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Abstract

The porous media �ow problem with a mixed boundary conditions is considered�
Mixed�hybrid formulation of porous media �ow problem is described and the existence
and uniqueness of the solution is proved� Mixed�hybrid �nite element method is used
for approximate solutions� A�priori error estimates are derived with some conditions
for convergence�
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� Introduction

Let 
 be a domain in Euclidean space R
� with a piecewise smooth boundary �
 �

The porous media �ow problem is described by Darcy�s law

u � �A��rp 
 �����

and the continuity equation for uncompressible �uid

r � u � q� �����

where u is a velocity of the �ow	 p is a piezometric head	 q is a density of sources and
A�� is positive de�nite tensor of permeability of porous media� �i�e� there exists �� � �
such that

P
i�j���A

���x��ij�i�j � ��
P

i�� �i�i for all � � R� and almost everywhere on

 � Further we suppose �A���x��ij � L��
� 	 for i� j � f�� �� �g �� From macroscopic
point of view it is necessary to involve the tectonical discontinuity into permeability
tensor�

The boundary �
 is composed from two parts� It holds �
 � �
D � �
N 	
�
D � �
N � �� The following boundary conditions are considered

p � pD on �
D � �����

u � n � �A��rp � n � uN on �
N � �����

where n denotes the unit outward normal to boundary �
 �It exists almost every�
where��

� Mixed�hybrid formulation of the porous media

�ow problem� existence and uniqueness of solu�

tion

Consider the decomposition Eh of domain 
 by elements ei� i � I� such that it is
valid �see ����

�i� 
 � �e�Ehe 

�ii� ei � ej � � � if i �� j 

�iii� e � Eh is open subset 
 with a piecewise smooth boundary �e �

We shall denote by �h � �e�Eh�e��
D the structure of faces of elements from which
we shall exclude the faces with Dirichlet boundary conditions �
D� De�ne following
spaces on the decompositions Eh 	 �h �

H�div� Eh� � fv � L��
�
 r � ve � L��e�� 	e � Ehg �����

with the norm
k v kdiv�Eh� � k v k���� �

X
e�Eh

k r � ve k���e �
�
� � �����

�



where ve denotes the restriction of vector function v on the element e and

H
�
�
D��h� � f� � �h 
 R 
 �� � H�

D�
�� �
e � 	h�

e� 	e � Ehg� �����

where H�
D�
� � f� � H��
�
 	� � � on �
Dg	 	h is the trace mapping of functions

from H�
D�
� on the structure of faces �h and 	 is the trace mapping on �
� In the

functional space H
�
�
D��h� we de�ne norm

k � k �
� ��h

� inf
��H�

D
���
f j�j���
 	h� � � na �hg� �����

where j�j��� � �r��r��
�
�
���� Further let

WD�h � H�div� Eh� � L��
��H
�
�
D��h� �����

be function space with standard norm

k w kW�� � � k v k�div�Eh � k 
 k���� � k � k��
� ��h

�
�
� � �����

We introduce a bilinear form B� ew�w� on the product WD�h �WD�h by relations

B� ew�w� �
X
e�Eh

Be� ewe�we�� �����

Be� ewe�we� � �Aeve�ve���e � � e
e�r � ve���e � �r � eve� 
e���e �
� � e�e�ne � ve ��e � � ne � eve� �e ��e� �����

where ne denotes the unit outward normal to �e� Further we de�ne a linear continous
functional on WD�h by formula

Q�w� �
X
e�Eh

f� �qe� 
e���e� � peD�n
e � ve ��e���D � � ueN � �

e ��e���N g � �����

DEFINITION ���� The function w� �WD�h is said to be a weak solution of mixed�
hybrid formulation of porous media �ow problem described by equations �����	 �����
using with boundary conditions �����	 �����	 the decomposition Eh of domain 
 and
structure of faces �h 	 if

B�w��w� � Q�w� � 	w �WD�h � ������

Now we shall prove some lemmas	 which introduce some functions important for showed
of existence and uniqueness of weak solution�

LEMMA ���� Let us choose � � H
�
�
D��h� and let � � H�

D�
� be a function such
that for all e � Eh will be �e weak solution of problem

� r � r�e � � in e� ������

�



with boundary condition
�e � �e on �e� ������

Then

j�j���� �
X
e�Eh

Z
�e

��e

�ne
�e dS � k � k��

� ��h
� ������

PROOF� Applying the Green formula to equation ��r�r�e� �e���e � � and consid�
ering boundary condition ������	 we obtain

j�ej���e �
Z
�e

��e

�ne
�e dS � ������

From ������ we get the left equality in ������� From the variational formulation of
problem ������ with boundary condition ������ we can write�

j�ej���e � inf
��H�

D
���
fj
ej���e 
 


e � �e on �e g �k �e k��
� ��e

� ������

which implies ������� �

Let us denote
jAj � sup

kvk���	�
�Av�v����� ������

REMARK ���� Let � � H
�
�
D��h� and let e� be a function such that for all e � Eh will

be e�e weak solution of equation ������ with boundary condition e�e � �
jAj

�e on the �e�
Then

j e�j���� �
X
e�Eh

j e�ej���e � jAj�� k � k��
�
��h

� ������

LEMMA ���� Let � � H
�
�
D��h� and 
 � L��
�� Let � be the solution of the following

problem
�r � r� � 
 in 
� ������

� � � on �
D �
��

�n
� � on �
N � ������

Then X
e�Eh

� �e�r�e � ne ��e � � � ������

PROOF� Because � � H
�
�
D��h� there exists � � H�

D�
� such that 	h� � �� Using the
Green formula we get�X

e�Eh

� �e�r�e � ne ��e�
X
e�Eh

���e�r � r�e���e � �r�e�r�e���e� �

� ���r � r����� � �r��r����� �� 	��r� � n ����

�� 	��r� � n ���N� �� ������

�

�



REMARK ���� There exists C� depending only on domain 
 such that

j�j��� 
 C� k 
 k��� � ������

For C� and jAj �see also ������� e� is a weak solution of the problem

�r � r e� �
�

jAjC�
�


 in 
 ������

with boundary conditions ������� Then using ������ we get

j e�j��� 
 �

jAjC�
k 
 k��� � ������

THEOREM ���� Mixed�hybrid formulation porous media �ow problem de�ned by
equation ����	
 has a unique solution w� �WD�h�
PROOF� First we estimate

� �e�ve � ne ��e � �r
e�ve���e � �
e�r � ve���e 
 ������


 k 
e k��ek v
e kdiv�e � k �e k �

� ��e
k ve kdiv�e �

Choosing we � �ve� 
e� �e�	 ewe � �eve� e
e� e�e� and applying the Schwartz inequality to
the bilinear form ����� we obtain

jBe� ewe�we�j 
 jAj k eve k��ek ve k��e � k e
e k��ek r � ve k��e �

� k r � eve k��ek 
e k��e � k e�e k �
� ��e

k ve kdiv�e �

� k �e k �
� ��e

k eve kdiv�e 


 �maxfjAj� �g k ewe kW�e � k w

e kW�e � ������

Introduce C� � �maxfjAj� �g and a� � inf�v�v����	� �Av�v���� � �� For any we �

�ve� 
e� �e� we choose ewe � �eve� e
e� e�e� in the following

e
e � ��
e � �r � ve�eve � �ve � �r e�e � r e�e� ������e�e � ���e�

where e�e and e� were de�ned above� Now we have

Be� ewe�we� � �Aeve�ve���e � � e
e�r � ve���e � �r � eve� 
e���e�
� � e�e�ve � ne ��e � � �e� eve � ne ��e�

� minfa�� � ��
�
jAj �

�
�jAjC�

�
g� k we k�

W�e � � �e�r e�e � ne ��e�

� k�a�� jAj� C��� k we k�
W�e � � �e�r e�e � ne ��e�

where

k�a�� jAj� C�� � min

�
a�

�
� ��

�

jAj
�

�

�jAjC�
�

�
� ������

�



For the components of the function ew we get

�eve� eve���e 
 � k ve k���e �
�

jAj�
k �e k��

�
��e

�
�

jAj�C�
�

k 
e k���e�

�r � eve�r � eve���e 

�
� �

�

jAjC�
�

�
k r � ve k���e �

�

jAjC�
�

�
� �

�

jAjC�
�

�
k 
e k���e�

� e
e� e
e���e 
 � k 
e k���e �� k r � ve k���e�

k e�e k��
� ��e

� � k �e k��
� ��e

�

Consenquently	
k ewe k�W�e 
 K��jAj� C�� k w

e k�W�e �

with

K�jAj� C�� �

�
max

� �
� �

�

jAj�C�
�

�
�

jAjC�
�

�
� �

�

jAjC�
�

��
� ��

�
� �

�

jAjC�
�

�
�

�
� �

�

jAj�

��� �
�

�

Then

Be� ewe�we� �
k

K
k ewe kW�ek w

e kW�e � � �e�r e�e � ne ��e

and summing up we obtain

B� ew�w� �
X
e�Eh

Be� ewe�we� �
k

K
k ew kW��k w kW�� �

Introducing

C� �
k

K
� � ������

we get
inf

kewk
W�h

	�
sup

kwk
W�h

��
B� ew�w� � C�� ������

From the symmetry of the bilinear form B� ew�w� follows immediately

inf
kwk

W�h
	�

sup
kewk

W�h
��

B� ew�w� � C�� ������

By ��� Theorem ���� there exists unique solution of problem ������	 satisfying

k ew kW�h

�

C�
fk q k���� � k pD k��

�
��e

� k uN k�� �
�
��e
g
�
� � ������

where k uN k�
� �

� ��e
� infv�HN�div���fk v kdiv��
 uN � v � n on �
N g�

Constants C� � �maxfjAj� �g� C� �
k

K
� � are independent on the decomposition

Eh of domain 
� �

�



REMARK ���� Let p� be a classical solution of equation �r � A��rp � q with
boundary conditions �����	 ������ Consider w� in the form w� � �u�� p�� p�j�h�� Then
w� �WD�h and for any 
� � 
 such that 
� � 
 is p� � H��
�� and

�Au�e�ve���e��� � �p�e�r � ve���e���� � p�ej�h �n
e � ve ���e���

N
���e����

N
�

�� p�e�ne � ve �e����

D
� ������

Here �
�
D	 resp� �
�

N 	 approximate parts of boundary �
D	 resp� �
N 	 and 
�
N �


� � �
�
N �

From the continuity of p� and rp� in the domain 
 and from the equation �A�� �p�

�ne
�

u�e � ne on �
 it follows for 
� 
 
�

�Au�e�ve���e��� 
 �Au�e�ve���e�

�p�e�r � ve���e��� 
 �p�e�r � ve���e�

� p�ej�h�n
e � ve ���e���

N
���e����

N
�
� pD�n

e � ve ��e���N �X
e�Eh

� u�e � ne� �e �e����
� u� � n� � ���N�� uN � � ���N � ������

Now for any w �WD�h we obtain

B�w��w� �
X
e�Eh

Be�w
�e�we� �

X
e�Eh

f �Au�e�ve���e �

��p�e�r � ve���e � �r � u�e� 
e���e� � p�e�ne � ve ��e � � ne � u�e� �e ��eg �

�
X
e�Eh

f��qe� 
e���e� � peD�n
e � ve ��e���D � � ueN � �

e ��e���Ng � Q�w��

Consequently	 w� solves equation ������ and considering uniqueness we have w� � w��

� Approximation of mixed�hybrid formulation

Assume the decomposition Eh of the domain 
 strongly regular	 i�e� there exists con�
stant C� independent on Eh such that

max
e�Eh

he


e

 C� � �����

where he � diame and 
e denotes the diameter of the spheres inscribed in e�
Let us introduce the class of polynomials of degree at most k in e Pk�e� and for k� r� t �
N we de�ne spaces

Pk�Eh� � f
h � L��
�
 
eh � Pk�e�� 	e � Ehg� �����

Hr�div� Eh� � fvh
 v
e
h � H�div� e�� veh � �Pr�e��

�� 	e � Ehg� �����

H
�
�
D�t��h� � f�h � H

�
�
D��h�
 ��

e
h � Pt�e�� �

e
h � 	�e

h� 	e � Ehg� �����

�



WD�h�k�r�t� � Hr�div� Eh�� Pk�Eh��H
�
�
D�t��h� � WD�h� �����

DEFINITION ���� The function w�
h � WD�h�k�r�t� is the approximation of mixed�

hybrid formulation	 if holds

B�w�
h�wh� � Q�wh�� 	wh �WD�h�k�r�t�� �����

where B��� ��	 resp� Q���	 was de�ned �����	 resp� ������

We shall show some conditions for existence unique solution of ������ First we intro�
duce necessary conditions�

LEMMA ���� Assume there exists a unique solution of ����

 then

�i
 	�h � H
�
�
D�t��h� �X
e�Eh

� vh � n
e� �h ��e� �� 	vh � Hr�div� Eh� �� �h � �� �����

�ii
 	�h � Pk�Eh� �

�r � vh� �h���e � �� 	vh � Hr�div� Eh� �� �e
h � �� �����

PROOF� Let �i� be invalid	 then there exists ��h � H
�
�
D�t��h�� ��h �� � such thatX

e�Eh

� vh � n
e� ��h ��e� �� 	vh � Hr�div� Eh��

Then B��
� �� ��h��wh� � � for all wh � WD�h�k�r�t�� Therefore w�
�h � �
� �� �� is not

unique solution of ����� for q � �� pD � �� uN � ��

Let �ii� is invalid	 then there exists ��h � Pk�Eh�� ��e
h �� � such that

�r � ve� ��e
h���e � �� 	ve � Hr�div� Eh��

Then B��
� ��h� ���wh� � � for all wh �WD�h�k�r�t�	 and so w�
h� � �
� �� �� is not unique

solution of ����� for q � �� pD � �� uN � �� �

For ����� is necessary fvh �ne
 vh � Hr�div� Eh�� e � Ehg generated complete system of

functionals on H
�
�
D�t��h�� Let us choose �h � H

�
�
D�t��h� and consider the problem

�r � r e�h � � in e� e�h � �h on �e�

For vh � r e�h � �Pt���e��� for all e � Eh we getX
e�Eh

� r e�h � n
e� �h ��e� j e�hj

�
��� �k �h k

�
�
� ��h

� �����

For ful�lment ����� it is necessary to satisfy r � t� ��
For ����� it is necessary fr �vh
 vh � Hr�div� Eh�g to generate the complete system of
functionals on Pk�Eh�� From that we have the condition r � k � ��

�



Let 
h � Pk�Eh� and e�h � H��
� be a solution of the equation

�r � r e�h �
�

jAjC�
�


h in 
 ������

with mixed boundary conditions

e�h � � on �
D �
� e�h

�n
� � on �
N � ������

Then
r e�h � Hr�div� Eh�� ������

We introduce
H��div� e� � fve � �Pr�e��

�
 r � ve � � g� ������

THEOREM ���� Let r � k � � � t� �� Then there exists unique solution of ����
�

PROOF� For we
h � �veh� 


e
h� �

e
h� we choose ewe

h � �eveh� e
eh� e�eh� in the form

eveh � �veh � �r e�e
h �r e�e

h�e
eh � ��
eh � �r � veh�e�eh � ���eh�

We calculate

Be� ewe
h�w

e
h� � ��Aveh�v

e
h���e � ��Ar e�e

h�v
e
h���e � �Ar e�e

h�v
e
h���e �

��r � veh�r � veh���e � �r � r e�e
h� 


e
h���e � �r �r e�e

h�� 

e
h���e �

�� � �eh�r e�e
h � n

e ��e � � �eh�r
e�e
h � n

e ��e �

r e�e
h � H��e� and therefore �r � r e�e

h� 

e
h���e � ��

Further analogously to the Theorem ��� we get

B� ewh�wh� � k k wh k
�
W�h� ������

and because k ewh kW�h
 K k wh kW�h� we obtain

inf
kwhkW�h

	�
sup

kewhkW�h
��

jB� ewh�wh�j � C�� ������

The bilinear form B� ewh�wh� is symmetric and so

inf
kewhkW�h

	�
sup

kwhkW�h
��
jB� ewh�wh�j � C�� ������

According to ��� there exists unique solution of ����� and following estimate is valid

k w� �w�
h kWD�h



�
� �

C�

C�

	
inf

wh�WD�h�r�k�t�

k w� �wh kWD�h
������

�



�

Let s is integer and we introduce the Sobolev space Hs�
� �see ����� We denote by
k � ks�� the norm of the space Hs�
��

LEMMA ���� Let s � N� Then for any � � Hs�
�� s � �� s � N there exists
constant K� � � indepedent on h and function �h � Pk�Eh� such that

k �� �h k���
 K�h
�� k � ks�e� ������

where �� � minfk � �� sg�

LEMMA ���� Let m � N� Then for any ue � �Hm�e���� m � �� m � N
 there exists
constant K� � � independent on h and function uh � Hr�div� Eh� such that

k u� uh kdiv��
 K�h
��
e k ue km��� ������

where �� � minfr�m� �g�

LEMMA ���� Let � � N�

H
�
�
D�t��h� � f�h � H

�
�
D��h�
 ��

e
h � Pt�e�� �

e
h � 	h�

e
h� 	e � Eh g� ������

Then for any � � H��
�� � � �� � � N such that � � � on �h there exists constant

K� � � indepedent on h and function �h � H
�
�
D�t��h� such that

k � � �h k �
�
��h

 K�h

�� k � k���� ������

where �� � minft� �� �g�

Proof of inequalities ������	 ������ is introduced in ���� Inequality ������ follows imme�
diately from the de�nition of norm k � k �

�
��h

�

If �h � H�
D�
� � Pt�e� � for all e � Eh and �hj�h � �h � H

�
�
D�t��h� � then we get the

inequality
k � � �h k �

� ��h

 j�� �hj��� ������

THEOREM ���� Let p� � H��
�� � � � be the exact solution of equation �r�rp � q

and let r � k � � � t� ��
Let w�

h � �uh� ph� �h� �WD�r�k�t� be the solution of problem ����
�
Let us denote

�w � ��u� �p� ����� ��A��rp� � uh � p
� � ph � p

�j�h � �h ��

� � minf r � t � � � � g�

C� �
�
� �

C�

C�

	
maxfK��K��K�g�

�



Then

k �w kW��
 C�h�


�X
e�Eh

k p�e k���e

�

�
�

� ������

PROOF� The statement follows from ���	 assertion of the Theorem ���� and from
lemmas ��� 	 ��� and ���� �

��
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