (A, D, T) such that :
L. |A| = |A1| = |A2|
2. D(A) N Di(m (A1) N Dy(me(Az)) # 0
3. T =AHt:A=D(A)|((FJueTy)Vv(IveTy))
((1(A) = u(m(A1)))
V(t(A) =v(m(A2))))}

Ti (A1) U Ty (Ay)

Il <=

Notation 21 T

Convention 3
In the case of permutations m; being identities we will omit the prefix
7 - and speak shortly only about (respectively) : the intersection ,
the difference ,
the union ,

and note them respectively: Ry N Ry, , R — R; and R; U R, .
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The insertion of additional m - tuples then corresponds to the union of the appro-
priate relations, the deletion of exvisting m - tuples corresponds to the difference of
the appropriate relations, and the alteration of components of any of existing m - tuples
can be expressed as a deletion followed by an insertion .

2.3.3 Algebraic properties of relational set operations

From the point of view of the general algebra it can be easily shown that :

The unary operation : the complement (no active) and
the binary operations : the intersection

the difference

the wunion
are partial operations .

The ¢ntersection and the union are: commutative and associative .

Thanks to the associativity we can generalize these two operations to arbitrary
higher arity n .
Let us denote by Ry the following empty relation : Ry = (0, 0,0) .

Now we can make the intersection and the difference total operations
(like the active complement ) by posing for the cases not covered by the
Definition 6 :

leRQZR@
Rl_R2:R1

Especially :
R NRy = Ry
R1 — R(]) — R1
Ry — R = Ry.
Adding :
R1 U R(]) — R1
Ry acts as :

e the zero ( null ) for the intersection
o the right unity for the difference

o the left zero for the difference

e the unity for the union .

Resume Thanks to the previous generalizations we can sum up :
The set of relations is :

e a partly ordered groupoid with respect to the difference
e a partly ordered associative Abelian groupoid with respect to the wunion

e a partly ordered Abelian semigroup with respect to the intersection .
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Convention 4
In the following we will call the set operations over relations the basic
operations .

What was really new in Codd RMD were the other kinds of operations over the
relations which we will introduce in the next and which we will call :

2.4 Higher operations

2.4.1 Projections

Definition 7
Let R=(A,D,T) bearelation and A; C A.

The projection of the relation R over A; is the relation noted
R[A]= (A, Dy, Ty) such that:
1. D1 — D/A1

( the restriction of the mapping D on the subset A; of A )

Il <=1

Notation 22 T T[A]
EXAMPLE 8
| US PRESIDENTS |
‘ President ‘ Vice—President ‘
Clinton Gore Clinton
Bush Quale Bush
Reaggan Bush Reaggan
Carter Mondale Carter
Ford Rockefeller Ford
Nixon Ford Nixon
Johnson Humprey Johnson
Keneddy Johnson Keneddy
Note 4
R = US PRESIDENTS [ President |

Now we can return to the generalization of the inclusion of relations :
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Definition 4

ExXAMPLE 9

Note 5

Lemma 5

18

Let R, = (A, D;,T;), i€{1,2} , betwo relations such that :

L (3An C Az) (| A =] An |)
2. Dl(Al) N (DQ/AQl)(ﬂ'(Azl))#m
( 7 being an appropriate permutation )

3. Ti(Ay) C Th[An](w(Axn))

Then we will say that the relation R; is a subrelation

R C Ry .

of the relation R; — what we will note :

President

Keneddy

US PRESIDENTS |

President ‘ Vice—President ‘

Clinton Gore

Bush Quale
Reaggan Bush
Carter Mondale
Ford Rockefeller
Nixon Ford
Johnson Humprey
Keneddy Johnson

MUSP = MURDERED US PRESIDENTS | President |

MUSP C US PRESIDENTS

There exists a minimal element in the set of relations, namely the
the relation Ry .

Definition 8

Notation 23

Let R=(A,D,T) bearelation and A; C A .

The antiprojection of the relation R over A; is the relation noted

R]A

1. Dy
2. T

T

[ =

Il <

( Ay, Dy, Ty ) such that :

D/A,

(A = A — Ay)

{t: A =D (A) | (VueT[A])((t,u) eT)}

T A,

—
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Notation 24
(t,u) denotes mapping w : A— D(A) such that:

w(A) = t(A;) and
w(Ay) = u(A) .

Remark 6
The set T [A;] can be expressed also as follows :

(A=A - A)
TIA] ={t: Ai—=Di1(A) | (JueT[A])((t,u) €eT)}

Comparing it with the expression of the set T | Ay |

we can state the following :

Lemma 6
The antiprojection differs from the projection only by replacing the
existential quantifier by the general one .

Corollary 5
In general case the following inclusion holds: R ]JA;| C R [A;]

ExaMPLE 10

| LANGUAGES SPOKEN |

‘ Name ‘Language ‘

Boris Russian

Francois French

John English
Peter English

Peter French
Peter German
Peter Russian

Wolfgan | German

| LANGUAGES SPOKEN [ Name | |

‘ Name ‘
Boris | LANGUAGES SPOKEN ] Name [ |
Francois ‘ Name ‘
John ‘ Peter ‘
Peter
Wolfgan
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Definition 9
Let R, = (A, D;,T;) , i€{1,2} , betwo relations
with disjunctive sets of attribute names : A; N Ay, = 0.
(This can be always fulfilled by renaming the attribute names.)

The cartesian product of the relations R; is the relation noted
Ry X R, = (A,D,T ) suchthat:

1. A — A1 U A2

2. DJA; = DifA: , ic{l,2)
0

Notation 25 D = D, U D,

3.7 = {t: A= D(A)| (t(A) = w(A)) (w € T1)}

Il <=1

Notation 26 T T xX T,

Remark 7
The cartesian product is in certain sense an inverse operation to the
operation projection .
But in general case we have only the following lemma :

Lemma 7
Let R=(A,D,T) bearelationand A, C A, i€{1,2},
such that : Ay = A — Ay .

Then : R C (R[A;] X R[A;])

ExaMPLE 11

| R |
‘ Name ‘ Language ‘
John English
Paul French

[ [ Congrage] |
[ Language |

John English
Paul French

‘ R [ Name ] X R [ Language ] ‘

‘ Name ‘ Language ‘
John English
John French
Paul English
Paul French

20
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2.4.2 Joins

Definition 10
Let R = (A, D;,T;), 1€ {1,2} , be two relations and
B C A;, i€ {1,2} ., betwo sets of attributes such that
Di(By) N Dy(m(B)) # 0.
The join of the relations Ry and Ry, , according to the attributes
(sets) By and By , with respect to the equality , is the relation
noted Ry *p —r~n,) Ry = (A, D,T ) suchthat:

1. A — A1 U A2

2. D(a;) ; Dy(a;) U Dy(ay) , Yje|A]
Notation 27 D = D, U D,
3.7 = {t: A= D(A)|((Vie{1,2})(Fw € T)))
(((A;) = u; (A;)) A (ur (Br) = wa(x(B))))}

)
Notation 28 T = T *pB x5, Tt
Convention 5
In case of © being the identity, equality of B; and such that they are

maximal (in set inclusion sense ) with such a property, we will
omit the inder g, —rp,) by the = and call the join shortly the

natural join of R, and R, .

ExXaAMPLE 12

| R, | R,
Head | Department Department
Name Number Number ‘ Name
Ladislav 21 21 Numerical optimization
Marcel 23 22 Knowledge based systems
Emil 24 23 Neural networks
Zdenék 25 24 Non-linear modelling
Vaclav 27 25 Applied Linear Algebra
| R, * R, |
Head Department
Name Name ‘ Number
Ladislav || Numerical optimization 21
Marcel Neural networks 23
Emil Non-linear modelling 24
Zdenék || Applied Linear Algebra 25
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Convention 6
In the next we will call a set of attributes a compound attribute
or even, shortly, only an attribute .
When such a set will have ezactly one element, we will call it,
whenever necessary, a simple attribute .

We can generalize the previous definition of join by replacing the equality by an
arbitrary (binary) relation ...

Definition 11
Let R = (A, D;,T;), 1€ {1,2} , be two relations and
B c A;, i€ {1,2} , be two attributes such that there

exists a binary relation (in classical mathematical sense ...)
O defined on the cartesian product of cartesian products of

corresponding domains D; (a';) , a'; € B; , which we will

denote by :  D;¥ (By) X D, (By) where :

Notation 29 D (Bi) = Xuaien Di( a';)

The join of the relations Ry and Ry, , according to the attributes

By and By , with respect to the relation © | is the relation noted

R, xo(B B,y R: = (A, D,T ) suchthat:

1. A — A1 U A2

2. D — D1 U D2

3. T = {t:A—=D(A)|((Vee{l,2})(Fu; €Ty))
((10A;) = ui (A;)) A ((ua(Br),u2(B2)) € ©))}

I <

Notation 30 T Ty %0 (B,,B,) T

Convention 7
The join with respect to the relation © will be called the ©-join .

ExaMPLE 13

| R, |
Name | Age | Annual Salary
(years) | (thousands USD)

Peter 33 50
John 40 15
Jalius 42 9

‘ R, * Age < Annual Salary R, ‘

Name | Age | Annual Salary
(years) | (thousands USD)

| Peter | 33 | 50 |
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Finally we can even generalize the notions of the intersection — Definition 6 |,
of the cartesian product — Definition 9 and of the join with respect to the equality
( natural join ) — Definition 10 into the following one :

Definition 12

Notation 31

Lemma 8

Let R = (A, D;,T;), i € {1,2} | be two relations .

The join of the relations R; and R, is the relation noted

R, ®« R, = (A,D,T) suchthat:

. A = A U A,

2. D = D; U D,

3. T {t: A=D(A)|((Vee{1,2})(Fu;, € T}))
(£(A;) = u; (A;))}

I <

T ®» Ty

In case we have in the Definition 12 :

1.
2.
3.

ExaMPLE 14

A1 = A2 then R1 €3 R2 = R1 N R2
A1 N A2 = 0 then R1 €3 R2 = R1 X R2
(IB, C A;)), 1€ {1,2},

such that B; = B, and
B; are maximal ( set inclusion sense )

then R, » Ry, = R; * R,

| LANGUAGES SPOKEN |

‘ Name ‘Language ‘

Boris Russian

Francois | French | LANGUAGES REQUIRED |
John English ‘ Language ‘
Peter English ‘ Fnglish ‘
Peter French
Peter German
Peter Russian

Wolfgan | German

| ( LANGUAGES SPOKEN ® LANGUAGES REQUIRED ) [ Name | |

‘ Name ‘

John
Peter
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Remark &

It is also possible to define so called (operator of the ) selection
Let R, = (A, Di,T,), 1 € {1,2} , betwo relations such that :

Ay C Ay and

| Ty | = 1.
Let us denote by y the image of the (unique ) element of Ty :

y = u(Az), uvely.
The selection , noted o 4,-, , is defined as :
c4,=-y(R) = R ® Ry

or equivalently :

ca=-y(R1) = (A, Dy, T ) suchthat:
T = {t: AA—>Di (A1) ] t(A) =y}

ExXaMPLE 15

| R |
‘ Name ‘ Language ‘
Boris Russian
Francois French ‘ T Language = English (R) ‘
John English | Name | Language |
Peter English John English
Peter French Peter English
Peter Russian
Peter German
Wolfgan |  German

Definition 13

Let R = (A, D;,T;), i € {1,2} | be two relations .
The sum of the relations R; and £, is the relation noted
R, + R, = (A,D,T) suchthat:
. A = A U A,
2. D = Dy U D,
3. T = {t:A-=D(A)|(((Vie{1,2})(Fu; €T;))
(Viei t(4) = wi (A7) A
. (YeENERE @ EaD(e )

Notation 32 T =T, + Ty
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Remark 9
Comparing the expression for the Ty ® T, :

T, o Ty = {t: A= D(A)|((Vie{1,2})) (3w €T))
(1(A;) =u; (A7)}
which can be also expressed as follows :
T, o Ty = {t: A= D(A)|((Vie{1,2})) (3w €T))
(AJit(Ay) = ui (A7)}
T, o Ty = {t: A= D(A)|(((Vie{1,2})(Fu €T)))
(Af=i t(A7) = u; (A7) A
((VaeA)(Fk e {1,2})(t(a) eaD(a, RB)))}
and the expression for T, + T :
W+ T, = {t:A=-D(A)|((Vie{l,2})(Fu; € T;))
(Viey t(A) = wi(A5))) A
((VaeA)(Fk e {1,2})(t(a)eaD(a, R)))}
we can state the following :
Lemma 9

The sum of the relations differs from the join of the relations only by
replacing the conjunction by the corresponding disjunction .

Corollary 6
In general case the following inclusion holds :

R ®» R, C R + R,

Definition 14
Let R, = (A, Di, 1), © € {1,2} , betwo relations such
that there exists a join Ry *e(B,,B,) ft2 .
Denote : A = A, — B; , 1€ {1,2} .
The composition of the relations Ry and Ry , according to the

attributes By and By , with respect to the relation © | is the

relation noted R, <o (B, B,) Ry and defined as :

(Rl *0 (B ,B:) RQ)[All U AQ,]

Convention 8
The composition with respect to the relation @ will be called the
O - composition .
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Convention 9

In case the corresponding join will be the natural one, we will speak
about the natural composition and we will note it simply as :

R,

- R,

Now we can return to the the situation of the EXAMPLE 12 :

EXAMPLE 16

| Ry | 1ty
Head | Department Department
Name Number Number ‘ Name
Ladislav 21 21 Numerical optimization
Marcel 23 22 Knowledge based systems
Emil 24 23 Neural networks
Zdenék 25 24 Non-linear modelling
Vaclav 27 25 Applied Linear Algebra
Rl . RQ ‘
Head Department
Name Name
Ladislav | Numerical optimization
Marcel Neural networks
Emil Non-linear modelling
Zdenék | Applied Linear Algebra
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2.4.3 Restrictions

Definition 15
Let R = (A, D;,T;), 1€ {1,2} , be two relations and
B c A, i€ {1,2}, betwo attributes of equal
cardinalities (| B1| = | B2 | ) .
The restriction of the relation R; by the relation R, |,
according to the attributes By and By , is the relation R noted
R, B, | B, Ry such that :
. R C Ry
2. R[By] C R,|[B;]
3. R is the mazimal relation satisfying
the previous two conditions .

Convention 10
In the next we will use alternatively also the name

By, By —restriction of the relation Ry by (the relation) R, .
Convention 11

When B; = A, we will speak shortly only about the

restriction of the relation Ry by (the relation) R, .

And again we can give a generalization of the restriction with respect to a general
(binary ) relation ...

Definition 16
Let R = (A, D;,T;), 1€ {1,2} , be two relations and
B c A;, i€ {1,2} , be two attributes such that there

exists a binary relation (in classical mathematical sense ...)
O defined on the cartesian product of cartesian products of

corresponding domains D; (a';) , that is:
© C D" (B,) X D, (By)

The restriction of the relation R; by the relation Ry , according
to the attributes By and By , with respect to the relation ©
is the relation noted Ry | o(B,,B,) B2 = (A, Dy, T)
such that :
1. T = {tely|((Juely)
(t(B1),u(B:)) € ©))}

2. It is the mazimal relation satisfying the previous
condition .
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Convention 12

In the next we will use alternatively also the name

By, By — O —restriction of the relation Ry by (the relation) R; .

ExaMPLE 17

| R, |
‘ Name ‘ Language ‘ Level ‘
Boris Russian high ‘ R, ‘
Francois French excellent ‘ Language ‘ Level ‘
John English superior Fnglish Sipetior
Peter English superior Tronch xcollont
Peter French medium Cerman T excellont
Peter German | medium
Peter Russian medium
Wolfgan | German | excelent

‘ R, Language, Level | Language, Level R, ‘

‘ Name ‘ Language ‘ Level ‘

Francois French excellent
John English superior
Peter English superior

Wolfgan | German excelent
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2.4.4 Division

Definition 16

EXAMPLE 18

Let R = (A, D;,T;), i€ {1,2} , be two relations such
that : ((As C A1) A (A2 # Ar)) and
Di(Az) 0 Dy(m(Ay)) # 0
( 7 being an appropriate permutation )
Denote: A3 = A, — A, .
The division of the relation R; by the relation R is the relation
noted Ry - R, = ( A3, D3, T3 ) such that :
. Ds = Dy /A,
2.5 = {t: As—=Ds(As) | ((Yv € Ty)(Fu € T1))
(t(As) = u(As)) A (u(Az) = v(43)))}

29

| R, |

‘ Name ‘ Language ‘
Boris Russian

Francois French ‘Rl ~ R, ‘
John English English ‘ Name ‘
Peter English French ‘ Dot ‘
Peter French German
Peter Russian Russian
Peter German

Wolfgan | German

(Rt R

English ‘ Name

French ‘ Peter

German
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2.4.5 Algebraic properties of higher relational operations

From the point of view of the general algebra it can be shown that :

The (pseudo-) unary operations ( over set of relations R ) : the projection

the antiprojection
(in fact partial mappings from the cartesian product :
R x N into R where N isthe set of attribute names )
can be made total by leaving the condition : A; C A
and requiring that for the projection we have :
R[A] =(ANA,D/(AANA), T[AINA])
respectively that for the antiprojection we have :

R|JA[=(ANA,D/(ANA), T]ANA[)

The binary operations :
the cartesian product ( by leaving the condition :
Al N A2 = @
we obtain the definition of join )
the join
the natural join
the natural composition
the sum

and the (pseudo-) binary operation : the join with respect to the equality
(in fact partial mappings from the cartesian product :
R x R? into R )
are commutative and associative ( thanks to the associativity we can generalize
them to an arbitrary higher arity n ) .

The (pseudo-) binary operations :
the O -join
the © - composition
the By, By — O —restriction
(in fact partial mappings from the cartesian product :
R? x R?* x Mathematical Relations into R )

the By, By — restriction
the restriction

the division
(in fact partial mappings from the cartesian product :
R? x R? into R )

are NOT commutative .
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Ry acts as :
e the unity for the :

cartesian product
join with respect to the equality
natural join
join
natural composition
sum
division
restriction

Resume Thanks to the previous generalizations we can sum up :

The set of relations is :

e a partly ordered groupoid with respect to the :
O - join
O - composition
By, By — O —restriction
By, By — restriction
restriction
division

e a partly ordered associative Abelian groupoid with respect to the :

join with respect to the equality

e a partly ordered Abelian semigroup with respect to the :

cartesian product
join

natural join
natural composition
sum
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