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Partitions of the Boolean cube with a
vertex-transitive automorphism group

Petr Savicky

Abstract

A Boolean function is called transitive, if there is a group of isometric
mappings of the Boolean cube, which is transitive on the vertices of the
cube, and the partition of the cube into two parts defined by the function
as the preimage of 0 and the preimage of 1 is invariant under this group.
Several constructions of transitive functions and an estimate of the number
of these functions are presented.

1 Introduction

Symmetry is an important tool to show simplicity of an object from some point
of view. A standard notion of symmetry for Boolean functions is invariance
under permutations of the variables. In this paper, we demonstrate a different
type of symmetry, which is based on isometric mappings of the Boolean cube
with the Hamming distance as a metric space.

A non-constant Boolean function represents a partition of its domain into
two parts, the preimage of 0 and the preimage of 1. We investigate partitions of
the Boolean cube defined in this way and their automorphism groups consisting
of isometries of the cube. If o is an automorphism of the partition defined by
a function f, then we have either f(o(x)) = f(x) or f(o(x)) = —f(z) for every
input z. In the former case, we say that o preserves f and in the latter case, we
say that o reverses f. We investigate functions, which define a partition of the
cube, whose automorphism group is transitive on the vertices of the cube. For
simplicity, the functions, for which such a group exists, will be called transitive
functions.

We demonstrate several constructions of non-linear transitive functions.
The largest number of transitive functions of 2k variables is obtained using
the Fourier transform of the functions, where the nonzero coefficients of the
Fourier transform are given by an appropriate bent function of k£ variables,
where k is even. In particular, we prove that any quadratic bent function may
be used. Moreover, an example of a bent function of 6 variables and degree 3
over Zs, which yields a transitive function of 12 variables in the same way, is
presented. Since the number of quadratic bent functions of k variables is 29(k2),
this implies a lower bound of magnitude 29n*) on the number of the transitive
functions of n variables. We also prove an upper bound on this number of
magnitude 90(n?log?n)

Related, but a different notion are Boolean functions, which are invariant
under a transitive group of permutations of their variables. For example, the



functions studied in Section 5.4 Cyclically invariant function of [4] belong to
this class.

The constructions of transitive functions in this paper generalize examples
of these functions obtained by a computer search. The program generated small
sets of random isometries of {0, 1}" for even n up to 12. For the cases, when the
chosen isometries generate a group with two orbits, the corresponding Boolean
function was created and analyzed using Fourier transform. The formula (1)
generalizes some of the non-linear functions obtained in this way. In most cases,
the function h was a quadratic bent function with the exception of the functions
equivalent to hg ., presented in Section 10. In some cases, the function h
was a symmetric bent function. Analysis of these cases lead to the general
construction presented in Section 5.

2 Basic notions and a simple example

The addition in Zy will be denoted @. The parity function is the sum of its
input variables in Z;. By mod(k, m), we denote the residue of & modulo m.
For a logical condition C, let [C] be 1, if C' is satisfied and 0 otherwise.

Isometry of the Boolean cube is an automorphism of the Boolean cube
considered as a metric space with respect to the Hamming distance. One can
verify that isometric mappings of the Boolean cube of dimension n are exactly
the mappings

o(z) = (Tp1) D 815+ -+, Tp(n) D 8n)

where z = (z1,...,2,) € {0,1}", p is a permutation of the indices {1,...,n}
and s € {0,1}". An isometry o preserves f, if f(o(x)) = f(x) for all x € {0,1}"
and reverses f, if f(o(z)) = =f(z) for all z € {0,1}". Clearly, an isometry o
is an automorphism of the partition defined by a function f, if and only if o
either preserves f or reverses f.

Definition 2.1 The partition of the Boolean cube {0,1}" into two parts
defined by a non-constant function f : {0,1}™ — {0,1} has a transitive group
of automorphisms, if there is a group of isometries of the cube, which acts
transitively on the vertices of the cube and the function f is either preserved
or reversed by all its elements.

For simplicity, the automorphisms of the partition defined by a function f
will also be called the automorphisms of f. A function with a transitive group
of automorphisms will be called a transitive function for simplicity.

If A is a transitive group of automorphisms of a function f, then let A’ be the
subgroup consisting of the automorphisms, which preserve f. This subgroup
has index 2, since it is the kernel of a nontrivial homomorphism A — Z5, which
maps o € A to 0, if o preserves f, and to 1, if o reverses f.

Clearly, every transitive function is balanced, which means that the size of
the preimage of 0 and 1 have the same size. It is easy to see that the partition
corresponding to any linear function is invariant, in particular, under isometries
o(x) = @ s, which form a transitive group of automorphisms of the Boolean
cube. Consequently, every non-constant linear function is transitive.



The smallest number of variables, for which there is a nonlinear transitive
function is 4. An example of a nonlinear transitive function on 4 variables may
be obtained as the function g defined either as

ofa) = K\/ <] ({”/ > i)

i=1 i=1

or, equivalently, as the polynomial
g(w) = (21 ®© x3) (72 O 74) D12 D 73

over Zy. The group of automorphisms of this function is generated, for example,
by o1, 09,03, where
o1(z) = (v2, x3, 14, 11 D 1) ,

0-2(‘1') = (33‘4, x3, T2, 33‘1) )

and
o3(z) = (11, 22 @ 1, 3, 24, & 1) .

Note that o; and o9 preserve the function g and og reverses g. In order to
show that g is a transitive function, one can also use any subgroup, which is
transitive, for example the subgroup generated by o1, o3.

A useful tool for the analysis of the transitive functions is the Fourier
transform of the Boolean functions, which we use in the form of a polynomial in
the domain {1, —1}. The polynomial, which represents the Fourier transform
of a function f(x) will be denoted f*(x*). This polynomial represents f using
the transformations 27 = (—1)% and f*(z*) = (—1)7®). See [1] for more detail.
The Fourier polynomial f*: {1, —-1}* — {1, —1} for f is given as

1

Fr(@7) = 5 (@ha; — ayzy + w325 + @527) -

3 Parity of independent transitive functions

In order to combine several transitive functions into a transitive function on a
larger number of variables, one may use the following.

Theorem 3.1 If f1, fo are transitive functions on disjoint sets of variables,
then fi1 @ fo is a transitive function.

Proof. Denote the domain of f; as X; for i = 1,2. Moreover, let f; be invariant
under a transitive group A; of isometric maps of the cube X;. Then f1 & fo is
invariant under the direct product A; x Ao, which acts transitively on X7 x Xo.
Od

Using this theorem, a non-linear transitive function may be constructed on
any number of variables n > 4 by combining a non-linear transitive function on
4 variables and the parity of the remaining n — 4 variables. A larger number
of non-linear transitive functions of n variables may be obtained by choosing
any partition of the variables into m > 1 disjoint sets X;, i = 1,...,m of size 4



and a possibly empty set X,,,+1 of the remaining variables. Then, a transitive
function of n variables may be obtained in the form @"; g(X;) ® par(X;m+1),
where g(X;) is the function g applied to the variables in X; in any order and
par(X;,+1) is the parity of the variables in X, 1.

The number of transitive functions of n variables constructed in this way is
20(nlogn) In Section 9, a construction of a larger number of transitive functions
is described.

4 Isometric maps based on swapping variables

Let n = 2k, where k > 1 is an integer. The variables of the function will
be denoted x1,...,%k, Y1,.-..,yr and an input vector will be denoted either as
(x,y) or in the form of a 2 by k matrix of the form

L1y ooy Tk
Yi, -5 Yk

Let d,7,s € {0,1}*. Then, let 4, s be the mapping {0,1}?* — {0,1}?* such
that (z/,y') = dars((x,y)) satisfies for every j =1,... k

i _ I'j@Tj ifd =0
') <%@%>1”

x; vi s\ .

J et J J - =
(%) <$ﬁwv>ﬁ% b

Let D be a 0, 1-matrix of dimension k by k and let ¢ € {0, 1}*. The matrix
D and vector ¢ will be used as parameters of the group of isometries A(D, c) of
the Boolean cube {0,1}2. For i = 1,...,k, consider the isometry o ; = Od.r,55
where d is i-th row od D, and the vectors r, s are given by

{ €; lfCZ:O
r =

N
S

and

Ok if C; = 1
and
s 0p if¢ =0
a €; if C; = 1.
Moreover, for i = 1,...,k, let 02; = dq,s, where d = Oy, and r = s = ¢;. Note

that 0271((w,y>) = (<(£ Deiy @62>)

Definition 4.1 Let D and ¢ be as above. Then, let A(D,c) be the group of
the isometries of {0,1}?* generated by o1; and oo, for i = 1,... k.

In order to prove that A(D, s) is transitive, we prove a slightly more general
statement.

Lemma 4.2 Let A be a group of isometries of {0,1}2* generated by Od; rs s JOr
i=1,...,m and by o9; fori=1,..., k. Then, A is transitive on the vertices
of {0,1}%* if and only if the vectors r; @ s; fori =1,...,m generate the additive
group Z§.



Proof. Consider the mapping w : {0,1}?* — {0,1}% defined by

w({z,y)) =@y .

Clearly, w({0g, 0x)) = O and for every i = 1,...,m and every (z,y), we have

w(édiyriysi(<x7y>)) = w((x,y>) Or; D si,

and for every i = 1,...,k, we have

w(o2i((z,9))) = w((z,y)) -

It follows that the range of w(o((0x,0x))) over o € A is the closure of the vectors
r;®s; fori=1,...,min Z§. If this closure is not equal to Z&, then A cannot be
transitive on {0,1}?*. In order to prove the opposite direction, assume that this
closure is equal to Z§ and let (a,b) be an arbitrary element of {0, 1}?*. Hence,
there is a € A such that w(a((0f,0x))) = a ® b. Denote (a’,V') = a((0k,0k)).
For every j = 1,...,k, we have a}; @ b}, = a; ® b;. It is easy to see that there is
B € A, more specifically an appropriate product of some of the generators o9 ;,
such that (a,b) = B({d’,")) = B(a({0k,0r))). Consequently, A is transitive as
required. O

Theorem 4.3 For every k, every matriz D and vector ¢, the group A(D,c) is
transitive on {0, 1}%~.

Proof. The group A(D,c) is generated by o1; and oy, for i = 1,...,k. By
construction of o1 ;, we have 01 ; = dg, r, s;» Where r; © s; = e;. Since the vectors
e; generate Z§ , Lemma 4.2 implies the theorem. O

Definition 4.4 Let A'(D,c) be the subgroup of A(D,c) generated by o1, for
it =1,...,k and by the products 09 ;, o 09,, for i1 # ia.

We are interested in cases, when A’(D,¢) has two orbits and each element
of A(D,c) either preserves the orbits of A’(D,c) or exchanges them. Let f be
a function of n = 2k variables, which satisfies f({x,y)) = 0 if (x,y) belongs to
the same orbit of A'(D, ¢) as (0g,0;) and f((z,y)) = 1 otherwise. The function
f defined in this way is a transitive function, since A(D,c) is a transitive group
of its automorphisms.

Since we do not have a characterization of D and ¢, for which the group
A'(D, c¢) defined above has two orbits, the examples of the transitive functions
presented in this paper are demonstrated by describing a non-constant function
f and by proving that f is preserved by A’(D,¢) and preserved or reversed by
every element of A(D,c) for an appropriate D and c¢. The properties of the
groups A’'(D,c¢) and A(D,c) for an arbitrary matrix D and a vector ¢ remain
an open question.



5 A transitive function which is symmetric on pairs
of variables

In this section, we describe for any integer k a transitive function fp of 2k
variables. For this, we use the group A(D,¢) from Definition 4.1 with D = Ny,
and ¢ = O, where N = lgxr — I is the complement of the identity matrix.

The elements of D satisfy d;; = 0 and d;; = 1, if i@ # j. Hence, the
isometries o ; and oy ; generating A(Nj, Ox) have the form

Y, -, Yi—1, xl@17 y’i+17 ceey Yk
01.4:\{T =
1’2(< ’y>) < T1, ..y Ti—1, Yiy, LTigly -+-, Tk
and
f]:l, sey xi—17 x’l@la xi+17 ey Tk
02,i\\,Y)) = .
i(@9) < Y, oo Yiel, YDl wign oo, Uk )

Let 41 :{0,1}? — Z4 be defined by the table

z oy | px,y)
0 0 0
1 0 1
1 1 2
01 3
Note that u(y,z) = —u(z,y), p(zr ® 1,y) =1 — p(x,y), and plz & L,y d 1) =

w(z,y) + 2. Let us extend the mapping pu : {0,1}2 — Z, to a mapping
w:{0,1}%¢ — Z, by the formula

k
Z (5, ;)

Lemma 5.1 For every (x,y) € {0,1}?* andi=1,...,k, we have
ulori((@,9)) =1 = p((z,y)) |
wlo2i((2,9))) = p((z,y)) +2 .

Proof. In order to prove the first identity, denote (z',y’) = 01,((x,y)). By the
definition of o1 ;, we have

(g, y;) = p(z © 1yi) =1 — (g, vi)
and for every j # i we have
(@), y;) = wlys, x5) = —u(z5, ;)

By taking the sum of the contributions for all j =1,... &k, we get

p(',y') =1 = p(z,y)



as required.

In order to prove the second identity, let (z/,y) = 09:((x,y)). For all
j # i, we have ,u(a:;,y;) = w(xj,y;) and for the i-th coordinate, we have
(b, y) = p(z; ® 1,y; ® 1) = p(zy, y;) + 2. Consequently, we have

n((@'y") = p((z,y)) +2

as required. O

Definition 5.2 Let k be any integer and fi be the Boolean function fi :
{0,1}%* — {0,1} defined as

fel(z,y)) = [ p((e,y)) € {2,3} ]

Theorem 5.3 For every k, the Boolean function f, is preserved by A’'(Ny, O)
and the partition defined by fy is invariant under A(Ng,0x). In particular, fy
s a transitive function of 2k variables.

Proof. By Theorem 4.3, the group A(D,s) is a transitive group of
automorphisms of the Boolean cube of dimension 2k. Hence, it is sufficient to
prove that f; is preserved by the generators o1 ; and reversed by the generators
024

Each of the subsets {0,1} C Z; and {2,3} C Zj is invariant under the
transformation Zy — Z defined as ¢t — (1 — ¢). Hence, by Lemma 5.1, the
generators a1 ; satisfy fix(o1;((z,9))) = fx((z,y)) for every (z,y) € {0,1}%*.

The transformation Z, — Z; defined as t — (¢ + 2) exchanges {0, 1}
with its complement {2,3}. Hence, by Lemma 5.1, the generators oy ; satisfy

fr(o2i((x, ) = ~fx((z,y)) for every (z,y) € {0,1}?". O

6 A Fourier polynomial invariant under swapping
variables

In this section, we demonstrate a generalization of the function fi from Theorem
5.3 for the cases, when k is even and, consequently, n is divisible by 4. Let us
consider the Fourier polynomial

RIS SR | o8 | K 1)

ue{071}k ’u,j:1 UjZO

where h is a Boolean function of k variables. We are interested in cases, when
pj, is the Fourier polynomial of a Boolean function. This condition is equivalent
to the condition that the range of values of p; is {1,—1}. In this case, the
corresponding function {0,1}?* — {0,1} is denoted pj,. All nonzero Fourier
coefficients of such a function have the same absolute value and the structure of
the corresponding monomials is restricted, since for each j = 1,..., k, exactly
one of the variables zj and y; is contained in each monomial with a nonzero
coefficient.



We shall prove in Section 8 that the Fourier polynomial of the function
fx from Definition 5.2 has the above form with h, which is a symmetric and
quadratic bent function. In Section 9, we prove that for every quadratic bent
function h, the polynomial (1) defines a transitive Boolean function of 2k
variables. Additionally, in Section 10, we demonstrate a cubic bent function
of 6 variables, for which the polynomial (1) defines a transitive function. On
the other hand, not every bent function h yields a transitive function, since
there are at least 22 bent functions of k variables, which is much more than
the number of transitive functions of n = 2k variables, for which a bound
90(n?log?n) g proven in Section 11.

In order to substitute into the Fourier polynomial, we use the isometries
635 o {1, —1}%* induced by the original isometries &, s of {0, 1}2*.

Theorem 6.1 Let p; be the polynomial (1) and let d,r,s € {0,1}*. Then, the
Fourier polynomial obtained from pj, by substituting &3, [({(z*,y*)) satisfies

Ph(0ars (2" y7))) = pr ({27, y7))

where

W (u) = h(u® d) 69@(7”1 D s5)u; @@81 : (2)

J J

Proof. We will substitute d4, s((z,y)) into (1) in two steps corresponding to
the decomposition &;, .((z,y)) = 6;0, 0, (60,,rs((z,9))). In the first step, we
substitute 67 o, ({%,y)), which represents exchanging =} and y7, if d; = 1 and
keeping these variables otherwise. We obtain

ICTRRCARTS ) E SNSRI ) R | I

ue{0,1}k uj=1®d;  uj=d;
In the right hand side, substitute for v using the identity © = v @ d. This yields

TGRS EECES SINCSVCLCE | 78 | KRR C)

ve{0,1}k vj=1  v;=0

In the second step, we substitute dg, .. ((z,y)) into both sides of (3). This
represents replacing x} by (—1)"z7 and yj by (—1)*%y; and yields

p2(5d70k70k (50k77"78(<x*7 y*>)))
1

_ W Z (_1)h(v®d) H(_l)’f‘j’l)j@Sj(’Uj@l) H x; H y; )

ve{0,1}k J vj=1  v;=0

Since
Prjv; @ si(v; ©1) = Prj @ s5)v; & Psy
J J J
the theorem follows. O
Theorem 6.1 implies that a Boolean function f, whose Fourier polynomial

has the form (1), is preserved by 44, s if and only if #' = h, where 1/ is defined
by (2). Similarly, f is reversed by 04, s, if and only if A’ = h & 1.



7 Symmetric bent functions

Let g : {0,1}* — {0,1} be the symmetric Boolean function defined as

J=1

k
qri(u) = [Z uj +1 € {2,3} (mod 4)]

For every even k, these functions are bent functions and any symmetric bent
function of k variables has this form, see [2]. Let mj, mg be the last two digits
of the binary expansion of m = Zle uj. Clearly, m = 2my + mg (mod 4) and
by Lucas’ theorem (see Wikipedia), we have

<7;> =m; (mod 2)

In particular, we have

m

m € {2,3} (mod 4) & <2

)El(modZ).

This implies the first of the following identities and the other may be derived
using also the identity for mg. We have

ao(w) = P uiu, ,

11 <12

Qr1(u) = @ Uiy Uiy D @uz )
i

11 <ig

o) = P uju, @1,

11 <ig

asuw) = P uyu, ®Puiol.

11 <12 7

It follows that the functions g ; are quadratic over Z.
For every even k, let hi be the symmetric Boolean function

he = qui—k)2 -

By the definition of gy ;, the value = 1—£/2 is interpreted modulo 4. Moreover,
for every even k, let hj be the symmetric bent function

h; = Gk,mod(1—k/2,2) -

Lemma 7.1 The function hy, achieves the value 0 on 25=1 +25/2=1 inputs and
the value 1 on 28— — 2K/2=1 inputs.

Proof. Since the total number of inputs is 2¥, the statement of the lemma is
equivalent to the identity

sp=_(—1)m) = ok/2

u



Denote
sp = 3 (—1)%0)
u
and let + denote the complex unit, in order to distinguish it from an index i.
Use the binomial theorem to expand the power z = (1 + ¢)*. The coefficient of
the term containing ' is the number of inputs satisfying >°; u; = i. One may
verify that the value s, for | € Zy is as follows.

l‘ Skl
0 Rez+Imz
1 Rez —Imz
2| —Rez—Imz
3| —Rez+Imz

Since k is even, we have z = (2 L)k/z. Moreover, we have s, = s;; with [

satisfying | = 1 — k/2 (mod 4). The following table presents the value of z
under this assumption, so we can assume k/2 =1 —1[ (mod 4).

In each of these cases, we have s;, = s;,; = 2k/2 as required. O
For the next lemma, recall that Ny = 1pyp — Ii.

Lemma 7.2 For every i = 1,...,k, every d € {0,1}* and every u € {0,1}*,
we have
h(u ® d) = hy(v) ® d' Ny u ® hi(d) .

Proof. By substituting u @ d to the quadratic polynomial representing gy, o, we
obtain for every even k

Qr0(u @ d) = qro(u) ® d' Nyu @ gro(d) -
Starting from this identity, we prove similar identities for g ; for [ = 1,2,3.
Since the quadratic polynomial for g ; differs from gy, o only in the linear terms,
we have also

Qe (u @ d) = g1 (u) ® d' Nyu @ gr 1 (d) -
Since g2 = qr0 ® 1, we have

Gi2(u @ d) = qr2(u) ® d'Npu @ g o(d) -
Since qr 3 = qr1 © 1, we have

Q3w ® d) = qr3(u) ® d" Nyu & qi1(d) -

In order to complete the proof of the lemma, note that the required identity
for the functions hy and hj, is equivalent to the identity for g;; and Tk, mod(1,2)
proved above, since hy, = g and hj, = Gk mod(,2), Where [ = 1 — k/2 (mod 4).
Od

10



8 Fourier polynomial of the partially symmetric
example

Let D = N and for every i = 1,...,k, let d; be the i-th row of the matrix D.

Lemma 8.1 For everyi=1,...,k and every u € {0,1}*, we have
hi(u @ d;) @ vy = hy(u) .

Proof. Use Lemma 7.2 with d = d;. Note that d; contains k — 1 ones. Since
k is even, we have d!Nyu = elu = u;. Moreover, for every even k and | =
1—k/2 (mod 2), we have hj(d;) = qx,(d;) =0, since k—1+1 & {2,3} (mod 4).

a

Theorem 8.2 For every even k, the Fourier polynomial for fi is given by the
formula (1), where h = hy,.

Proof. By Theorem 5.3, function fi is invariant under the group A’(Ny,Oy)
and the partition defined by f is invariant under A(Ny, Og). Since A(Ny, O) is
transitive, the function fj is the unique non-constant function, which satisfies
fx({0x,0x)) = 0, is invariant under the group A’(Ng,0), and its partition is
invariant under A(Ny, Og).

Consider the automorphisms o7 ; and o3 ; on {1, —1}?% induced by o1 ; and
o2,;. In order to prove the theorem, it is sufficient to prove that the polynomial
P, defined by (1) with h = hy satisfies

Ph, ((Le, 1)) =1 (4)
and for every i = 1,..., k satisfies
Ph, (01 ((z*,y%))) = pp,, (&7, 97)) (5)
and
Phy, (02:((x",y7))) = —pp, (2", 97)) - (6)

Let A*(Ng, 0x) be the group of isometries of {1, —1}?* generated by o}, and
03 ;. Since A(Ng,0y) is transitive on its domain, so is A*(Nj, Og).

In order to determine the action of o7; and 03, on p; , we use Theorem
6.1. For all i = 1,...,k, 01; = 4, ¢, 0,- In this case, the function h' defined by
(2) is

h'(u) = hk(u ) dz) D u; .
By Lemma 8.1, we have h' = hy, which implies (5). For all i = 1,...,k,
02, = 00,.¢;,¢;- In this case, the function h’ defined by (2) is h'(u) = hg(u) & 1,
which implies (6).

Since all elements of A*(Ny,O0y) either preserve pj or change its sign, we
have that the range of values of pj ((z*,y*)) is {p} ((1k, 1x)), —p},({(1k, 1x))}. By
Lemma 7.1, we have

Pha (e 1) = 5y D)0 = o2 =1
u

which is (4).
Consequently, p}:k(@:*, y*)) is the Fourier polynomial for fi. O

11



9 Generalization for an arbitrary quadratic bent
function

The function hj used in Theorem 8.2 is one of the symmetric bent functions,

which are known to be quadratic over Zs, see [2]. In this section, we demonstrate

that the polynomial (1) defines a transitive function of 2k variables for every

quadratic bent function of k variables h : {0,1}* — {0,1}, where k is even.

All quadratic bent functions of k£ variables may be obtained from any of them

by applying an affine transform to uq,. .., u, see [3]. As a consequence, every
quadratic bent function h(u) may be obtained in the form

h(u) = hi(Lu) ® @ a;u; b

for an appropriate non-singular k by k matrix L over Z, and some constants
ai,...,ag,b € Zs. The main part of the proof is to show that (1) is a transitive
function for every function h(u) = hy(Lu), where L is an appropriate matrix
as specified above. Then, a simpler argument is needed to see that (1) is a
transitive function also if A contains nonzero linear and constant terms.

Let L be a fixed non-singular matrix over Z, and let

h(u) = hy(Lu) . (7)

Moreover, let
D = (L'N,L)™* . (8)

Note that D is symmetric. Since for an even k, we have NN, = I, D is
non-singular. For every ¢ = 1,...,k, let d; be the i-th row of D considered as
a column vector. Let ¢ € {0,1}* be defined by

c; = hj,(Ld;) . 9)
Lemma 9.1 For everyi=1,...,k and u € {0,1}*, we have
h(u® d;) = h(u) u; e .
Proof. By Lemma 7.2, we have
h(u@® d;) = hy(Lu ® Ld;) = hy(Lu) © (Ld;)' Ny Lu @ h},(Ld;)

= h(u) @ (L'NyLd;)'u ® ¢; .

Since
(L'NyLd;)'u = (D7 ;) u = elu = u; |

where e; is the i-th standard basis vector, the lemma follows. O

Theorem 9.2 For every L, the polynomial (1) with h given by (7) is the
Fourier polynomial of a transitive Boolean function.
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Proof. Let 014,02, be the isometries used to define the group A(D,¢) from
Definition 4.1 with D given by (8) and c given by (9). Let o7, 03, be the
isometries of {1, —1}2* induced by o1 ;,02,;. Similarly as in the proof of Theorem
8.2, Theorem 6.1 and Lemma 9.1 imply for every ¢ = 1,...,k

pr(oni((z%, 7)) = pp({2”,y%)) (10)

and

Ph(o2:i((2",y%))) = —ph((z",y7)) - (11)
Let A3(D,c) be the group induced on {1, —1}?* by A(D,c), where D is given
by (8) and c is given by (9). Since A(D,c) is transitive on its domain, so is
A3(D,c). Since all elements of A5(D,c) either preserve p; or change its sign,
we have that the range of values of py ((z*,y*)) is {p} ((1k, 1x)), —pj ((1%, 1x))}-
Since h(u) = hy(Lu) is a bent function of k variables with the same number of
values 0 and 1 as the function hg, the same argument as in the proof Theorem
8.2 yields

pr((1g, k) = 1.

Consequently, p; ((z*,y*)) is a Fourier polynomial for a Boolean function. Let
us denote this function pp((x,y)). We have pp((0x,0x)) = 0. By (10), this
function is preserved by the automorphisms oy ; and by (11), it is reversed by
the automorphisms o3 ;. By Theorem 4.3, the group A(D, c) generated by these
isometries is transitive. O

10 A transitive function derived from a cubic bent
function

Let & = 6 and let hgew : {0,1}F — {0,1} be the function defined by the
polynomial over Zs

he,cun(u) = (u1 @ ug)(uz © us)(u3 © ugp)

D(ur O ug)ug ® (ug O us)us ® (uz O ug)uy .

The polynomial (1) with h = hg up defines a transitive function of 2k = 12
variables, which will be called fg cup. In order to describe a transitive group of
its automorphisms, the isometries 64, ; described in Section 4 are not sufficient.

Let p be a permutation of 1,...,k. Then, let 6, be the mapping {0, 1}?* —
{0,1}%% such that (z/,y’) = 6,((x,y)) satisfies r = ;) and y; = y,(; for
every j=1,...,k.

Let aq((z,y)) = 6p((z,y)), where p = (2,3,1,5,6,4), and let ax((z,y)) =
dd.r,s(0p((x,y))) where p = (1,2,6,4,5,3), d = e4, r = ez, and s = 0. Using
the matrix notation, these isometries are

xr2, I3, X1, I5, T, T4
a1((z,y)) =
1(< y>) < Y2, Y3, Yi, Ys, Y6, Y4 )

and

z1, x2®1l, we, Ys, T5, 3
as((z,y)) = .
2(< y>) ( Y1, Y2, Y6, T4, Y5, Y3
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These isometries were found by a computer search, as well as the function hg ey
itself. It may be verified that the group generated by a1 and as has two orbits.
Together with the generator oo 1 for kK = 6, we get a group, which is transitive
on the vertices of the cube {0,1}12. Moreover, one can verify that oy and ag
preserve the function fg .., and o2 reverses this function. Hence, the group
generated by o, g, and o097 is a transitive group of automorphisms of the
partition defined by fs .. Hence, we have the following.

Theorem 10.1 The function fe cup s a transitive function.

11 An upper bound on the number of transitive
functions

In order to have a transitive function uniquely determined by the partition,
which is induced by the function, we consider only functions, which satisfy
f ({0, 0x)) = 0. Using this, every transitive function f is uniquely determined
by the group of the automorphisms of the cube, which preserve f. Hence, the
number of groups of isometries of the Boolean cube is an upper bound on the
number of transitive functions.

Lemma 11.1 Every finite group G is generated by at most logy |G| of its
elements.

Proof. Let G be the trivial subgroup of G containing only the identity element.
If G; # G, let G;+1 be obtained as a subgroup of G containing G; and an element
gi+1 € G\Gj. Since |Gj11| > 2|G;], this process selects at most log, |G| elements
g; and these elements generate G. O

Theorem 11.2 The number of transitive functions of n variables is at most

<[log2 m1> 7

where m = 2™n!, which is at most m1°&™ = 20(n?log?n),
Proof. The number of isometries of the Boolean cube {0,1}" is m = 2"n! and
every group of such isometries is generated by at most logy m of its elements.
Hence, the number of subgroups is at most the number of subsets of isometries
of size [logam]. Due to the considerations above, this is an upper bound also
to the number of transitive functions.

For every m > 9, we have [logym|! > m, which implies

m
< mf]ogz m]—1 < mlogzm ] 192
<ﬂog2 m1> 12
It is easy to verify that (12) holds also for m = 8. The asymptotic estimate
follows from m = 20 leg27) O
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