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� Introduction

We consider here a system of n nonlinear equations in n unknowns

fi	x�� � � � � xn
 � � 	i � �� � � � � n


which we write simply as
f	x
 � �� 	���


The main goal is to establish a veriable su�cient condition for existence and unique�
ness of solution of 	���
 in a given region X � IRn 	later chosen as an interval vector�
X � �x � d� x � d�
� Let R	x
 � X � IRn�n be any mapping such that R	x
 is a
nonsingular matrix for each x � X� Then 	���
 is equivalent to

x � x�R	x
f	x


in X� and for
F 	x
 �� x�R	x
f	x


we obtain an equivalent xed�point equation

x � F 	x
 	���


which we shall consider in the sequel� In the main result of this report 	Theorem �
 we
give an existence and uniqueness test for 	���
 together with a method for constructing
a nested sequence of interval vectors containing the solution x� of 	���
 and tending to
x� 	hence� we have a veried enclosure of x� at each iteration
� The result is preceded
by an auxiliary lemma which may be of independent interest� A simple nonexistence
test is given in Theorem �� a result of such type is necessary when using a branch�
and�bound method 	see e�g� Ratschek and Rokne ���
 for nding all solutions of 	���

in some region X for which the conditions under which Theorem � works are not yet
satised� In the last section we brie�y consider the connection of these results to the
material of our earlier report ��� on validated solutions of linear equations�

� Lemma

Lemma � Let fxjg�j�� and fdjg�j�� be vector �or scalar� sequences satisfying

jxj � xj��j � dj � dj�� 	���


for each j� and let dj � d�� Then we have�

�� xj � x��

�� x� � �xj � dj � d�� xj � dj � d�� for each j�

	� the sequence of intervals f�xj � dj � d�� xj � dj � d��g�j�� is nested�

�



Proof� �
 For each j � � and m � �� from 	���
 we have jxj�xj�mj �
Pj�m��

k�j jxk�

xk��j �
Pj�m��

k�j 	dk � dk��
 � dj � dj�m� hence

jxj � xj�mj � dj � dj�m� 	���


�
 Let � � �� Since fdjg is convergent� there exists a j such that jdj � dj�mj �
dj � dj�m � � for each m � �� Then from 	���
 we have

jxj � xj�mj � �

for each m � �� hence fxjg is a cauchian sequence� thus xj � x��
�
 For each j � �� taking m�� in 	���
� we obtain

jxj � x�j � dj � d��

which implies
x� � �xj � dj � d�� xj � dj � d���

�
 It follows from 	���
 that xj � dj � xj�� � dj�� and xj�� � dj�� � xj � dj for
each j� hence the sequence of intervals �xj � dj � d�� xj � dj � d�� is nested�

� Main result

Theorem � Let F map an interval vector �x�d� x�d� � IRn into IRn� and let there
exist a nonnegative matrix H with the following properties�

�i� jF 	x�
� F 	x��
j � Hjx� � x��j for each x�� x�� � �x� d� x� d��

�ii� jx� F 	x
j � 	I �H
d�

Then the equation
�x � F 	�x
 	���


has a unique solution x� in �x�d� x�d�� and the sequence of interval vectors f�xj � dj� xj�
dj �g�j�� de
ned by

x� � x�

d� � d

and

xj�� � F 	xj
� 	���


dj�� � Hdj

	j � �� �� � � �
 is nested� satis
es

x� � �xj � dj � xj � dj�

for each j� and xj � x�� dj � ��

�



Proof� SinceH is nonnegative� from 	ii
 we haveHd � d and d � �� hence �	H
 � �
and Hj � �� 	I �H
�� � �� We shall prove by induction that the sequences fxjg and
fdjg satisfy

jxj � xj��j � dj � dj�� 	���


for each j� For j � � we have jx� � x�j � jx� F 	x
j � 	I �H
d � d� � d� due to 	ii
�
Let 	���
 hold for some j � �� then

jxj�� � xj��j � jF 	xj
� F 	xj��j � Hjxj � xj��j � H	dj � dj��
 � dj�� � dj���

which concludes the inductive proof of 	���
� Since dj � Hjd� � �� Lemma � implies
that xj � x�� x� � �xj � dj� xj � dj � for each j 	in particular� x� � �x� d� x� d�
� and
the sequence f�xj � dj� xj � dj �g�j�� is nested� Since F is continuous in �x � d� x � d�
due to 	i
� taking j �� in 	���
 we obtain that x� solves 	���
� Let �x be any solution
to 	���
� Then

j�x� x�j � jF 	�x
� F 	x�
j � Hj�x� x�j�

hence
	I �H
j�x� x�j � �

and premultiplying this inequality by the nonnegative matrix 	I �H
�� yields j�x�x�j
� �� hence �x � x�� Thus x� is the unique solution of 	���
 in �x� d� x� d��

The assumption 	i
 is satised if F is di�erentiable and

�
�
�
�
�

�Fi

�xj
	x�


�
�
�
�
�
� Hij

holds for each x� � �x� d� x� d�� Thus the values Hij can be computed using interval
extensions of the partial derivatives� see ����

� Nonexistence test

Theorem � Let F map an interval vector �x� d� x � d� � IRn into IRn� and let it
satisfy the assumption �i� of Theorem � for some nonnegative matrix H� If there exists
an x� � �x� d� x� d� satisfying

jx�i � Fi	x
�
j � �		I �H
d
i 	���


for some i� then the equation
�x � F 	�x


does not have a solution in �x� d� x� d��

Proof� Assume to the contrary that x� � F 	x�
 holds for some x� � �x� d� x� d��
Then we have

jx� � F 	x�
j � jx� � x� � F 	x�
� F 	x�
j � 	I �H
jx� � x�j � �	I �H
d�

which contradicts 	���
�

�



� The linear case

For a system of linear equations
Ax � b

	A square
� using a nonsingular matrix R� we can write equivalently

x � 	I �RA
x�Rb

and for F 	x
 �� 	I �RA
x�Rb we have

jF 	x�
� F 	x��
j � jI �RAj � jx� � x��j�

hence the assumption 	i
 of Theorem � is satised for

H �� jI �RAj�

Thus Theorem � generalizes both the �enclosure theorem� and the �renement theo�
rem� given for the linear case in our earlier paper ���� Like in ���� Brouwer�s xed�point
theorem has not been used in the proof of the main result�

�
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