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Abstract. The paper deals with the application of the energy norm in
the inverse problem which is based on a minimization of a nonlinear least
squares function. Three different parameter distribution examples are
solved by the steepest descent, nonlinear conjugate gradient and Newton
methods. Efficiency comparison is also presented.

1 Setting of the problem

We consider a state problem

{

− div (p∇u) = f in Ω,

u = 0 on ∂Ω,
(1)

where p is a parameter vector and Ω = 〈0, 1〉 × 〈0, 1〉 is a unit square which is
decomposed into subdomains Ωi, i = 1, . . . , r such that Ω̄ =

⋃r

i=1
Ω̄i, Ωi∩Ωj = ∅

for i 6= j.
The set Uad of admissible parameters is defined as follows:

Uad =
{

p ∈ L∞ (Ω) | pmin ≤ p ≤ pmax, p|Ωi
∈ P0 (Ωi) , i = 1, . . . , r

}

,

i.e. Uad is the set of piecewise constant functions on the partition of Ω into
{Ωi}

r

i=1
, 0 < pmin < pmax are given and p = (p1, . . . , pr) , pi = p|Ωi

. In addition,
material interfaces align the decomposition of Ω.

The state problem (1) is solved using the Finite Element Method. After the
discretization by piecewise linear elements we obtain a linear system of algebraic
equations

A(p)u(p) = b, (2)

where A is a symmetric positive definite matrix, p ∈ R
r b ∈ R

n Inverse problem
will be based on the minimization of a cost function J which depends on the
solution of the discretized state problem u (p) and measurements û ∈ Rn of the
state variable. We suppose that the measurements are at our disposal at each
node of the discretization, therefore we are able to use the energy norm (3). Now
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we are ready to formulate the inverse problem in the discrete form which reads
as follows:

(P)h

{

find p∗ ∈ Uad such that
J (p∗) ≤ J (p) ∀p ∈ Uad,

where

J (p) =
1

2
〈A(p)(u(p)− û), u(p)− û〉 (3)

For the existence of a solution to the inverse problem (P)h, we refer to [1].
Function J is the energy norm and its application in identification problems is
thoroughly studied in [3] and [4].

2 Numerical methods

In what follows optimization Algorithm 1 will be exploited. There are two im-
portant steps: sensitivity analysis which relies on a differentiation of the cost
function and enables to find a descend direction dk in the k − th iteration and
finding a step length with a line search method in order to obtain a proper
parameter α (in Newton method this step is omitted).

Data: p0

Result: p∗

k = 0;

while
∥

∥pk − p∗
∥

∥ > precision do

sensitivity analysis → set the direction dk;

sufficient decrease of J
(

pk + αdk
)

subject to α ∈ (0, 1〉 (line search) ;

set pk+1 = pk + αdk;
k = k + 1;

end

pk = p∗;

Algorithm 1: The optimization algorithm

In case of the energy norm defining J one can derive the gradient of J for
steepest descent method (SDM) so that dk = −∇J

(

pk
)

, see e.g. [5].

∇J
(

pk
)

=

(

∂J

∂p1
(pk), . . . ,

∂J

∂pm
(pk)

)T

,

where
∂J

∂pj
(pk) = −

1

2

〈

∂A

∂pj
(pk)(u(pk) + û), u(pk)− û

〉

.

In the case of Newton method, the Hessian matrix Hk := H
(

pk
)

at pk of J has
the following form:

Hk =
1

2
WTA(pk)−1W W = [w1, . . . wm] ∈ Rn×m, wj =

∂A

∂pj
(pk)u(pk)
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The Newton step is given by a solution of the linear system: Hkdk = −∇J
(

pk
)

which is solved by the preconditioned conjugate gradient method with incom-
plete Cholesky factorization of the matrix A.
Nonlinear conjugate gradient (NCG) methods can take various forms, in our case
Fletcher-Reeves formula was used, see e.g. [5]. NCG generates orthogonalized
directions dk.
Wolfe line search was chosen in case of SDM and NCG, for αk ∈ (0, 1〉 and
c1 = 10−4, c2 = 0.4 (similar values as are suggested in [5]):

J
(

pk + αkdk
)

≤ J
(

pk
)

+c1α
k∇J

(

pk
)T

dk, ∇J
(

pk + αkdk
)

≥ c2∇J
(

pk
)T

dk

3 Numerical results

Three cases of a decomposition of Ω = 〈0, 1〉× 〈0, 1〉 marked by different colours
can be seen in Fig 1. 1) domain A on the left corresponds to two parameters
p = (p1, p2), where p1 is for the blue part and p2 for the red part. 2) Checkerboard
partition of the middle domain B. 3) The partition of C in addition contains small
L-shaped regions of p3 material. We present numerical results corresponding to
these decompositions using a regular discretization 64 × 64 with 8192 elements.
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Fig. 1. Domain A on the left, domain B in the middle and domain C on the right side

Inverse problem in our examples consists of computation of the state problem in
A and B with p∗ = (10, 40) and for C with p∗ = (10, 40, 17). The measurements
û were taken in every node in the domain. The aim is to find the original values
p∗ based on û with initial values p0 = (7, 10) for the domains A and B, and
p0 = (7, 10, 36) for the domain C.
Presented results are computed with the stopping criterion:

∥

∥pk − p∗
∥

∥ ≤ 4∗10−2

to make the graphs visually clearer. Moreover, this accuracy turns out to be suf-
ficient for more complicated numerical simulations.
Results in each figure are arranged in a way that all x-axes represent itera-
tions and illustrate (a) the cost function minimization with its value at the last
iteration above, (b) convergence of

∥

∥pk − p∗
∥

∥ with the value at the last iter-
ation above, (c) visualizes convergence of parameters pki , ∀i, and (d) displays
cost function evaluations needed at every iteration to satisfy Wolfe line search
conditions.
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Fig. 2. Steepest descent method on Domain A
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Fig. 3. Nonlinear conjugate gradient method on Domain A
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Fig. 4. Newton method on Domain A
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Fig. 5. Steepest descent method on Domain B
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Fig. 6. Nonlinear conjugate gradient method on Domain B
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Fig. 7. Newton method on Domain B
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Fig. 8. Steepest descent method on Domain C
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Fig. 9. Nonlinear conjugate gradient method on Domain C
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Fig. 10. Newton method on Domain C

Time to convergence [s] domain A domain B domain C
number of elements 8192 8192 8192
SDM 151 162.3 269.6
NCG 617.7 750 1163
Newton 16 15.3 21

3.1 Conclusions

The contribution is focused on the solution of inverse problems based on the
energy norm and compares different optimization methods. the energy norm
enables cheap computations of the gradient and Hessian of the cost function.
SDM gave uniform parameter error convergence, smooth parameter convergence
without significant oscillations and low number of line search rule violations.
NCG is not so stable, it is more line search settings dependent. Both SDM
and NCG methods deteriorate their efficiency when more complicated structure
containing three parameters is computed. Newton method gave fast convergence
which according to the theory seems to be quadratic even if the initial guess is
not close to the solution.
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