narodni
N U dlozisté
1 L Sedé
6 literatury

A Note on Checking Regularity of Interval Matrices

Rex, G.
1994

Dostupny z http://www.nusl.cz/ntk/nusl-33545

Dilo je chranéno podle autorského zakona ¢. 121/2000 Sb.

Tento dokument byl stazen z Narodniho Ulozisté $edé literatury (NUSL).
Datum stazeni: 27.09.2024

Dalsi dokumenty muzete najit prostrednictvim vyhledavaciho rozhrani nusl.cz .


http://www.nusl.cz/ntk/nusl-33545
http://www.nusl.cz
http://www.nusl.cz

INSTITUTE OF COMPUTER SCIENCE
ACADEMY OF SCIENCES OF THE CZECH REPUBLIC

A Note on Checking Regularity of Interval
Matrices

G. Rex and J. Rohn

Technical report No. 604

Institute of Computer Science, Academy of Sciences of the Czech Republic
Pod vodarenskou vézi 2, 182 07 Prague 8, Czech Republic
phone: (+422) 66414244 fax: (4+422) 8585789
e-mail: uivt@uivt.cas.cz



INSTITUTE OF COMPUTER SCIENCE
ACADEMY OF SCIENCES OF THE CZECH REPUBLIC

A Note on Checking Regularity of Interval
Matrices

G. Rex! and J. Rohn?

Technical report No. 604

Abstract

It is proved that two previously known sufficient conditions for regularity of interval
matrices are equivalent in the sense that they cover the same class of interval matrices.

Keywords

Interval matrix, regularity

Institute of Mathematics, University of Leipzig, Augustusplatz 10-11, D - 04109 Leipzig, Germany
Institute of Computer Science, Academy of Sciences of the Czech Republic, Prague, and Faculty
of Mathematics and Physics, Charles University, Prague, Czech Republic



Let A, A € R A > 0. The interval matrix
Al ={A;A. - A< A< A+ A}

is called regular if each A € A! is nonsingular, and is said to be singular otherwise. It
has been proved recently [5] that the problem of checking regularity of interval matrices
is NP-hard. Therefore, in practical computations we must resort to verifiable sufficient
regularity conditions (which are not necessary). The most commonly used sufficient
condition is due to Beeck [1]: if

p(1ATA) <1 (0.2)

holds, then A’ is regular (here, p denotes the spectral radius and the absolute value of
a matrix A = (a;;) is defined by |A| = (|a;])). To avoid the use of the exact inverse
AZ' Rump [9] proposed a modified condition employing instead

an arbitrary matrix R which is specified only by some condition: if

p(GRr) <1 (0.3)
holds for some matrix R, where

Gr = [ — RA.| + |R|A (0.4)

(I is the unit matrix), then the interval matrix A is regular. It follows obviously from
(0.3) that (0.1) is a special case of (0.2) for R = AZ!. Therefore, the condition (0.2)
seems to be more general than (0.1). In this note we show that in fact it is not so,
since both (0.1) and (0.2) are equivalent in the sense that they cover the same class
of interval matrices prescribed by the condition (0.1) (the so-called strongly regular
interval matrices [3]). This equivalence will be a consequence of the following result
which, moreover, shows that we can never do better than with R = AZ':

Theorem 1 Let (0.2) hold for some R. Then A. is nonsingular and we have
pIATA) < p(Gr) - (0.5)
Proof. First, since

[ — RA. < |l — RA.| < G,

we have

p(I = RA:) < p([I = RA[) < p(Gr) <1, (0.6)

hence the matrix

RA.=1— (I — RA,) (0.7)

is nonsingular, which gives that A. is nonsingular. Now, assume to the contrary that
P(IAZHA) > p(Gr) (0.8)
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holds. Then we can choose an « satistying

p(Gr) < a < min{l, p(|AZ'|A)}. (0.9)

Since p(GRr) < a, in view of Corollary 3.2.3 in [3] there exists a vector x € R, « > 0
satisfying
Grr < ax,

hence also

all — RA |z + |R|Ax < ax

(since a < 1), which implies
|RIAz < ol —|I — RA,|)x. (0.10)

Because of (0.5), the matrix I — | — RA,| is nonnegative invertible. Hence, premulti-
plying the inequality (0.9) by its inverse, we obtain

(I —|I — RA)'|R|AZ < az. (0.11)

On the other hand, from (0.6) we have

o0

A7 =3 (I - RAR,

=0

hence

AT < X1 = RAP IR = (I — |1 - RA|)7'|R].

7=0

Then, premultiplying this inequality by the nonnegative vector Az and using (0.10),
we finally obtain
AT Az < az

where x > 0, hence, again using Corollary 3.2.3 in [3], we conclude that
p(1ATHA) <@

holds, which contradicts (0.8). Hence the assumption (0.7) leads to a contradiction.
Therefore (0.4) holds, which completes the proof. m

Remark. A related result using a norm instead of the spectral radius can be found
in Neumaier [4, Theorem 6], see also Krawczyk [2] and Scheu [10].
The main result of this paper is now obtained as a simple consequence of Theorem 1:

Theorem 2 For a square interval matriz AL, the following two conditions are equiv-
alent:

(i) A. is nonsingular and (0.1) holds,



(ii) there exists an R such that (0.2) holds (where G'r is given by (0.3)).
If any of them is satisfied, then A’ is reqular.

Proof. Tf (i) holds, then it suffices to set R := AZ' to have (ii) satisfied. The con-
verse implication follows directly from Theorem 1, and the last assertion is simply a
restatement of the sufficient conditions by Beeck [1] and Rump [9]. m

In this way we have proved that the conditions (0.1) and (0.2) cover the same class
of interval matrices. Obviously, the condition (0.2) is more appropriate for practical
computations since it allows the use of the computer inverse R of A. instead of the
exact inverse AZ'. The conditions are not necessary: an example of a 3 x 3 regular
interval matrix with p(JAZ'|A) > 1.7 is given in [8, p. 71]. Theorem 1 implies that
if p(JAZ'|A) > 1 holds, then there does not exist a matrix R with p(Gr) < 1; see [6]
and also [7], where a counterexample is given.

Finally we note that to achieve the inequality p(Ggr) < 1 provided p(|A7!A) < 1
holds, R must be chosen as a sufficiently close approximation to A
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