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Abstract

We study mainly practical aspects of algorithms� Section � contains a brief introduc�
tion to Nonsmooth �Nondi	erentiable
 Optimization and a simple bundle algorithm�
In Section � we incorporate the aggregation strategy� Section 
 contains a necessary
generalization for the nonconvex case� in Section � we address the question of how to
obtain the next iterate� Section � is devoted to a stopping criterion and in section � we
give a technique for choosing the weight parameter� Some numerical experiments are
reported in Section ��
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� Introduction

Consider the following nonlinear optimization problem

minimize f�x
 on Rn ����


Di	erently from the standard situation� we do not require f to be smooth� In sections �
and � we suppose� that f is convex� In this case we can use the following substitution
of the gradient� the subdi�erential of f at x �see ���


�f�x
 � fg � Rnjhg� z � xi � f�z
 � f�x
 for all z � Rng ����


This ��x
 is a nonempty� convex and compact set� which shrinks to the gradient�
whenever f is di	erentiable at x� the elements of ��x
 are called subgradients� We
make the general assumption� at every x� we know f�x
 and one �arbitrary
 g � �f�x
�

The methods for nonsmooth optimization can be divided into two main classes�
subgradient methods and bundle methods� we restrict ourselves to the latter� which
seem to be the most promising�

A long�known algorithm to minimize convex f is the cutting plane algorithm �see
�����
�
� At step k� let the iterates y�� � � � � yk have been generated� together with the
corresponding function values f�y�
� � � � � f�yk
 and subgradients g� � �f�y�
� � � � � gk �
�f�yk
� We de�ne the cutting plane approximation of f �associated with above bundle
of information
 to be the piecewise linear function

�fk�x
 � maxff�yi
 � hgi� x� yii � i � �� � � � � kg ���



It results immediately from ����
 that

�fk�x
 � f�x
 and �fk�yi
 � f�yi
� i � �� � � � � k� ����


Minimization of this cutting plane model in some convex compact set� which contains
an optimal point� provides the next iterate yk���

Unfortunately� the numerical behaviour of this algorithm is extremely poor� There�
fore some stabilizing techniques were proposed� With respect to an available routine
for solving a quadratic programming problem �see ���
 we choose the following process
�see ���� also for its convergence properties
 as our basic algorithm� which is in com�
parison with ��� slightly adapted with regard to next sections �e�g� in the quadratic
programming subproblem we use equivalently fki � f�xk
 instead of fki 
 �

Algorithm ����

Step �� �Initialization�� Select a starting point x� � Rn and set k � �� y� � x��
Choose a weight �penalty parameter
 u � � and line search parameter
mL � ��� �
� compute f�y�
 and g� � �f�y�
�

�



Step �� �Direction 	nding�� Find the solution �dk� vk
 to the k�th quadratic pro�
gramming subproblem

minimize v � u

�
jdj� over all �d� v
 � Rn �R

satisfying fki � f�xk
 � hgi� di � v for i � �� � � � � k� where

fki � f�yi
 � hgi� xk � yii � f�xk
� ����


Step 
� �Stopping criterion�� If xk is �close enough� to the required solution� then
terminate�

Step �� �Line search�� Set yk�� � xk�dk and compute f�yk��
 and gk�� � �f�yk��
�
If

f�yk��
 � f�xk
�mL�k�

where

�k � f�xk
� �f�yk��
�
�

�
ujdkj

� � ��

set xk�� � yk�� �descent or serious step
� otherwise set xk�� � xk �null
step
�

Step �� �Updating�� Replace k by k � � and go to Step ��

Note that this is only the crude form� e�g� we do not need store the auxiliary points yi�
since fk��i � fki � hgi� xk��� xki� so we have the following recursive updating formula�

fk��i � fki � hgi� xk�� � xki� i � �� � � � � k ����


Recomended values of constants are proposed in Section �� In next sections we give
some modi�cations and re�nements�

� Subgradient Aggregation

There is the great drawback of the above algorithm� the number of constraints �in
Step �
 and stored subgradients grows unboundedly� since it is equal to the number of
iterations� Therefore we modify it using the subgradient aggregation strategy �see ����
also for its convergence properties
� The idea is to aggregate the constraints generated
by the past subgradients�

Algorithm ����

Step �� �Initialization�� Select a starting point x� � Rn� a �nal accuracy tolerance
� � � and a line search parameter mL � ��� �
� Set y� � x�� J� � f�g and
compute f�y�
� g� � �f�y�
� Set p� � g�� f�p � f�� � f�y�
 and the counter
k � ��

�



Step �� �Direction 	nding�� Find the solution �dk� vk
 to the k�th quadratic pro�
gramming subproblem

minimize v � �

�
jdj� over all �d� v
 � Rn �R

subject to fkj � f�xk
 � hgj � di � v for j � Jk�

fkp � f�xk
 � hpk��� di � v

which is by duality equivalent to �nding multipliers �kj � j � Jk� and �kp that
solve the k�th dual subproblem

minimize �

�

����� Pj�Jk �jgj � �ppk��

�����
�

�
P
j�Jk

�jf
k
j � �pf

k
p

subject to �j � �� j � Jk� �p � ��
P
j�Jk

�j � �p � ��

Compute the aggregate couple

�pk� �f
k
p 
 �

X
j�Jk

�kj �gj � f
k
j 
 � �kp�pk��� f

k
p 


and set dk � �pk� vk � �fjpkj� � f�xk
� �fkp g� where vk � � is the same as
in the primal subproblem�

Step 
� �Stopping criterion�� If �

�
jpkj� � f�xk
� �fkp � � then stop�

Step �� �Line search�� Set yk�� � xk�dk and evaluate f�yk��
 and gk�� � �f�yk��
�
If

f�yk��
 � f�xk
 �mLvk�

set xk�� � yk�� �descent or serious step
� otherwise set xk�� � xk �null
step
�

Step �� �Updating�� Choose a set �Jk � f�� � � � � kg and calculate

fk��i � fki � hgi� xk�� � xki� i � �Jk�

fk��k�� � f�yk��
 � hgk��� xk�� � yk��i�

fk��p � �fkp � hpk� xk�� � xki�

Set Jk�� � �Jk � fk � �g� replace k by k � � and go to Step ��

Note that here it is u � � in comparison with the Algorithm ���� We shall return to
the weight u in Section ��

The index set �Jk may be determined arbitrarily� I have tested some techniques
for choosing it� but without any apparent e	ect� In the present version it is �Jk �
fmax�k �M� �
 � �� � � � � kg� where M � � is a user�supplied bound on the number of
indices�






� Nonconvexity

First we note that a nonconvex function may have several local minima� thus we content
ourselves with �nding only one of them�

It is possible to generalize the subdi	erential to nonconvex locally Lipschitz func�
tions �see ���
� but it does not possess the property ����
� Thus the inequality in ����

does not hold and it is necessary to introduce so�called subgradient locality measures
�see ���
 for weighting past subgradients at search direction �nding� To de�ne them we
need some upper estimate of jxk � yjj� which does not require the storage of points yj�
e�g�

skj � jxj � yjj�
k��X
i�j

jxi�� � xij for j 	 k� skk � jxk � ykj�

we can use the following recursive updating formula�

sk��j � skj � jxk�� � xkj� j � �� � � � � k�

Denoting


k
j � maxfjfkj � f�xk
j� ��s

k
j 

�g� � � ��

we shall call skj the j�th distance measure and 
k
j the j�th subgradient locality measure

at the k�th iteration with the convention that � � � if f is convex �then �
k
j �

fkj � f�xk

� and � � � in the nonconvex case�
A generalized algorithm to the nonconvex case will be given in the next section�

� Line Search

The hardest problem� which is created by nonsmoothness� consists in the fact that
the direction opposite to an arbitrary subgradient need not be one of descent� This
di�culty forces us also to modify the classical line search operations� Standard concepts
in bundle methods are a serious �or descent
 step and a null step� in ��� there are two
serious steps � long and short �

Note that more important than to achieve a su�cient decrease of the objective
function is to add the new subgradient information to the bundle to generate a better
next search direction �e�g� when in the algorithms above in Step � we try to reach a
decrease of f�x
 instead of performing the null step� it may cause a signi�cant increasing
of the number of iterations
�

We give now a simpli�ed algorithm after ����

�



Algorithm ���

Step �� �Initialization�� Select a starting point x� � Rn� a �nal accuracy tolerance
� � �� a weight u � �� the maximum number of stored subgradients M � ��
the distance measure parameter � � � �� � � if f is convex
 and line search
parameters mL � ��� �
� mR � �mL� �
 and a lower bound for long serious
steps t � ��� ��� Set y� � x�� J� � f�g and compute f�y�
� g� � �f�y�
�
Set the counter k � �� the line search parameter � � � � ��
�� �mL
 and
initialize p� � g�� f�p � f�� � f�y�
� s�p � s�� � ��

Step �� �Direction 	nding�� Find the solution �dk� vk
 to the k�th quadratic pro�
gramming subproblem

minimize v � u

�
jdj� over all �d� v
 � Rn �R

subject to �
k
j � hgj � di � v for j � Jk� �
k

p � hpk��� di � v�
where


k
j � maxfjfkj � f�xk
j� ��s

k
j 

�g for j � Jk�


k
p � maxfjfkp � f�xk
j� ��s

k
p

�g�

which is by duality equivalent to �nding multipliers �kj � j � Jk� and �kp that
solve the k�th dual subproblem

minimize �

�u

����� Pj�Jk �jgj � �ppk��

�����
�

�
P

j�Jk
�j


k
j � �p


k
p

subject to �j � �� j � Jk� �p � ��
P
j�Jk

�j � �p � ��

with vk � �

�
�

u
jpkj� �

P
j�Jk

�kj

k
j � �kp


k
p

�
�

Set

�pk� �f
k
p � �s

k
p
 �

X
j�Jk

�kj �gj � f
k
j � s

k
j 
 � �kp�pk��� f

k
p � s

k
p
�

�
k
p � maxfj �fkp � f�xk
j� ���s

k
p

�g� vk � �

�

u
jpkj

� � �
k
p� dk � �

�

u
pk�

Step 
� �Stopping criterion�� If �

�
jpkj� � �
k

p � � then stop�

Step �� �Line search�� By line search Algorithm ��� �nd step sizes tkL� t
k
R� set xk�� �

xk � tkLdk� yk�� � xk � tkRdk� and evaluate f�yk��
 and gk�� � �f�yk��
�

�



Step �� �Updating�� Calculate the linearization values

fk��i � fki � hgi� xk�� � xki� i � Jk�

fk��k�� � f�yk��
 � hgk��� xk�� � yk��i�

fk��p � �fkp � hpk� xk�� � xki�

sk��i � ski � tkLjdkj� i � Jk� s
k��
k�� � �tkR � tkL
jdkj�

sk��p � �skp � tkLjdkj�

Set Jk�� � Jk � fk � �g and increase k by �� if card Jk � M � then Jk �
Jknfminjjj � Jkg� Go to Step ��

Algorithm ��� 
Line search�

Step i� Set tkL � � and t � tU � ��

Step ii� If f�xk � tdk
 � f�xk
 �mLtvk� set tkL � t� otherwise set tU � t�

Step iii� If tkL � t set tkR � tkL and stop �long serious step
� otherwise calculate
g � �f�xk � tdk
 and

� � maxfjf�xk � tkLdk
� f�xk � tdk
 � �t� tkL
g
Tdkj� ��t� tkL


�jdkj
�g�

Then if �� � gTdk � mRvk� set tkR � t and stop �a null step if tkL � �� a
short serious step otherwise
�

Step iv� If tkL � � then set

t � maxf� 	 tU �
�

�
t�Uvk
�tUvk � f�xk
� f�xk � tUdk
g

and if tkL � � then set t � �

�
�tkL � tU
� Go to Step �ii��

In the course of computational testing some drawbacks appeared�


 on some problems there was too many null steps� particularly at �rst iterations�


 at the �rst iteration� the inequality in Step �ii� was not satis�ed in some cases�
in spite of the signi�cant decrease of the objective function�


 the minimal value of f�x
 could be uselessly forgotten�

Therefore and with respect to an available quadratic interpolation routine I have
modi�ed the line search procedure as follows�

Algorithm ��� 
Line search�

Initialization� If k � � set in � � �number of consecutive null steps
�

Step i� Set tkL � tP � � and t � tU � ��

Step ii� If f�xk � tdk
 � f�xk
 �maxfmLtvk���g� set tP � t� otherwise set tU � t�
If f�xk � tdk
 	 f�xk
� set t

k
L � t�

�



Step iii� If tP � � and tkL � t� set tkR � tkL� in � � and stop �serious step
� otherwise
calculate g � �f�xk � tdk
 and

� � maxfjf�xk � tkLdk
� f�xk � tdk
 � �t� tkL
g
Tdkj� ��t� tkL


�jdkj
�g�

Then if ����gTdk � mRvk and �t 	 � or �k � � and in � �


 or tU�tP 	 t�
set tkR � t and �in � in �� if tkL � �� in � � otherwise
 and stop �a null step
if tkL � �� a short step otherwise
�

Step iv� If tP � � then set

t � minf���tU �maxftU
����
�

�
t�Uvk
�tUvk � f�xk
� f�xk � tUdk
gg

and if tP � � then set t � �

�
�tP � tU
� Go to Step �ii��

� Stopping Criterion

To balance a precision of the objective function� I have modi�ed Step 
 in the Algo�
rithm ��� as follows�

Step 

� �Stopping criterion�� If

�

�
jpkj

� � ��� 	maxfj �fkp � f�xk
j� ��s
k
p

�g
�jf�xk
j� �����
 � ��

or jf�xk
� f�xk��
j � �f in two consecutive iterations� where �f � �� then
stop�

� Weight Updating

In the algorithm given in ��� the weight parameter u is not constant� but it is used a
following safeguard quadratic interpolation technique by Kiwiel �see ���
 for updating
uk �it can be placed in the end of Step � of the Algorithm ���
�

Algorithm ��� 
Weight updating�

Initialization� If k � � set �kv � ��� iku � � and select a lower bound for weights
umin � ��

Step �a� Set u � uk� If yk�� �
 xk � dk then exit �see below
�

Step �b� If xk�� � xk go to Step �f��

Step �c� If f�yk��
 � f�xk
 � mRvk and if iku � � then set u � �uk�� � �f�yk��
 �
f�xk
�
vk
 and go to Step �e��

Step �d� If iku � 
 set u � uk
��

Step �e� Set uk�� � maxfu� uk
��� uming� �k��v � maxf�kv���vkg and ik��u �
maxfiku � �� �g� If uk�� �� uk set ik��u � �� Exit�

�



Step �f� Set �k��v � minf�kv� jpkj � �
k
pg� If 
k��

k�� � maxf�k��v ����vkg and iku 	 �
�
set u � �uk��� �f�yk��
� f�xk
�
vk
� Set uk�� � minfu� ��ukg and ik��u �
minfiku � ����g� If uk�� �� uk set ik��u � ��� Exit�

This procedure is not quite corresponding to the used Algorithm ��� �or ��

� since


 the given quadratic interpolation formula is derived only for unit step lengths
�yk�� � xk � dk
�


 the weight updating algorithm is sensitive to the de�nition of null step� if we use
short �serious
 steps or interpolation instead of null steps� it is possible that there
is not enough consecutive null steps and thus uk is never increased�

Moreover I have found that the change of uk should not be damped so much � after
numerical experiments it seems that uk should jump at the boundary of regions inside
which the gradient rf exists and is continuous� Therefore I propose the following
procedure� where the quadratic interpolation is generalized to any step lengths and
therefore is satisfactory also for null and short steps�

Algorithm ��� 
Line search � weight updating�

Initialization� If k � � set u� � �� in � � �number of consecutive null steps
 and select
a lower bound for weights umin � ��

�i�� Set tkL � tP � � and t � tU � ��

�ii�� Set tP � t if f�xk � tdk
 � f�xk
 � maxfmLtvk���g� tU � t otherwise�
If f�xk � tdk
 	 f�xk
 set tkL � t�

�iii�� Calculate g � �f�xk � tdk
�
Set up � ��tgTdk � f�xk
� f�xk � tdk


�tjdkj
��
If t 	 � set

uq � ��f�xk � tUdk
� f�xk � tdk
� �tU � t
gTdk

��tU � t
jdkj

��

otherwise set

uq � ��f�xk � tdk
� f�xk
� tgTk dk

�tjdkj

� if in � ��

uq � �� otherwise�

If up 	 �umin set up � uq� otherwise if uq � �umin set up � minfup� uqg�

�iv�� If tP � � and tkL � t� set tkR � tkL� in � � and go to �vi� �serious step
� otherwise
calculate

� � maxfjf�xk � tkLdk
� f�xk � tdk
 � �t� tkL
g
Tdkj� ��t� tkL


�jdkj
�g�

Then if

��� � gTdk � mRvk and �t 	 � or �k � � and in � �


 or tU � tP 	 t�

set tkR � t and �in � in � � if tkL � �� in � � if tkL � tkR� in � �� otherwise
 and
go to �vi� �a null step if tkL � �� a short step otherwise
�

�



�v�� If tP � � then set

t � minf���tU �maxftU
����
�

�
t�Uvk
�tUvk � f�xk
� f�xk � tUdk
gg

and if tP � � then set t � �

�
�tP � tU
� Go to Step �ii��

�vi�� If �umin
�� � up � ���
umin and �in � � or in � � or f�xk � dk
 � f�xk
 �
maxfmLvk���g
� then set

uk�� � minfmaxfup� umin� uk
��g� �
umin� ��ukg�

Stop�

� Numerical Experiments

In this section we compare our results for �� standard examples from the literature with
those obtained by the BT algorithm �nonconvex version
 by H� Schramm� Problems ��
�� are described in ���� problems ����� in ���� problems ����� in ���� problems ��� ��
respectively in ����� ����� In the table � we give optimal values of tested functions for
the problems�

Nr� Problem Minimum Nr� Problem Minimum

� Rosenbrock ��� �� Maxquad� ���������


� Crescent ��� �
 Maxq ���

 CB� ��������� �� Maxl ���
� CB
 ��� �� TR�� ��
������
� DEM �
�� �� Go�n ���
� QL ���� �� El Attar �������
��
� LQ ��������
� �� Wolfe ����
� Mi�in� ���� �� MXHILB ���
� Mi�in� ���� �� L�HILB ���

�� Rosen ����� �� Gill ���������
�� Shor ��������� �� Steiner� �����
�
�

Table �� Optimal values for problems

We present the results of two algorithms� The �rst one A� implements the Algo�
rithm ���� where the line search Algorithm ��� is replaced by the Algorithm ��
 with
constant weight parameter u � �� the second Algorithm A� implements a combination
of the Algorithms ��� and ����

The parameters have the following values� mL � ����� mR � ���� t � ������
� � ����� umin � ������ � � ����� �f � �����

�



Tables �� 
 respectively contains results for the choice M � n � 
� M � ��� �ni is
a number of iterations� nf is a number of function and subgradient evaluations� f� is a
�nal value of the objective function
�

As a conclusion from our limited numerical experiments we may state that


 our method is comparable with the BT algorithm�


 the version A� requires in many examples less function evaluations than A��


 the number of function evaluations for M � ��� is mostly not much smaller than
for M � n � 
 and therefore the bundle size �n� 

 seems to be satisfactory�

Alg� BT A� A�

Nr� ni nf f� ni nf f� ni nf f�

� �� ��� �����E��� �� �� �����E��� 
� �� �����E���
� �� �� ��������� �� �� �
�

E��� �� �� �����E���

 �� �� ��������� 

 
� ��������� 
� 
� ���������
� �
 �� ��������� �� �� ��������� �� �� ���������
� �� �� �
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