narodni
N U dlozisté
1 L Sedé
6 literatury

Optimization of Dynamical Systems

Luksan, Ladislav
1994

Dostupny z http://www.nusl.cz/ntk/nusl-33507

Dilo je chranéno podle autorského zakona ¢. 121/2000 Sb.

Tento dokument byl stazen z Narodniho Ulozisté $edé literatury (NUSL).
Datum stazeni: 10.04.2024

Dalsi dokumenty muzete najit prostrednictvim vyhledavaciho rozhrani nusl.cz .


http://www.nusl.cz/ntk/nusl-33507
http://www.nusl.cz
http://www.nusl.cz

INSTITUTE OF COMPUTER
SCIENCE

ACADEMY OF SCIENCES OF THE CZECH
REPUBLIC

Prague

Optimization of Dynamical Systems

Ladislav Luksan, Jan Vlcek

Technical Report No. V-584
March 1994

Akademie véd Ceské republiky
USTAV INFORMATIKY A VYPOCETNI TECHNIKY
Institute of Computer Science, Academy of Sciences of the Czech
Republic
Pod vodarenskou vézi 2, 182 07 Prague 8, Czech Republic
E-mail: ICS@uivt.cas.cz
Fax: (+422) 8585789 Phone: (4422) 846669, (+422) 66051111



Optimization of Dynamical Systems
L. Luksan, J. Viéek

Institute of Computer Science, Academy of Sciences of the Czech Republic,
Pod vodarenskou vézt 2, 182 07 Prague 8, Czech Republic
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Abstract. Consider an optimization problem where the objective function is an in-
tegral containing the solution of a system of ordinary differential equations. Suppose
we have efficient optimization methods available as well as efficient methods for initial
value problems for ordinary differential equations. The main purpose of this paper is to
show how these methods can be efficiently applied to a considered problem. First the
efficient procedures for the evaluation of gradients and Hessian matrices are described
together with an efficient Gauss-Newton-like approximation of the Hessian matrix by
a first order information. Then a global and superlinear convergence of the Gauss-
Newton-like trust region method is proved. Finally several optimization methods are
proposed and computational experiments illustrating their efficiency are shown.

Key words. Unconstrained optimization, dynamical systems, nonlinear least squares,
trust region methods, Gauss-Newton-like methods, hybrid methods, computational
experiments.

1. Introduction

Consider the problem of minimizing the objective function

)= [ Faly(e 0.0 d 4 Frly(e.0)) (1a)

to

where

dy(da;,t) = fo(z y(z,1),t),  yla,to) = fi(x). (1)

Here € R"™ is a parameter vector, y : R" X [lg,t;] — R" is the solution vector,

F : R" — R is the objective function, f4 : R™ X [lo,11] — R is an approximation
function, fr : R" — R is a terminal function, fs: R" x R"s X [tg, 1] — R" is a state
function, f; : R* — R™ is an initial function. Suppose that all the above functions
have continuous second order derivatives on X x R"s X [tg,t;] where X C R" is a
compact set that contains all parameter vectors used in the optimization process, and



that smooth solution of the system of ordinary differential equations (1b) exists on
[to, t1] whenever & € X. In this case we can compute derivatives of both the solution
vector y(x,t) and the integral in (1a) with respect to the parameter vector @ € R™, by
changing the order of differentiation, as will be shown in Section 2.

From a numerical point of view we can replace the problem (1) by

F(z) = Fa(x,th) + fr(y(z,h)) (22)
where
dy(da;,t) = fs(x,y(a,t),t), ylx,to) = fr(x) (2b)
and

7 = faly(x,t),t), Fa(x,to) =0 (2¢)

so that the integral in (1a) is replaced by an additional differential equation (2¢). The
main advantage of this replacement consist in the elimination of all interior points
of the interval [tg,t1]. The objective function depends only on the terminal values
y(x,t1) and Fy(a,t;). Therefore both (2b) and (2¢) can be solved simultaneously
using efficient numerical methods utilizing large integration steps obtained by suitable
stepsize control.

Suppose we have available efficient optimization methods and efficient methods for
initial value problems of ordinary differential equations. The main purpose of this
paper is to show how these methods can be efficiently applied to dynamical systems
described by (1) or (2). Even if the description (1) or (2) is not the most general, it con-
tains a broad class of real problems and it can be easily generalized using the approach
proposed in Section 2. Note also that (1) or (2) define only the objective function. If
we have available efficient constrained optimization methods we can append arbitrary
constraints on parameters to (1) or (2) .

The paper is organized as follows. In Section 2 we describe procedures for both
the gradient and the Hessian matrix evaluations. These procedures consist in solving
differential equations as augmented and as adjoint (the augmented system is solved
in a forward direction while the adjoint system is solved in a backward direction).
Furthermore, we derive a Gauss-Newton like method that is suitable for small residual
problems. Convergence properties of this method are studied in Section 3. Section
4 contains practical considerations concerning optimization methods and methods for
initial value problems. Numerical experiments are reported in Section 5. In these
sections we use the notation d/dt and d/dz for differentiation with respect to ¢ and
total differentiation with respect to x respectively and the notation d/dx and 9/dy
for partial differentiation with respect to = and differentiation with respect to y re-
spectively.



2. Computation of derivatives

In this section we describe several procedures for computing the gradient and the
Hessian matrix (or its approximation) of the objective function (1a). We suppose that
all conditions stated in Section 1 are satisfied so that smooth solutions of both (2b) and
(2¢) exist and their derivatives can be computed by a changing order of differentiation.

(a) Gradient evaluation using forward integration:

Let u(x,t) = dy(x,t)/de € R"$*" be a matrix with ng rows and n columns.
Differentiating (2) we obtain

§7 () = g (e, 1) + %j’“”uw,m (3a)

where

du(e,t) _ stz y(@,1),) 05ty 1).) _ dile)
dt - Ay u(z, 1) + O . u(x,tg) = “dr (3b)
and
dgAC(ZZ:,t) _ 6fA(ya(Z:,t),t)u(x,t), g5 (2, t0) = 0 (3¢)

and where ¢7(z) = dF(x)/dz and g} (z,t) = dFs(x,t)/dz. Thus we have to solve the
system of (ng+ 1)(n+ 1) differential equations (2b), (2¢) and (3b), (3c) in the forward
direction for simultaneous computation of both the value (2a) and the gradient (3a)
of the objective function.

(b) Gradient evaluation using backward integration:

Let p(t) € R"S be an arbitrary function and y(x, 1) be a solution to the differential
system (2b) so that fs(x,y(x,t),t)—dy(x,t)/dt =0 for all t € [to,11]. Then using (1a)
we can write

dy(z,1)
i

F(o) = [ (alylat).0) 4 "0 Uslayla ). ) = LD b+ falyte )

and utilizing integration per partes we obtain

P = [ a0, 4 O e+ D

+p" (to)y(, to) — p" (L)y (. t1) + fr(y(z, 1)) .

y(a,t)}dt



The last formula can be differentiated with respect to the parameter vector x € R" so
that we get

(@) = /t:l{lw+pT(t)afs<x,y<x,t>,t>+de@>1 dy(, 1)

dy dy dt da
+pT(t)afS(x’gix’t)’t)} dt
—I_pT(tO)dfCIli;x) n [afT(?Ja(;%tl)) —pT(h)] dy(;;tl) ‘

Now we can chose the function p(t) in such a way to eliminate terms with dy(x,1)/dt.
It we choose

_dp(l’,t) 6f5(:1;,y(x,t),t) afA(y(‘rvt)vt) afT(y(xvtl))

_ T T . _ T
dt - ( ay ) p(l’,t)—l—( ay ) ) p( 7t1) ( ay )
then
i z,y(x dfi(z
Sy = [t P 00 gy DE) (1a)
This result can be summarized in the form
dfi(z
o) = gt to) + (P01 (52)
where
dp(l‘,t) _ 8f5(:1;,y(:1;,t),t) afA(y(xvt)vt) _ afT(y(xvtl))
(5b)
and

_deACgZ?,t) _ (afs(x,gix,t)at))Tp(t)7 Galz ) = 0 (50)

(here ga(x,t) is different from ga(x,t) in (3)). Thus we have to solve the system of
(ns+1) differential equations (2b), (2¢) in the forward direction for computation of the

value (2a) and the system of (ng+n) differential equations (5b), (5¢) in the backward
direction for computation of the gradient (5a).

(c) Hessian matrix evaluation using forward integration:

Denote v(x,t) = du(w,t)/de = d*y(x,t)/dz? € R"s*"*"  Differentiating (3) we
obtain



Glz) = Gala, 1) + uT(x,tl)asz(g—y(?tl))u(x,tl) + SR et (6a)

where

dv(l’,t) . 8f5(:1;,y(:1:,t),t)
— = 9 v(x,t)

0 fs(x,y(x,1),1 0 fs(x,y(x,1),1
[PBAD ) Pkt
azfg(x,y(x,t),t) 62f5(:1;,y(:1;,t),t)

dxdy Ox? ’

_|_

u(x, 1)+

and

2
7dGAd(:’t) = uT(:z:,t)a fA(g(y?t)7t)U(x,t) + —afA(yg;t)’t)v(x,t), Ga(z,t) =0

(6¢)

and where G(z) = d*F(z)/dx* and Ga(x,t) = d*fa(z,t)/dz?. Thus we have to solve

the system of (ns + 1)(n? + n + 1) differential equations (2b), (2¢) and (3b), (3¢) and

(6b), (6¢) in the forward direction for simultaneous computation of all the value (2a)

and the gradient (3a) and the Hessian matrix (6a) of the objective function. Note

that we have used a nonstandard matrix notation for tensor quantities: the symbol

70” means a summation over the last but one (middle) index of a cube matrix.

(d) Hessian matrix evaluation using backward integration:

Let u(t) € R"5*" be an arbitrary function and p(x,t) be a solution to the differential
system (3b) so that dp(, )/di 1 (8 fs(, y(z,1),1)/0y)p -+ (D fa(y(e, 1), 1)/3y)T = 0.

Then using (4) we can write

i z) = /tl {pT(xjt)afs(x,y(w,t),t)

Ox
e UL,
+p! (2, t0) df;ix)

and utilizing integration per partes we obtain
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i z) = /tl {pT(xjt)afs(x,y(w,t),t)

dx
+ [pT(x,t)afs(x’gY’t)’t) - af“‘(yé;c’t)’t) u(t) —pT(x,t)dz(tt)} i
—I-pT(l’,to)de(x) + afT(y(xvtl)u(tl) —pT(l’,to)u(to) )

dx dy

The last formula can be differentiated with respect to the parameter vector x € R" so
that we get

G(z) = /t:l{(afs(x,gix,t),t))poEl:z;,t)

T e) (02fs(x53;(2w7t)7t) N 82fs(lé’,xya(;?,t),t)dyila;t))
() lpT(xvt) (82fs(?yya(jt)at) . 82fs(x,ag;(2x,t),t) dyglz,t))]
+uT(t)62fA(g(yﬁat),t) dygla;,t) _I_(afs(x,g;x,t),t)u(t))T%
—(dlzl(;))pog’t)} dt + (dfczlix))po(Zto) N pT(%fo)dZCZ(f)
+uT(t1)62fT(ayy(2x,t1) dy(;;tl) ey O)W |

Now we can chose the function u(t) in such a way to eliminate terms with dp(x,t)/dx.
Therefore we choose

du(z,t)  Ofs(z,y(x,t),1)
dt dy

so that u(x,t) = dy(x,t)/dx by (3b). Then

G(z) = /t:l {pT(x7t) (a2fs(:1:,y(:z:,t)at) N anS(x’y(x7t)7t)u($,t))

Ofs(x,y(x,t),1) _ dfr(x)

Oz ) u(:z;, to) dx

u(x, 1)+

0x? dxdy
+ uT(:z:,t) [pT(:z:,t) (82f5(:zgyya(;;,t),t) + anS(xé?;g%t)’t)U(x,t))]
-I-uT(:L',t)anA(g(;’t)’t)u(x,t)} dt

& fr(x) O* fr(y(z, t1)
dx? oy?

—|—pT($,t0) —I_uT(xvtl) u(xvtl) :



This result can be summarized in the form

dzf[(l')
da?

G(x) = CN?A(:L',tO) + p(x,10) (7a)

where

—CZGATW B pT(:L',t) (82fs(x,ag;(2x,t),t) N 82fs(flé',xya(;,t)at)u(x7t))
+ uT(:L‘,t) [pT($,t) (asz(‘gvyya(jvt)?t) + a2f5($ézgx7t)’t)u(x,t))]

D?*faly(z,t),1)
e u(x,t)

+ ul (1)

~ 0 b
Galz,ty) = uT(:l:,h)—fT(ay(f )

¥
(here G 4(x,1) is different from G 4(,t) in (6)). Thus we have to solve the system of
(ns+1)(n+ 1) differential equations (2b), (2¢) and (3b), (3¢) in the forward direction

for simultaneous computation of both the value (2a) and the gradient (3a) and the

u(x,tq) (7¢)

system of (ns + n?) differential equations (5b), (7c) in the backward direction for
computation of the Hessian matrix (7a).

(e) Hessian matrix approximation using forward integration:

Suppose that the functions f4 : R"S X [lg,t1]] — R and fr : R" — R have the
special form

Faty(e,0),1) = 5yl 1) = () W)y 1) - =(1) (sa)
so that
PAELD _ yy ) g0, =ty P
and
Frly(e, 1) = 3((e,t) = () Wiyl 1) = =(12) (3h)
so that
afT(y(xvtl)) _ Wl(y(l',tl) . Z(tl)), asz(y(xvtl)) — Wl

dy dy?
where W (t) € R"5*"S is a symmetric positive semidefinite matrix and Wy # W (t)
in general. If F'(x) — 0 then necessarily y(x,t) — z(t) so that dfa(y(x,t),t)/0y — 0
and dfr(y(x,t1))/0y — 0. After substituting the last assertions into (6) we obtain
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G(x) = B(x) = Ba(x, 1) + uT(:z:,tl)Wlu(x,tl) (9a)
and
dBA(l',t)
dt

Thus we have to solve the system of (ns + 1)(n + 1) + n? differential equations (2b),
(2¢) and (3b), (3¢) and (9c¢) in the forward direction for simultaneous computation of

= ul(x, YW (H)u(z,t), Ba(zx,to) =0 (9¢)

all the value (2a) and the gradient (3a) and the approximation of the Hessian matrix
(9a).

We have derived several procedures for both the gradient and the Hessian matrix
evaluations. In fact Hessian matrices will not be used in practical implementations
since their evaluations require a great amount of computations. Still, the formulas for
Hessian matrices allowed us to derive an efficient procedure (9) for their approxima-
tions which leads to efficient Gauss-Newton-like methods.

3. Convergence properties

In this section we will study convergence properties of Gauss-Newton-like methods
that use the matrix B(x) given by (9) instead of the Hessian matrix G(x). The Gauss-
Newton-like methods are usually realized in a trust region framework which leads to
good global convergence properties. Assume a class of methods which can be described
by the following algorithmic scheme.

Algorithm 3.1

Data: 0< B <Ba<l<y,0<p<p<l,0<e <e<l.

Step 1:  Choose an initial point g € R and an initial trust region bound Ay > 0.
Set ¢ := 0.

Step 2:  Compute the value F; = F(x;), the gradient ¢; = g(«;) and the approxi-
mation of the Hessian matrix B; = B(x;) by (2), (3) and (9) respectively.
If either F; < &q or || ¢; || &2 then stop

Step 3:  Determine the vector d; € R" so that

d; = arg min Q;(d)

lldll<Aq

where

1
Qild) = 5d" Bid +d"g;

is a local quadratic approximation of the objective function F': R* — R
in a neighborhood of the point x;.



Step 4:  Compute the value F(x; + d;) by (2) and the ratio p; = (F(a; + d;) —
F))/Qi(d;). If p; < p1 then compute the value 3;, p1 < 3; < g, by a
quadratic interpolation and set A;1q1 = 5, || di ||. If p1 < p;i < ps then
set Ajpr = Ay If py < p; then set Ay = max(A;,n || di |])-

Step 5:  If p; < 0 then set @47 = x;, 2 := ¢4 1 and go to Step 3, otherwise set
Tig1 =ax;+d;, 2 : =14+ 1 and go to Step 2.

Typical data are 3; = 0.05, 3, = 0.75, 1 = 2.0, py = 0.1, po = 0.9, 5, = 10712,

gy = 1076,

Convergence properties of trust region methods were studied in Refs. 1-2. We
use these results together with classical theory of differential equations to prove the

global and superlinear convergence of the Gauss-Newton-like method represented by
Algorithm 3.1. Denote

X={eeR":F(z) < F(xo)}
and assume the following conditions hold
(A1) System (1b) has a unique continuous solution y(x,t) on [tg, ;] for all # € X and
max [ly(e, 1) |< K
holds for all x € X.
(A2) Functions W () and z(¢) are bounded on [to, 1], i.e. ||W(#)||< K and || y(z,t)—

2(t) ||< K, say, on [tg, 1] for all z € X. Also || W, ||< K.

(A3) Function fr(x) is Lipschitz continuously differentiable with respect to x on X.
It means that df;(x)/dx exists on X and

df[(:z;z) . dfl(flh)
H dx dx

for all z; € X and =z, € X.

AR

(A4) Function fs(x,y,t) is Lipschitz continuously differentiable with respect to x
and y on X X Y X [tg,11] where Y = {y € R" :|| y [|[< K}. It means that
J0fs(x,y,t)/0x exists on X and

Ofs(x2,y,1)  Ofs(x1,y,1)

) 2t LD <y |
Ofs(x,yat)  Ofs(x,y1,l -
j st l) OBty g,y

forallz € X,z € X, 2o € X,y €Y,y €Y,y €Y and ¢ € [lo, 1], and the
same holds for dfs(x,y,1)/0y.

10



For the sake of simplicity, we use the same constant K in both (A1) and (A2) and the
same constant [ in both (A3) and (A4).

Assuming (A1) is very natural since we require, for optimization process, that a
bounded unique solution y(x,1) exists for all + € X. This assumption together with
assumptions (A2)-(A4) imply an existence and continuity of the function wu(xz,?) =
dy(x,t)/dt which have to satisfy the equation (3b) (see Ref 3). For subsequent con-
siderations we will need the following lemma (see Ref 3).

Lemma 3.1  Consider the linear system

dy(t)/dt = A(t)y(1) +b(t),  y(to) = yo
with A(t) and b(t) continuous on [to,#1]. Then

(e 1= (o) |+ 1106} | dr)esol [ 1| AGr) | o)

for all t € [to, t4].
Now we can prove the main results.

Theorem 3.1  Let the assumptions (A1)-(A4) hold. Then Algorithm 3.1 is globally

convergent in the sense that

liminf || g(x;) [[=0.

Proof :  We have to prove that the matrix B(x) given by (9) is bounded on X and
that the gradient g(«) given by (3) is Lipschitz continuous on X. These conditions
already imply global convergence of a trust region method as it is proved in Refs. 1-2.

First we prove boundedness of the matrix B(xz). Since Lipschitz continuity on a
compact set imply boundedness, we can assume that || df;(z)/dz ||< K on X and
| Ofs(z,y,t)/0z ||< K, || Ofs(x,y,t)/0y ||< K on X x Y x [tg, 1] respectively (for
the sake of simplicity we use the same constant K as in (A1) and (A2)). If we apply
Lemma 3.1 on the system (3b) we obtain

e, ) 1< (K + K (1 = to)) exp(K (1 — to)) £ M
so that by (9) we can write

IBE < [ W @ate 0| dit | o e t)Wan(e, 1) 1<

0

< KM?*(t; —to) + KM? .

Second, we prove Lipschitz continuity of the gradient ¢g(x). From boundedness of
u(z,t) = dy(x,t)/dt on X it follows that || y(xa,t) — y(21,t) ||[< M || 22 — 21 || which
together with (A4) gives as

11



afS(l'%y%t) _ afs(xlvylvt) afS(l'%yzat) _ afs($2,y1,t)

| | < | |
ox ox ox ox
afs(x27y17t) afs(x17y17t)
+ ox B ox |
< ?(Hiyz —y |+l z2— a1 |])
< LM+ |2 |

as similar inequality

H afS(l'%y%t) . afs(xlvylvt)
dy dy

Using (3) we get

I< LM + 1) || 22 = 2o || -

d(u(wg,t) — u(xq,t)) Ofs(xa,y2,1)

. i e I EE))
4 (afs(xa??;y%t) N afs(xalyvylvt)) u(:z;l,t)
i Ofs(x2,y2,1) _ dfs(x1,y1,1)
oz Oz

and

df[(:z;z) . dfl(flh)
dx de
Applying Lemma 3.1 on the last system and using the above inequalities together with

U(l’g,to) — U(l’l,to) =

boundedness of u(x,t) on X we obtain

| u(wz, t)—ules, ) | < LM +1)*(t—to)) exp(K (ti—to)) || wa—wy |2 N || =2y || -

This together with (A2) and boundedness of u(x,1) on X gives

|t (0, OW (1) (y(2, 1) = (1)) — ' (20, YW (1) (y(a1,1) = 2(1)) |
| (0, )W (1) (y (2,) = (y(a1,0)) ||

| (o, t) = ulzr, 1)) W () (y (21, 1) — 2(1)) |

KM || y(x2,t) = y(ar,t) || +K7 || u(wa, ) —ulzi,t) ||

K(M? + KN) || 23 — 21 ||

VAN VAN SRR VAN

\_/\_/

so that (3) and (8) imply

12



lotes) = gl < [l Con OW @)yl t) — ()

—UT(flat)W(t)(y(% ) —z() ]| dt

+ [ w” (22, 1) Wa(y(22, 1) — 2(1))

—u” (w1, YWi(y (21, 01) — 2(11)) ||
< R(M> 4+ EN)((ti—to) +1) |

Tg — 21 H

and Lipschitz continuity of the gradient ¢(x) is proved. a

Theorem 3.2  Let {x;}32,, be a sequence of points generated by Algorithm 3.1 such
that ©; — 2™ as ¢ — oo where x* € R" is a point that satisfies a second order sufficient
condition for local minimum of the function F(x). Suppose that (Al) and (A2) hold
and continuous and bounded second oder derivatives 9% f;(z)/dxz?, 0*fs(x,y,t)/dz?,
azfs(x,y,t)/axay, 0*fs(x,y,t)/dy* exist for all z from some neighborhood X* C X
of z* € R" and for all y € Y and t € [to,tl] Then, if F(x;) — 0 as ¢ — oo, the
sequence {z;}52, converges superlinearly to * € R" in the sense that

e
SR o]

Proof: We have to prove that B(x;) — G(x;) when 2; — oo. This condition
together with the positive definiteness of B(x*) already imply superlinear convergence
of a trust region method as it is proved in Ref. 1.

Continuity and boundedness of second order derivatives imply continuity and
boundedness of the function v(x,t) = du(x,t)/dz on X* X [to,t1] (it follows from
(6b) using Lemma 3.1). Therefore we can write || v(x;,¢) ||< C for all t € [to, ]
whenever x; € X*. Using this fact together with (6) and (9) we get

I G = Bl | < [ aet) = @)W (OG0 | d
1 i) = #(00)) Wroais o) |
< CRVE [ W e t) (0 | de

HORY? | W (i) = 2(0) || -
But from (la) and (8) we obtain

2P(w) = [ y(ent) = O Wi t) - 2(0) do
Hy(it) = 2(t) Wily(ei t) — (1))
= [T ROt = 20 di | W e t) - <(00)) P

13



so that F'(x;) — 0onlyif WY2(1)(y(x;,1)—2(t)) — 0in the Ly norm and Wll/z(y(xi, t1)—
z(t1)) — 0 in the Euclidean norm. This together with estimation of || G(a;) — B(x;) ||
proves that B(x;) — G(x;) as ¢ — oo (since Ly norm of bounded function on bounded
interval is equivalent with the Ly norm). a

We have proved that Gauss-Newton-like method represented by Algorithm 3.1
converges superlinearly if it is used for zero residual problem. In the case of a large
residuum the superlinear convergence is usually lost. Therefore it is advantageous to
combine Gauss-Newton-like method with the BFGS quasi-Newton method. A very ef-
fective possibility is proposed in Ref. 4. It consists in replacing Step 2 of Algorithm 3.1
by a sequence of the following two steps.

Step 2a: If ¢ = 0 or Fi_y — F; > mFi_1 then compute the value F; = F(x,),
the gradient ¢; = ¢g(«;) and the symmetric positive semidefinite matrix
B; = B(a;) by (2), (3) and (9) respectively. If either F; < eq0r || ¢; || < €2
then stop.

Step 2b: If¢ >0 and F;_y — F; < 01 F;_; then compute the value F; = F/(z;), and
the gradient ¢; = g(x;) by (2) and (3) respectively. If either F; < e or
| gi ||< €2 then stop. Otherwise set d;—1 = v, — 2,1, yim1 = ¢; — ¢i—1 and
compute

yi_lyiT_l Bi—ldi—l(Bi—ldi—l)T

Bi - Bi— —
o i yiaa df Biydi

A typical value is n; = 10™*. We denote such a combination as GN+QN method. A
more detailed description of GN+QN-like methods is given in Refs. 4-5.

4. Practical considerations

First we would note that forward integration leads to larger systems of differential
equations then a backward one. On the other hand backward integration has this
unpleasant feature: the adjoint system requires the solution of the basic system (2b)
which is usually obtained by forward integration. There are two possibilities for pro-
ceeding. The first possibility, we denote as B1, consists in additional solution of the
basic system in the backward direction

dy(x,t)

dt
This system is added to the system (5b) and (5c) so that the resulting system
contains 2ng + n differential equations. When the basic system (2b) is sensitive to
initial values and, at the same time, the value y(x,#;) computed by forward integration
is affected by unneglected global truncation error then we can lose some precision and

= fs(x,y(x,t),t), ylx,t1) — given by forward integration

also stability. However this situation never appeared in our numerical experiments.
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The second possibility, we denote as B2, consists in storing the solution to the
basic system in all mesh points during forward integration. Backward integration
then uses the same mesh points as a forward one so that the solution of the basic
system 1s always available. If we denote by n, the number of mesh points used in
forward integration, we have to store nyng additional values. Since mesh points are
given automatically by a stepsize control (based on local truncation error estimation)
their number could be too large. Moreover, since the adjoint system (5b) used in
backward integration is different from the basic system (2b), the mesh points obtained
during forward integration can be unsuitable for backward integration. Also utilizing
uniformly distributed mesh points may not be suitable since solution of the basic
system can vary quickly in some parts of the integration interval so that uniformly
distributed mesh points can be insufficient in this case.

The following table summarizes the requirements for individual procedures.

Table 1 Requirements of individual methods

method | realization F realization B1 realization B2
Nf =ng + 1
QN(0) | Ny, =0 irrelevant irrelevant
N.=n+1
N, =0
Nf:(ng—l—l)(n—l—l) Nf:ns—l-l Nf:ns—l-l
QN(l) NbZO Nb:2n5—|—n2 Nb:ng—l—n
N. =1 N. =1 N. =1
NSZO NSZO NSZTLATLS
Nf:(ng—l—l)(n—l—l) Nf:ns—l-l Nf:ns—l-l
MN(l) NbZO Nb:2n5—|—n2 Nb:ng—l—n
N.=n+1 N.=n+1 N.=n+1
NSZO NSZO NSZTLATLS
Ny=(ns+1)(n*4+n+1) | Ny=(ns+1)(n+1) | Ny =(ns+1)(n+1)
MN(Z) Nb =0 Nb == ng(n + 2) + n2 Nb =ng + n2
N. =1 N. =1 N. =1
N, =0 N, =0 Ns =ns(ns+1)n
Ny =(ns+ 1)(n+1)+n?
GN(1) | Ny =0 impossible impossible
N. =1
N, =0
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Rows of Table 1 correspond to selected optimization methods:
QN(0) - quasi-Newton method with numerical differentiation,

QN(1) - quasi-Newton method with gradients computed by integration,

MN(1) - modified Newton method with numerical differentiation,

MN(2) - modified Newton method with Hessian matrices computed by integration,
GN(1) - Gauss-Newton method with gradients computed by integration.

Columns of Table 1 correspond to various realizations of evaluation:

F - forward integration,

B1 - backward integration with recomputing the basic solution,

B2 - backward integration with storing the basic solution.

Table 1 contains four numbers:

Ny - number of equations in the forward system,

N, - number of equations in the backward system,

N, - number of repeated evaluations during numerical differentiation,

N, - number of additional stored values.

From Table 1 we can deduce, for example, that the total number of solved differen-
tial equations, which is equal (Ny + Ny)N., is the same for both the QN(0)/F and
QN(1)/F methods while the total number of stored values, which is approximately
equal 15 max(Ny, N;) + N, if we use the DOPRIS integration procedure, is much less
for the QN(0)/F method. This observation demonstrates certain advantages to meth-
ods that use numerical differentiation.

Now let us concentrate our attention on numerical solution to differential systems.
There are two possibilities: the basic system (2b) can be either stiff or nonstiff. We
confine our attention only to the nonstiff systems. In the nonstiff case we should
use high order explicit methods which give solution with high precision and utilize
sufficiently large steps. In Ref.6 the Dormand-Prince methods DOPRI5 and DOPRIS
were recommended which are the Runge-Kutta methods of 5 and 8 order respectively,
with automatic stepsize control. These methods require 9ng and 15ng of storage space
respectively where ng is a number of differential equations. All numerical experiments
proposed in the next section were made using these methods. The number of forward
integration steps can be surprisingly small if the DOPRI8 method is used which can
be unsuitable for backward integration. Therefore the DOPRI5 method can be more
efficient if this case occurs (see tables 2a-2b).

Finally let us make several comments on optimization methods. Consider the
special case of the sum of squares (8). If the problem has a small residuum, which
means that the optimal value of F'(x) is small, then we can use the Gauss-Newton like
method (9). In the opposite case the Gauss-Newton like method can lose a convergence
so that quasi-Newton methods can be more efficient. Another possibility is using the
hybrid GN+QN method as described in Section 3. This method has usually good
convergence properties for both small and large residual problems. Experience with

all GN, QN and GN4+QN methods is proposed in the next section.
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5. Numerical experiments

In this section we demonstrate properties of several optimization methods with
various procedures for evaluation of gradients and approximation of Hessian matrices.
We use the following test problems:

Problem A:

Consider the objective function

Fla)= [ 3o0(t) = ()
where
dyi(1)/dt = —z1y:(t) + 22y2(1),  y1(0) =2
dys(1)/dt = —zya(t) 4 zoys(t), yz(O)z
dys(t)/dt = —z1ys(t) + x3y2(t),  ys(0) =

and z1(t) = (24 ¢ — t?/2) exp(—2t), 22(t) = (1 — ¢)exp(—2t) and z3(¢) = —exp(—2t).
These functions are solutions to the given differential system so that we have a zero
residual problem. The starting point is zg = 0.

Problem B:

Consider the same objective function and the same differential system as in Prob-
lem A, but now z1(¢) = 2(1 — t), z2(t) = (1 — t) and z3(¢) = (t — 1). These functions
are not solutions to the given differential system so that we have a nonzero residual
problem. The starting point is z¢ = 0.

Problem C:
Consider the objective function

F(x) = ((5n(1) = 1)° +y5(1))/2

where

dy: (1) /dt = ya(t), yi1(0) = o1
dyz(t)/dt = +0.64y1(t) exp(ys(t)/(1 4+ 0.05y3(1)),  ya(t) =0
dys(t)/dt = ya(t), y3(0) = 2
dya(t)/dt = —2.56y1(t) exp(ys(t)/(1 4+ 0.05y3(1)),  ya(t) =0

This problem is a reformulation of two point boundary value problem arising in chem-
ical kinetics. It is of course a zero residual problem. The starting point is z¢ = 0.
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We use these problems for demonstrating properties of the methods QN(0), QN(1)/F,
QN(1)/B1, QN(1)/B2, GN(1) described in the previous section and also the hybrid
method GN(1)+QN(1) based on ideas proposed in Ref.4. Result of numerical exper-
iments are listed in three tables. Fach table corresponds to one problem. Rows of
tables correspond to individual methods and column corresponds to different solvers
(DOPRI8 and DOPRI5). Each table contains as numbers n;, ns, n, (n; is a num-
ber of iterations, ns is a number of function evaluations, n, is a number of gradient
evaluations) as final values |F|, || g || obtained by the iterative process as consumed

computational time.

Table 2a: Results for problem A

DOPRIS - precision 107 DOPRI5 - precision 107
Method ni—ns—mny, |Fl=|g]| time|n;—ns—mn, |F|—|g] time
QN(0) 18-76- 0 10712 —107¢  2.47 19-80- 0 1072 —107°%  5.16
QN(1)/F 14-15-15 10719 —107°% 1.54 14-15-15 10719 —107% 2.80
QN(1)/B1 14-15-15 1071 -~ 107 1.38 14-15-15 1072 —107°%  2.64
QN(1)/B2 insufficient precision 14-15-15 1072 —107%  2.81
GN(1) 5-11- 6 1071 —107¢  0.94 5-11- 6 1072 —107%  1.75
GN(1)+QN(1) 5-11- 6 107 —107% 0.98 5-11- 6 1072 — 107  1.76
Table 2b Results for problem B
DOPRIS - precision 107 DOPRI5 - precision 107
Method ni—ns—mny, |Fl—=|g| time|n;—ns—mn, [F|=]g]| time
QN(0) 18-76- 0 107t —107% 1.97 18-76- 0 107' —107% 3.02
QN(1)/F 14-15-15 107' —107% 1.38 14-15-15 1071 —107% 2.14
QN(1)/B1 14-15-15 107t —107% 1.10 14-15-15 107t —107% 1.81
QN(1)/B2 27-68-68 1071 —107° 4.34 14-15-15 107t —107% 1.76
GN(1) 7-15- 8 107t —107% 1.05 7-15- 8 107t —107% 1.71
GN(1)+QN(1) 5-11- 6 1071 —107% 0.83 5-11- 6 1071 —107°% 1.26
Table 2¢ Results for problem C
DOPRIS - precision 107 DOPRI5 - precision 107

Method ni—ng—mn, |F|l=1g¢] time|n;,—ns—n, |F|-]g]|  time
QN(0) 35-130-0 10715 —107°%  4.56 35-130-0 10715 —107°  8.07
QN(1)/F 16-22-22 1071 —107°  2.72 16-22-22 1071 —107°  5.44
QN(1)/B1 16-22-22 1071 —107°  3.02 16-22-22 107 —107° 5.33
QN(1)/B2 18-23-23 10713 —107°  2.85 16-22-22 10713 —107°  4.56
GN(1) 9-20-10 10724 — 1071 1.65 9-20-10 10724 — 1071 2.96
GN(1)+QN(1) 9-20-10 10724 — 1071 1.76 9-20-10 10724 — 1071 2.96
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The above tables show that integration method of higher order is more efficient, if
expressed by consumed computational time, than lower order one, even if it requires
a greater number of right hand side evaluations in each integration step. The further
observation if that the Gauss-Newton like method GN(1) is very efficient, especially if
it is used for zero residual problems and that hybrid method GN(1)+QN(1) keeps this
property also for nonzero residual problems. The most important implication of the
above tables is that methods for optimization of dynamical systems based on higher
order integration routines are able to find a solution with great precision (gradient can
be computed with precision about 107°).
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